Request for:
1. Bayesian optimization
2. Bayesian inversion
3. Markov Chain Monte Carlo sampling



Tutorial [in Japanese]: Bayesian optimization
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Bayesian inversion and MCMC
Bayesian way of thinking:
A prior distribution is updated to a posterior distribution using data.
Bayes theorem: P(a|D) « P(D|a) P(a)
posterior « likelthood X prior
MCMC: provides a practical way to perform integration in Bayesian analysis
A random-walk sampling method to collect samples from the posterior distribution.

Bayesian optimization:
Choose the next experiment/calculation efficiently.

Inverse problem:

Estimate model parameters a from observed data D.
Bayesian inversion:

Estimate not a single best parameter, but a probability distribution of parameters.
Result:

Mean value — estimated parameter

Distribution width — uncertainty of the parameter



Bayes inversion for linear problem

bayesian_linear regression_mcmc.py

Model function: y = a + bx
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Bayes inversion + bayes update

bayesian linear regression mcmc animation.py

Model function: y =a0 +al * x + a2 * x2 + a3 * sqrt(x)

35 Data count 5 4 Parameter estimates

— a0 mean

al std
3' 0_ al mean
i al std
2_ 5 - — a? mean
—-—- a? std

al mean
——- ad std

o
I
I

2.0+

e
1

1.0

—
|

y
on
Estimate / std

0.51
0.0 0

0.0 0.2 0.4 0.6 0.8 1.0 20 40 60 80 100
X Data count



Bayes optimization (using Gaussian process)

Bayes optimization demo (Gaussian process optimization)
> python gp_simulation_animation.py ei 50 gp.gif
Score:
ucb: Choose the point with the maximum upper confidence bound
UCB(x) = u(x) + ko (x)
an optimistic upper bound controlled by k

ei: Choose the point with the maximum expected improvement
mode=ei | T—%%¥ n =2

El(x) = (max(f(x) — fbest) ,0) 20 ——- EHOBHE K
expected improvement over the current best 5] O e

1.0 1

std: Choose the point with the maximum uncertainty
Reduce uncertainty over all data range

(x), u(x): predicted mean of f(x)
o(x)  :predicted standard deviation

0.0 0.2 0.4 0.6 0.8 1.0



Bayes’ Theorem and Materials Research

pA,B) = p(BlA)pA) = p(A|B)p(B)
A and B occur probability of B Probability probability of A Probability
simultaneously  for given A of A for given A of B
Bayes’ theorem: p(A|B) = pB|A)p(A) /
probability that Prior Marginal
A occurs after B probability Probability
(evidence)

From a material science perspective:
A: experimental condition B: measurement result then,
p(B|A): probability of obtaining result B under condition A4
p(A|B): probability that condition A produced property B

By Bayes’ theorem, the condition A4 that gives property B can be inferred from p(A|B).

Problem: p(B) = 24 p(B|A) requires performing all experiments.
An efficient sampling method is needed => Monte Carlo sampling.
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Monte Carlo simulation / sampling

Monte Carlo methods are used for various purposes:
for integration, stochastic simulations, optimization

* Based on random number
How to generate random numbers in computer?

* Application to multi-dimensional integration
Hit-and-miss Monte Carlo method
Crude Monte Carlo method

* Application to materials simulation
Metropolis Monte Carlo simulation

* Integration in Bayesian statistics



Integration: Hit-or-miss (FA\{TE85RHJ) Monte Carlo method

1. Generate random numbers (x, ) N times

2. Count the number that satisfies (x> + y?)2 < 1.0 => n/N approaches the area of a quarter circle

(0,1)

N numbers distributes over the square
n drops in the quarter circle
0.03

0.025
(0,0) (1,0)

N N~'/2 4S lerror]| 0.02
100 0.1 3.12 0.021593

200

400

800
1600
3200
6400
12800
25600
51200
102400
204800
409600
819200
1638400
3276800
6553600

0.070711
0.05
0.035355
0.025
0.017678
0.0125
0.008839
0.00625
0.004419
0.003125
0.00221
0.001563
0.001105
0.000781
0.000552
0.000391

3.16
3.12
3.145
3.145
3.16875
3.12375
3.130625
3.1375
3.137188
3.133984
3.139961
3.139854
3.14063
3.141702
3.14045
3.141

0.018407
0.021593
0.003407
0.003407
0.027157
0.017843
0.010968
0.004093
0.004405
0.007608
0.001632
0.001739
0.000963
0.000109
0.001142
0.000593

Error

0.015

0.01

0.005

0.1



Integration: Crude (ZMEHJ) Monte Carlo method
f(x)=4v1-x"

Generate random numbers 0 <r <1 N times

S = fol f(x)dx ~ %Z{-V:l f (x;) is approximated

Numerical integration by random numbers
Good for multi-dimensional integration
Ex: Discrete Variational Xo method

N
100
200
400
800
1600
3200
6400
12800
25600
91200
102400
204800
409600
819200
1638400
3276800
6553600

2.18E-01
1.99E-03
1.84E-02
3.41E-03
2.16E-02
9.66E-03
1.15E-02
9.41E-03
3.47E-03
1.69E-03
2.57E-03
9.48E-03
2.93E-03
2.50E-03
4.83E-04
1.62E-05
1.03E-03

Hit—or—misscrude

1.23E-01
1.31E-02
9.53E-02
2.41E-02
1.91E-02
1.70E-02
2.69E-03
1.11E-03
1.68E-03
1.83E-03
1.95E-03
2.52E-03
9.56E-04
1.10E-04
4.01E-04
8.08E-04
3.59E-04



Integration: integ_montecarlo3d.py
Calculate the volume of radius 1.0 sphere: Exact value 4.188790205

Python integ_montecarlo3d.py

Output:
Hit-or-miss Monte-Carlo method
1 \Y |lerror]|

100 4.3200000000 0.13120979521360976

200 4.2000000000 0.011209795213609652
400 4.0200000000 0.16879020478639095

800 4.2000000000 0.011209795213609652
1600 4.2450000000 0.05620979521360958
3200 4.2025000000 0.013709795213609155
6400 4.1537500000 0.035040204786390916
12800  4.1868750000 0.001915204786390845
25600  4.1618750000 0.026915204786390312
51200  4.1620312500 0.026758954786390454
102400  4.1902343750 0.0014441702136096524
204800  4.1915625000 0.0027722952136093326
409600  4.1894921875 0.0007019827136094392
819200  4.1852148437 0.0035753610363906674
1638400 4.1913476562 0.002557451463609084
3276800 4.1906274414 0.0018372366198597945
6553600 4.1887829590 7.245802015276581e-06 Error o< 1/N



Probability Density

Metropolis Monte Calro (MC) method: Generate arbitrary distributions

> python metropolis rnd.py

method = ‘metropolis’
proposal type = 'symmetric’

1. Choose an initial point Xo.
2. For each step t, repeat the following:
 Fromx,, use the proposal distribution g(x’lx)
to generate xproposaIN q(x'lxt) q(X,|X)
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- Compute the acceptance probability
o = min(1, f(x_proposal) / f(x_t)).

0y

Metropolis Sampling vs f(x)

0.10 +

weropors " Generate a uniform random number
—— Normalized u~ [0,1].
If u <a, set x,. ;=X ,posal’
otherwise, set x, ,=x,.
3. If this is repeated sufficiently many times
(including burn-in), the resulting sample

sequence follows p(x)xf(x) .

Because the result depends on the initial value,
a burn-in period 1s required.
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Improvement: Metropolis Hastings MC method

> python metropolis rnd.py 5000 mh 1. Choose an initial point Xo.
method = ‘mh’ 2. From the current point x, propose a new
point x'~q(x'|x) .
3. Compute the following acceptance
probability:
Metropolis-Hastings Sampling (mh, asymmetric) a=min(1, f(x').q(xlx')/ [f(x).q(x'lx)])
— 4. Generate a uniform random number
0.20 - u-~ Uniform(O,l).
If u<a, accept x’; otherwise, keep x.
5. Repeat.

proposal type = 'symmetric'

0.15 -

Density

010 Even for an asymmetric proposal distribution,

a=min(1, f(x")-q(xlx") / [f(x)-q(x'lx)])
corrects for the asymmetry.

0.05 A

0.00




Improvement: Metropolis Hastings MCj%

> python metropolis _rnd.py 5000 mh 1. ¥ EA S5 X, ER5E.
method = ‘mh’ "
] N\ \ f o ’
proposal type = 'symmetric' 2. ?ﬁ%jﬁ x DHFLLVR x'~q(x'|x)
o

Metropolis-Hastings Sampling (mh, asymmetric) e uTGD §E$ ’EE"'E
a=min(1, f(x")-q(xlx") / [f(x)-q(x'|x)])
4. —¥REL B u~Uniform(0,1) Z4ERLL.
‘ u<alin x' &%T AN,
- ZOTHEINIE xZBEZTANS,
¥ 5. #YiRL

FEXNHFLERHTE
a=min(1, f(x')-q(xlx") / [f(x)-q(x']x)])
[C&H>THIESTND
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Monte Carlo simulation for statistical physics

How to sample an ensemble that follows canonical statistics
P; < exp(—E;/kgT)

MCMC:
Consider a physical state and calculate its potential energy, U,.
Generate another physical state using random numbers, and calculate U,.

1. IfAU= U,— U, £0, accept the new state unconditionally.
AU= U,- U, <0 THNIE, BEHICEDIREBZFIRT S
2. IfAU> 0, accept it with probability exp(—AU / k;T).
AU> 0 THNIE, exp(-AU / kyT) DHERTIRIRT S
In step 2, generate a random number 0 <r < 1.
If r <exp(—AU/ kgT), accept the state;

otherwise, reject it and return to state 1.

The ensemble generated by this procedure coincides with the canonical statistics.
The statistical averages of quantities are obtained by taking averages of the physical quantities over this
ensemble.



Appendix



Monte Carlo method



Monte Carlo simulation

Monte Carlo methods are used for various purposes:
for integration, stochastic simulations, optimization

* Based on random number
How to generate random numbers in computer?

* Application to multi-dimensional integration
Hit-and-miss Monte Carlo method
Crude Monte Carlo method

* Application to materials simulation
Metropolis Monte Carlo simulation

* Integration in Bayesian statistics



Uniform random and Pseudorandom numbers

It is not easy to generate “random” phenomenon
= > Generate pseudorandom numbers by algorism

* Product congruence method (R & [Eli%): a, b, L are positive integers

N,=a
N, =bN, mod L N mod L is the remainder of N divided by L

N;=bN, mod L

produces pseudorandom numbers Nin 0 < N L -1

Mixed congruence method GE& & [li%): a, b, L are positive integers
N,=a
N, =bN,+c mod L
N;=bN,+c mod L

* NOTE: N, = N, results in periodicity in the generated numbers
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Hit-or-miss (GR{TEERAY) Monte Carlo method

1. Generate random numbers (x, ) N times
2. Count the number that satisfies (x> + y?)2 < 1.0 => n/N approaches the area of a quarter circle

(0,1)

N numbers distributes over the square
n drops in the quarter circle

0.03
0.025
(0,0) (1,0)
N N2 4S lerror] S 0.02
100 0.1 3.12 0.021593 =)
200 0.070711 316 0018407 :
400 0.05 312 0021593 = 0.015

800 0.035355 3.145 0.003407
1600 0.025 3.145 0.003407
3200 0.017678 3.16875 0.027157 0.01
6400 00125 3.12375 0.017843

12800 0.008839 3.130625 0.010968

25600 0.00625  3.1375 0.004093 0.005
51200 0.004419 3.137188 0.004405

102400 0.003125 3.133984 0.007608

204800 0.00221 3.139961 0.001632

409600 0.001563 3.139854 0.001739 0

819200 0.001105 3.14063 0.000963 1
1638400 0.000781 3.141702 0.000109 0 00?/2 0.
3276800 0.000552 3.14045 0.001142 N-

6553600 0.000391 3.141 0.000593



Crude (E#EH9) Monte Carlo method
f(x)=4v1-x"

Generate random numbers 0 <r <1 N times

S = fol f(x)dx ~ %Z{-V:l f (x;) is approximated

Numerical integration by random numbers
Good for multi-dimensional integration
Ex: Discrete Variational Xo method

N
100
200
400
800
1600
3200
6400
12800
25600
91200
102400
204800
409600
819200
1638400
3276800
6553600

2.18E-01
1.99E-03
1.84E-02
3.41E-03
2.16E-02
9.66E-03
1.15E-02
9.41E-03
3.47E-03
1.69E-03
2.57E-03
9.48E-03
2.93E-03
2.50E-03
4.83E-04
1.62E-05
1.03E-03

Hit—or—misscrude

1.23E-01
1.31E-02
9.53E-02
2.41E-02
1.91E-02
1.70E-02
2.69E-03
1.11E-03
1.68E-03
1.83E-03
1.95E-03
2.52E-03
9.56E-04
1.10E-04
4.01E-04
8.08E-04
3.59E-04



integ montecarlo3d.py
Calculate the volume of radius 1.0 sphere: Exact value 4.188790205

Python integ_montecarlo3d.py

Output:
Hit-or-miss Monte-Carlo method
1 \Y |lerror]|

100 4.3200000000 0.13120979521360976

200 4.2000000000 0.011209795213609652
400 4.0200000000 0.16879020478639095

800 4.2000000000 0.011209795213609652
1600 4.2450000000 0.05620979521360958
3200 4.2025000000 0.013709795213609155
6400 4.1537500000 0.035040204786390916
12800  4.1868750000 0.001915204786390845
25600  4.1618750000 0.026915204786390312
51200  4.1620312500 0.026758954786390454
102400  4.1902343750 0.0014441702136096524
204800  4.1915625000 0.0027722952136093326
409600  4.1894921875 0.0007019827136094392
819200  4.1852148437 0.0035753610363906674
1638400 4.1913476562 0.002557451463609084
3276800 4.1906274414 0.0018372366198597945
6553600 4.1887829590 7.245802015276581e-06 Error o< 1/N



Random numbers that follows exponential distribution

http://www.sat.t.u-tokyo.ac.jp/~omi/random_variables generation.html#Gauss

p(x; A) = Aexp(—Ax) (F9 1/, S8 122
Ehy=exp(-x) TEADHE. EHRBOBEES>MEAHIE

P(y)=P(x)|dx/dy]

E75D. —HRELE y Mo ZE

x = —log(y)
&Y. A =1DERAHICHEIEAHMSTONS,
FED LICHLTIE
x’=x/A

b (N E A



Random numbers that follows exponential distribution
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Random numbers that follows normal distribution (Box-Muller method)

] p[(zT”)J (T p, 58 0 DERSH)

p)= (27[02
—FRELB x, y Z1EY . BEEAEHR

]

P(x,y)=P(x)P(y)=P(r,0) = (2—}’ exp[— rzj
7 2

ERzr Do P2 ICEZXSD P =P(r)|dx/dy|= P(r)/(2r)

<[ Llef -
P(r-,0) —(Amjexp( 5 ]
—FRELE 1, 0 DD
x =r cos(0), y =r sin(0)

DERDMICHSEBELDD T,
z=(=2.0*log(x))"* *sin(27y)
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normal compare.py

0.40 A

0.35 A

0.30 A

0.10 A

0.05 A

0.00

Comparison of Normal Distribution Sampling Methods

1 Normal Distribution (numpy)

Box-Muller
Metropolis-Hastings (multiple chains)

= = Theoretical Normal Distribution

st E R

 numpy.random.normal: 0.000 ms
e Box—Muller;%: 1.000 ms
e Metropolis—Hastingsj%: 138 ms



FEDEEZEREM f(x) IS HEDELE: Metropolis Monte Calro (MC)k

metropolis rnd.py T
method = ‘metropolis’
proposal type = 'symmetric’

1. *)ng)ﬁ x0 Ei*&)éo
2. BRTYT t CRERRYIRT

- x, hWOIEEDMq'Ix) ZEST
xpro osal q(x Ixt) Et-ﬁ‘jm
X‘Q'EE$ a=min (19f (xproposal)/ f (xt))
ZEtE.

- —BRELB u~[0,1] ZERL. u<a
5 x, =%

25ThHNIE x,, =x, £33

. ChFETLEEBAN—IUHED)

BYIRT L /o= T LI
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Metropolis Monte Carloi%: Boltzmann%3
HOMBIREZEZ . TOIRILF—FETEL U, £95,
Bl FEoTHIDPEIRREZ(EY (ZILOTEEH),
ZTDRIRILF—% U, ET B,

I

1. AU= U,- U, <0 THNIE, BEHICEDIRBZHRIRT S
2. AU>0 ThHNIL, AAU) = exp(-AUMkpT) DIHERTIEIRT S

2. 12T BB 0<r<1 DY r<exp(- AUK,T) THILILIRIR,
ZOTIEITNIEZERL, IREE1 FEYEET

TILOVEHICKY LREDFRIR-FHANEHTHEoNE=EHIL.
S B exp(-AUKk,T) IZUNE T B
COEHIZOVWTEHZENIIYESEDHETHHFEN T NS,




Monte Carlo simulation for statistical physics

How to collect an ensemble that follows
canonical statistics P; «< exp(—E;/kgT)

Metropolis Monte Carlo method

HOYMBIREEZEZEZ, CORTUIUVILIRILEF—EEHEL U, &9 5,
ELBEFE->TRHIOYIEBEIREZEY .. CORTUIYILIRILTE—%F U, ET D,

1. AU= U,~ U, <0 THNIL, BEHIZZDRREZEFEIRT S
2. AU>0 THNIX. exp(- AUK,T) DHEETIRIRT S

2. [IZBWWT B 0<r<1 D r<exp(- AUKST) THNILERIR,
FOTIRITNIEEHIL., KRRE1 ZEYBET

ELSFmICKYELN=ERIX. e NDFOEERICT—HIT S

COBERICOVWTYEEDEHZEENITHETTHELTD
MEENFOND,



Metropolis Hastings MCj%

metropolis rnd.py T

method = ‘mh’

Metropolis-Hastings Sampling (mh, asymmetric)

1. )R x) ZIRTE .

2.EHEEDR x MoFLLVE x'~q(x'x)

ZR=

3.LUTD /MR 251H:
a=min(1, f(x")-q(xlx") / [f(x)-q(x'lx)])

4. —¥REL B u~Uniform(0,1) Z4ERLL.
u<a @b x' TRl AN,

EOTCHITNIE x %
5. #YiRL .

EXAFEFMTH

EZITAND,

- J

a=min(1, f(x")-q(xIx") / [f(x)-q(x'|x)])

[CEH->THIESIND
) S



Bayesian statistics
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HERICEHTAINMADEE

p(A,B) = p(BlA)p(A) = p(4|B)p(B)
FFRER  ERFER FATREE

ALBHRIRICECBREE ANECIBAIT  AMELEHER
N BHRER = R TERE

A ZXDEHE: p(A|B) = p(B|A)p(4)/p(B)
BHiepEE BRI



RAZXDEBREH R

p(A,B) = p(BlA)p(4) = p(4|B)p(B)
AEBAEIREIZE LR ANELIBEIC ANELDIHEE
BINEL AR

RAZXDEE: p(A|B) = p(B|A)p(A)/
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Bayes linear regression
as an example of Bayes inversion

ETILEABD /NS A—53% . ETILEAKOEEREIOHIZKRDH S

“inversion problem”
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bayesian linear regression mcmc animation.py
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