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Fundamental matrix operations

C=A+B:
for ix 1n range(nx):
for 1y in range(ny):
c[ix][1y] = a[x][1y] + b[ix][1y];

C=AB:
for 1x 1n range(nx):
for 1y in range(ny):
c[ix][1y] = 0.0;
for k 1n range(nk):
clix][iy] = c[ix]liy] + a[ix][k]*b[K][iy];

To solve BC=A
(1) Directly solve BC =A
(i1) B-! can be obtained to calculate B-'A, but this should be avoided if possible.
=> Better to use algebra libraries



Gauss elimination method (Gauss® g% %)
Upon a square matrix (IEJ51T51) 4 and a vector B are given,
solution of AX = B is obtained by X = A4"1B.
- Efficient for case more than one solutions for the same 4 and different 5.
* Can produce roundoff errors and not efficient
=> Solve the linear simultaneous equations directly.
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Multiply a;,/a,; (i=2,3, ..., n) to the first line and subtract it from i-th line
=>make all a;; (i 2 2) zero.

Repeat this procedure for all the lines, 4 will be converted to upper-right triangle
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a, 4a, az - 4

n '

0 ' v [ b
Ay, dy a,, X bt

0 0 a i I
as; s, | - [T -
0 0 : '

0 0 0 - a5 \B

nn

Solve from the last line to upper lines, giving all x;

Note: Converting A to a band or triangle matrix enables solve the equation very easy



Row reduction method &=HL %)

Similar to the Gauss elimination method, but eliminates all non-diagonal terms
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Obtain the solution by x;=b,"/ a;;’

Important: Regular matrix can be converted to triangle / band matrixes
(EBIATHE, ELEITHICRHEBMT=ZATIOFTIICHBETED)
= > ex. LU decomposition (LUS&): A = LU
L: Left-lower triangle matrix, U: Right-upper triangle matrix

Solution of linear simul. eqs. : LU decomposition

1. Convert AX=B to LUX=BbyA=LU
2. Solve LY = B to obtain Y
3. Solve UX = Y to obtain X



Diagonalization of real symmetric matrix:
Jacobi method (vae:#)
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Jacobi method
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will give ;> =0

=> The square sum of non-diagonal elements is reduce by a factor of Zavij2

=> finite iterations will complete the diagonalization
But it is hard to estimate the number of iterations required,
and Jacobi method is not efficient for a large-size materix



Diagonalization of large-size matrix

Householder method

1.

Convert a symmetric matrix A to a tridiagonal matrix (ZEZx&1751) D
using an orthogonal matrix (Ex175l) U
Note: eigen values of UTAU are equal to those of A

2. Solve eigen values of D by bisection method

QR method

1. Regular nxn matrix 4 is decomposed to A = QR (QR%fi#) using a regular
orthogonal matrix Q and a right-upper matrix with positive diagonal
elements R.

2. QR-decompose A,: A, = O, R,

3. ConvertA, to A,., = 0,'4,0,= R0, (similar transformation, 8% #f2)

4. Repeating 2 and 3 will converge A, to a right-upper triangle matrix 4,

=> Solve eigen values of 4,
If A is a symmetric matrix, A, will be a diagonal matrix.



Linear algebra libraries
(R -1TIEHES (4T 3Y))

Fortran, C, C++, etc

LAPACK (Linear Algebra PACKage)
ScalLAPACK (Scalable LAPACK)

Intel Math Kernel Library (MKL)
One API: https://www.intel.com/content/www/us/en/developer/tools/oneapi/overview.html

Python: numpy.linalg, scipy.linalg

matrix.py
Product of matrixes
Inner product

Cross product

Outer product

Inverse matrix
Determinant

Eigen values/vectors
Solve simul. linear eqs.
LU decomposition
Cholesky decomposition
QR decomposition

AB :C =A@B
V1:V2 c:inner =numpy.dot(VI1, V2)
inner = numpy.inner(V1, V2)
V1 XV2:V3 = numpy.cross(V1, V2)
: V3 = numpy.outer(V1, V2)
: Ai = numpy.linalg.inv(A)
: det = numpy.linalg.det(A)
: 1A, vVA = numpy.linalg.eig(A)
AX=B :X = numpy.linalg.solve(A, B)
: P, L, U =scpy.linalg.lu(A)
A=LL' :L = numpy.linalg.cholesky(A)
A=QR :Q,R =scipy.linalg.qr(A)



An example of Matrix operation: Electronic structure of benzene

Hiickel approximation: benzene.py

Energy level ot C 2p: g, =0

. Energy level diagram
Resonance integral: B, =1

Density of states

3 3

Diagonalize the following
Hamiltonian

H = np.array([[
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Hiickeldr{ElZ{%5: benzene.py
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