Fourier transform
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Fourier series expansion (Fourierf} £t B)

Period: T

= 21N - 21mn
x(t)—? 2 cos—t+bn51nTt

a, = ;fo x(t) cosTtdt

21N

b, = %f x(t) sin=——tdt

X(t) = Yime—oo Cy EXP (i ZnTn t)

1 (7 2nn
cn=?j x(t) exp —th dt
0

Riemann—Lebesgue lemma
()= LR—T D)

lim ¢, =0

n—>0o



Fourier transform
Take limit to 7 => o for Fourier series expansion

CFT F(w)= j“; F(t)exp(ict)dt
CIFT f(1) = i ji F(w)exp(—iot)dw
FT F(w)=[ f(0)exp@2afi)ds
_IFT /() = | F(o)exp(-i2afi)da

Features of Fourier transform

* Convert time-dependent data to frequency data

- Convert position-dependent data to wavenumber data

= Origin of original data is converted to whole range of FT data

* Whole range of original data is converted to origin of FT data
Width W Gauss func is converted to width W1 Gauss func

* IFT of FTed data recovers the original data
FourierZ L= T —A2%FourieriZ £ 9 5ETDT—RIZRS




ILSQ for general function

N

()= a,f.(x) 5= z(y,. S, <xl->j
=1 i=1 k=1
) = _Zfl(xi)(yi - - akfk(xi)j =0

PINHEATHEA TSI ACAVACAREDINHEAYACH RIS S ACAV M E AR RN I WA ED
Zfz(xi)fl(xi) Zfz(xi)fz(xi) Zfz(xi)]g(xi) Zfz(xi)fN(xi) a, ZyifZ(xi)
PINACATACATDIFACAVAC ARSI ACAYAEH S A ) | ay |=| Dy fix)

ZfN(xi)fl(xi) ZfN(xi)fz(xi) ZfN(xi)ﬁ(xi) ZfN(xi)fN(xi) dy ZyifN(xi)

Application to sin / cos expansion

f.(x)=cos2af,x (i =odd numbers (F%))
f;(x)=sin2zf,x (i =even numbers ({&%}))



ILSQ for Fourier series expansion

f1,pl, Al = 1.5,pi/4.0, 1.0

f2, p2, A2 = 3.0, pi/3.0, 0.3 LSQ results

f3, p3, A3 =10.0, pi/6.0, 0.5 - Before Convolution

x +=random(0.03) # noise is simulated by random() " original )
y= Al *sin(2.0%*pi * fl * x + p1) e 1R

+ A2 *sin(2.0*p1 * 2 * x + p2) 1
+ A3 *sin(2.0*p1 * f3 * x + p3)
Convolution: Gauss function with w = 0.03

Y

" —y/(convoluted)

N

After convolution
—original

—4 terms LSQ
—©6 terms LS

0.5

-0.5

-1.5

1.2

1.2



Discrete FT (DFT, &0 —') T Z i)

Assume x(7) is periodic in the range [0, 7V) and x(0) = x(TV)
X(fi) = T X)=5 x(t;) exp(=i2nfy - jT¥/N) T =T" /N

Usually the coefficient 7,V is not included for DFT formulations
y(fi) = Xj% x(t;) exp(—i2mkj/N)  fi = k/T"

DFT can be carried out without many trigonometric function (= &%) calculations
Vi = 2hog W'Y
wy = exp(—i2m/N): Rotation factor ([B1E5X +)

wy 1 = (cos(=2mk/N) + i sin(—2mk/N))(cos(—2n/N) + i sin(—2m/N))
= (cos(—an/N) Wy » — sin(—2mk/N) WN,i)

+i(cos(—2nk/N) wy ; + sin(—=2mk/N) WN,T)

= (WII\(I,TWN,T - II\(I,iWN,i) + i(WII\(I,rWN,i + Wll\i,iWN,r)



DFT: Matrix expression (17515 13)

y(fi) = X3=0 x(¢;) exp(—i2m - k - j/N)

Yi = Xjco Xwn' wy = exp(—i2m/N)
DFT
Yo 1 1 1 X,
| 1 WN1 WN2 WNN_1 X
- Wy ;
V-1 1 WNN_1 N(N_l)(N_l) Xn-1
Inverse DFT
X, 1 1 1 Yo
Xy 11 WN_1 WN_2 WN_(N_I) Vi
TN owT : '
Xn-1 1 WN_(N_I) WN_(N_I)(N_D Y-

Using w /= w,fmdN and w, N2 = k ‘only k=1- N/2 terms
should be calculated



Fast Fourier Transform (FFT, 5:&7—1) 1% #)
EH/B—, ChGohHDNRABFHE, kRt (2003)

FFT: Efficient algorithm to compute the same result as DFT

Restriction for radix-2 FFT:
1. The data number must be N = 2" (m: integer)

Merit:
1. Same result as DFT
2. The calculation cost is O(/Vlog N) instead of O(V?) for direct DFT
3. FFT consists of simple butterfly operations and
is suitable for parallel computation (GPU).



Fast FT (FFT, &&7—) T i)

S8 —, INGohIDIERABERE, £ HER#E (2003)

The DFT formulation is written as polynomial by converting w,*“ =z

Vi = 9’ Yy x]wN"J ;v "y XjZ zJ wy = exp(—i2m/N): Rotation factor

Vi = x()ZO + x121 + xZZZ + -+ xN_1ZN_1
—_ XOZO + XzZz + .-+ xN_ZZN_z

+7z(x12° + x32% + - + xy_12V7?)

The last line equation becomes a polynomial with respect to z, = z?
with a half number of the terms
N/2-1 N/2-1

Y = Z XpjZy) + 2 z Xpj41227

j:O ]:0



FFT

EA/E—, NG BB FEHE, 7 iRt (2003)

View = %0220 + 1,z + -+ 2327 + 2 (5, (29)0 + 1y (2D)1 + o 2y 1 (222 )
= YinN/21 T ZVinN/2,2
Vensza = 100 + 1D+ b xy_p @D+ (22 (1,0 + 1 (2 + oty (D)
= YknN/a1 T (ZZ)Yk,N/4,3
Viwrzs = 1@ + x5 + o+ 2yo1 @ + (@) (130 + 20D 4+ g (D)3
= Yinjaz + @) Vi a4
YN = YiN/21 T ZYVkN/2,2
YeN/21 = YkN/a1 T Zzyk,N/4,3
VieN/22 = YiN/a2 T Z°YiN /a4
Yin/a1 = Yin/si + 2 Vinses
Yin/a2 = Yin/sz ¥ 2 Vin/se
YiN/43 = Yin/ss T 24 Vin ez
YiN/aa = Yin/se T 2 Vin/ss
The above is a recursion formula and can be solved from the last two-terms FT

to upper equations in the series of the number of terms 22,23, ..., 2V
HIEXDHICGE>TNSD T, RERDEH2OFTMLIER IEH2% 23, .., 2YOFTOEEZEZT HZET
FTEIEMNTES



Data swap in the FFT procedure

N data series XoX1X2 *** XN-1 => FT: XOX1X2 XN—l
Represent the index number by binary ([EF#% —##TH5HT)

At each stage k, the data are split to two, and the data of odd order are moved to the
second half (note the order is counted from 0)

=> Data whose k-th bit is 1 are move to the second half

=> The change of the order numbers corresponds to bit reversal

Initial data order (values in parentheses are bitwise reversed)

Xo X1 X2 X3 X4 Xs X6 X7 =
15t step | 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (011) 111 (111) Qg
—
| =Yt s e l 2.
2nd gtep 000 (000) 010 (010) 100 (001) 110 (011)/001 (100) 011 (110) 101 (101) 111 (111) ;
Yia1 = Yk21 T ZiYk,Z,S l l Y42 = Yk2,2 +£23’k,2,4 i ?&3
3rd step | 000 (000) 100 (001)|| 010 (010) 110 (011)| | 001 (100) 101 (101) | 011 (110) 111 (111) §
X0 X4 X2 X6 X1 X5 X6 X m

Yk,2,1 Yk,2,3 Yk,2,2 Yk,2,4

The order to sum up for FFT is different from the order of x;.
FFT summation is performed in the order of the bit reversal of the index



FFTREEDOEIEFDZEE: EvhRER

NEDT—RH xgx1x5 - xy_1 => FT: XoX1 X5 - Xn_1
[EF#E _—_EHTH-HT

FFTOZNETNDEBRETIFHEBE DT 22T oT 1 8EE2T 5
= |[EFBDENSIEREHIZHETIEVRD 1 DT —2FHBE(12T 57
= |[EFHOTEMHINE v REEIZHIET S

BOOT—2DAUIE (HhyvaRIZIEFHOE v EE)
Xo X4 X, X3 X, Xc X X
15%| 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (011) 111 (111)

l YVis = Yia1 T ZYM l
i

2% [000 (000) 010 (010) 100 (001) 110 (011)|[001 (100) 011 (110) 101 (101) 111 (111)

Vo Yea1 = Yk21 T ZiYk,Z,S l l Va2 = Yk22 T Z “Vie,2,4 i

38% | 000 (000) 100 (001)|[ 010 (010) 110 (011)] [001 (100) 101 (101) [[011 (110) 111 (111)
X0 X4 X2 X6 X1 X5 X6 X
Yk 2.1 V.23 Yk,2,2 Yk,2,4

FFTOMEZMBIEEE x;, DEVIEEEDHS.
ROIDIEFEHO —EHERR (HyaRO#EF) ZEVEREE HyasntO#H=F)
LTY—FT 3L, ZDIEFTFFTOMZEENS



Bit reversal (w3l & #x)

Note: bit reversal (Ew k3l RER) != bitwise inversion (E kR EE) (~x, not x)

bit_reverse.py val = 11001, Z4lIZ
def bit_reverse(val):
ret=10 ret=0 # EvhREREZF0THEE
while 1:
vO=val & 0b001 1. vO=val& 1, =>11001,& 001,=1 # EBITDEYMEZE vO [TRTE
ret = ret | v0 2. ret=ret|v0 =>0|1=1, #retDEFE—HTIZ v0 ZEXTE
val = val >> 1 3. wval=val>1 =>11001,>>1=1100,
# —HTEICEYRITRL, valD2HTEZE1HTICFEH)
if val == 0: 4. val H¥ 0 DIHE . WIS BbithFZ>TLVELD T
break IW—T%E#T
else: 5. val D OTHEWMER  ret Z1IEYR D TRL. 2. Tret OF1HLIZEELIZ VO EEICT BT,
ret =ret <<'1 ret=ret<<1 =>1,<<1=10,
LIZE-TH#RYIRL
return ret v0=val & 1, =>1100,& 001,=0 # EBIHTDEYMEZ v0 ITRTF

6
7. ret=ret|v0 =>10,|1=10, # retDEE—HTIZ v0 ZEXTE
8.  wval=val>>1 =>1100,>>1=110,
9 ret=ret<<1 =>10,<<1=100,
1LICE-THRYIRL
10. vO=val&1, =>110,&001,=0
11. ret=ret|v0 =>100,|1=100,
12. val=val>>1 =>110,>>1=11,
13. ret=ret<<1l =>100,<<1=1000,
LIZE>THRYIRL
14. vo=val&1l, =>11,&1,=1
15. ret=ret|v0 =>1000,|1=1001,
16. val=val>>1 =>11,>>1=1,
17. ret=ret<<1l =>1001,<<1=10010,
LIZR-THYIRL
18. v0=val&1l, =1,&1,=1
19. ret=ret|v0 =>10010,|1=10011,
20. val=val>>1 =>1,>>1=0, => JL—THT fi#: ret=10011,



fft.py FFT: python numpy.fft.tft()
() = —cos(2nt)(1+5¢2), periodic in t = [0, 1)

o

tstep =tmax /N g ° %
o :

B[ At |

[ Ar=Aw2

_40.0 0:2 I

1.0

F(f) = np.tit.11e(f)
f = np.fft.fitfreq(N, d=tstep)s '

+ 50

5 4

F = np.fft.fftshift(F) i
f = np.tit.fitshife(f)
= —

2 50 high f Periodicity of Fourier func:
£ F(f+ frnay) = F(f)
0 | python list: a[-n] = a|[N — n]

Frequer;cy (Hz) ! I I (N = len(a))



Smoothing: FT

Original Remove high-frequency FT data: Smoothing
3900 Low-pass filter

4500
4000

3000 Remove low-frequency FT data: Cut drift
zzgz High-pass filter
1500 Ex. Cut FT data outside [k, k.11
1000 2000 —kcut1=10
5°: | 4000 ~keut1=50
0 1000 2000 3000 4000 RT—E
200000 t 3000 /N —keut=(1,50)
250000 ——4 FT image
200000 — real part 2000
150000 — imaginary part
100000 1000
50000
0 0
-50000 1
-100000 -1000
-150000

-200000



Program: smoothing-fft.py

Usage: python smoothing-fft.py xrd.csv 0 5
(note: the x range 1s different from the previous slide)
=> plot smoothing-fft.csv

4000
—y
3000 — |ys(ifft)|

|

2000

1000

0



Interpolation by FT
Periodic function f{7): Period of T

N t points are given in T = NAt at uniform stepAt: t; = jAt (j = 0,...,N — 1)
can be expanded by ex (i2nf t-) = ex (iZnEt-) = ex (izni 'At) = ex (iZnn—j) fn=n/T
p y €xp nlj p 7Y p Nact p v ) In

% f(t) = Zh=o an exp (i27t %])

For a case for N = 4: a; are determined so as to reproduce f (tj) for integer j
. T . . 2T, .31 .
f(t]) = aopt aTL’/4 exp (l Z_’) + aZTl‘/4 exp (l T])-F a37‘l‘/4 exp (lTI)

a; are obtained by Fourier transform

Interpolate: for arbitrary floating-point number ¢, = xAt:

f (&, = xAt) = agt a4 €XP (igx) + Ay /4 €XP (i%”x) + a3y /4 €XP (i‘%”x)



Interpolation by FT

> python compare FFT.py

el 8 © UiSS & IFFTHREGR

1.0 1

0.5 1

0.0 1

Signal

—0.5 1

1.0 - x1 (RED)
B X2 (R31F)

15 R (IFFT)
0.0 2.5 5.0 75 10.0 12.5 15.0 17.5 20.0
t (s)
B EGES: - FFTRIER RS L
0.5 1 r L —— FFT X1 (%)
/\ f"‘ FFT X2 (%£7—%)
/\ I\ e FFT X2 (€ B08F 1 2 4)
0. 4 T J_f { ‘[ \
i A
[ [\
] [ \
0.3 | i

Amp | itude




fft.py FFT: python numpy.fft.tft()

() = —cos(2rr)(1+5¢%), periodic in t = [0, 1)
F(f) = np.ttt.11t(f) : .

~
L
I

u
o

[
L
1

Amplitude

_4 '
Frequency (Hz)

For a case for N = 4:

For a case for N = 8:
/ !/ » . / . 3 B
f(tj) =a _sexp(i2mj)+a’ _; exp (lETl'])'F
+a'y exp(imj)+ a'5 exp (igz—nj) ) '
Interpolate by the FFT result for N = 4: e.g., to get [ (t1 2 = At/ 2):
6w

f(t1/2) = Qo s €xp (i5) + aznya exp|(i%) + azesa exp (i)
(i = '29 '19 09 1)9 a’j =0 (EISE)

take



Interpolation by FFT (Fast Fourier Transform)

For a periodic function E(k) (like an energy function E(k) of crystal), interpolation can be carried out by:

1. Fourier transform E(k) to E*(x)

2. Increase the number of data by adding zeros in the high |x| region (padding)
3. Inverse Fourier transform

> python interpolate fft.py generate
data: interpolate fft.test.xlsx: TB band

1.00 A

0.75 4

0.50 4

0.25 4

0.00 -

—0.25 4

—0.50 4

—0.75 4

—1.00 4

e ® input data
interpolated

3] [£]

Perfect interpolation
for the periodic function

%) [£]

-0.4 -0.2 0.0 0.2 0.4

> python interpolate ff

data: ban
20.0 1fe ® input data
interpolated
17541 @ €
1) €
15.0 +
3] 3]
12.5 + @ £3
Ea\
10.0 - 3 F
3] €
7.5 1 k) £
3] £
5.0 &) €
(%] [
a )
2.5 1 %) )
O y
0.0
: S~

0.10 1

0.05 A

0.00 A

Looks natural
interpolation
neark =0

[ ] [ ]

® inputdata
interpolated

—0.06 —0.04 —0.02 0.00 0.02 0.04 0.06

and_free e.xlsx
¢ e.xlsx: Free electron band -

17 A

16 A

15 A

14 A

13 A

——

Py ® input data
interpolated

L]

@

@

@

—0.525-0.500-0.475-0.450-0.425-0.400

v

Interpolated data become a
periodic function,
producing unnatural
deformation near the
periodic boundaries



Comparison: Calculation time by python

Usage: python dft.py ndata
ex: python dft.py 1024
python dft.py 2048

DFT1: DFT using rotation factor
DFT2: DFT not using rotation factor (calculate sin/cos every time)
FFT : numpy.fft.{ft()

Time for DFT/FFT (sec)

N bFri JoF2  [RFT NN
1024  1.32 2.41 1.87e-5 3080
2048  5.59 10.3 3.54e-5 6780
4096 23.6 47.7 6.62¢-5 14800

8192 973 165 16.1e-5 32100



Problems of DFT/FFT

mER, BEE DO DR T—20E, CQHM$t (1986)
* Usually FT needs integration from -oo to oo, but DFT/FFT reduces data to finite
range => Loss of data

ex.: Fourier charge analysis by XRD gives ghost peaks and fringes
* Original data include noise/errors, giving rise to extra frequency peak
= Artificial periodicity required for DFT/FFT gives rise to artefact frequency
peaks => can be suppressed by Hann Window (Hanning window, Z3B8#%0),

but it may also give extra peaks

A/\/\/\/\/i--«,
/[\/\/\/\/\/ J

s it

WA /\ VAvAS F\/ \/ v = |l

e v A |
e N \/ {—\/ P e )




Maximum entropy method (MEM, &XI>rOE—i%)

mER, BEE DO DR T—20E, CQHM$t (1986)
Concept of MEM

= Assume the lost data would have some constraints
= Use the concept of ‘information entropy’ and maximize it to estimate the spectrum
» Akaike’s autoregressive model (Fitic&5EHEEIFETIL) = MEM

The order of the autoregressive model m must be determined

* So as to minimize Final Prediction Error (&# % RI:22%)

= Algorisms: Burg method, etc
Features
= Sharper spectrum than FFT
= Less ghost peaks and fringes
* But depends on order estimation

F v RIS

la) 4270774 (b) FFTEMEMICE B A2 | L



signal

Program: mem_spectrum.py

> python mem_spectrum.py "" 15 log
Order of Autoregression model (AR: B 2 [EIIRET JL): 15
=> Determine regression parameters ¢ (k = 1,2, ..., order) using past order data
202At
11-% @k exp(-i2nfkAL)|?

+ Estimate MEM spectrum using the Burg method  Sypy (f) =

Input signal

Spectral Estimate: MEM vs FFT

0.0 0.2 0.4 0.6 0.8 1.0

1071 4

-

e MEM (pbui’g]

FFT PSD

0.0 0.1 0.2 0.3
Freguency (Hz)

T T

0.4 0.5




MEM-Rietveld analysis

WHE B AERFERE 30, 135 (1988)

Charge density calculated from structure factors 7'; =7,/ 1;
Charge density calculated from structure model p'; = p;/ . p;

Constrained entropy: S = —).p’; ln%

=> smoothing p' and suppress fringes and ghost peaks

2
F hki_p . Rkl
inimi . | cal obs
Minimize the structure factor residual C =) —
hkl

. |F (L F b hkl|2
Maximize constrained entropy Q(1) = —) p’; ln% _ EZ ca - 2 S

{ hkl

=>p = exp(In 1 + difference Fourier (7—1)I) term)
When converged to F,.,, = F,,, p =T will be achieved



Schrodinger eq.: Plane wave method (FF@E &%)

Plane waves are employed as basis set of linear combination
¢ (r) = eXp(ik l‘)z Coalhg (X)) Uy (r) = exp[ithl 'r]

Plane waves with wave numbers G, forms a perfect basis of periodic system
Any function is represented if use all G, for all
=> In actual calculation, approximate by |G| < G,,..

H11 _ESll le _ESlz Hln _ESm
H21 _ES21 sz _ESss H2n _ES2n _0
Hnl_ESnl HnZ_ESnZ Hnn_ESnn

2
(|l ) = [ 0 >-{_j_mvz . V<r>}f<k+6m>-rdr

h’ )
— 5hkl,h'k',l' E (k + thl )2 +V (thl _ Gh'k'l')

Most of PW calculations are done by Fourier transform
=> Possibly speed up with GPU




Program: 1-D PW method
pwld.py

Lattice parameter (Si) a =5.4064 A  m*=1.0m,
Potential V(x): barrier width 0.5 A barrier height 10.0 eV

FT coefficinets of
python pwld.py ft 5.4064 64 rect 0.5 10.0 9 -0.5 0.5 21

potential
# of basis 64
1.0 |
10 -
0.8 -
8 0.6 -
0.4 |
6‘ 1 4 4
_— [=]
ke 2 024,
o =]
o &
= 4 “ 0.0-
—0.2 -
2 .
—0.4 -
real
imaginary
U- | | 11 —U'.ﬁ- + ghsolute
0 5 10 15 ~1 0 1

X (A) 1/x, normalized (1/A)



pot (x)

Program: 1-D PW method
pwl.py

python pwild.py ft 5.4064 64 rect 0.5 10.0 9 -0.5 0.5 21
python pwld.py band 5.4064 64 rect 0.5 10.0 3 -0.5 0.5 21
python pwld.py wf 5.4064 64 rect 0.5 10.0 3 0.0 0 0.0 16.2192 101

=4.0A :
a i FT coefficients of
potential V(x): potential Band structure
w=10A,h=03eV : :
’ # of basis 16 # of basis 5
0.30 A 1 | 1.5 4 p —— real
| | e
0254 | | |
| | 1.0 -
0204 | | |
| | 2 05-
0.15{ | | | s N~V _ (x).
0104 | | | | | “ 0] 7 :ii Lf: \/ ID,,,,~"“ free e
' | | V(ix)=0
005{ | | | | 0.5 -
| S
0004 | Ve Sl S
T T T T T —-1.0 4 T 7 i T e T PP S =
00 25 50 75 100 B SR r : TPV
x (A) 1/%, normalized (1/A) ‘ ‘ ‘ ‘
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      lim  n → ∞ ⁡   c n = 0


  x ( t ) =    a 0 2 +  ∑  n = 1 ∞   (   a n   cos ⁡    2 𝜋 n T t +  b n   sin ⁡    2 𝜋 n T t )


   a n =  2 T  ∫ 0 T  x ( t )   cos ⁡    2 𝜋 n T t d t


   b n =  2 T  ∫ 0 T  x ( t )   sin ⁡    2 𝜋 n T t d t


  x ( t ) =  ∑  n = − ∞ ∞   c n   exp ⁡   (  i   2 𝜋 n T t )


   c n =  1 T  ∫ 0 T  x ( t )   exp ⁡   (  − i   2 𝜋 n T t ) d t


  X (  f k ) =  T s w  ∑  j = 0  N − 1  x  (   t j )   exp ⁡   (  − i 2 𝜋  f k ⋅ j  T w / N )


   T s w =  T  w / N


  y (  f k ) =  ∑  j = 0  N − 1  x  (   t j )   𝐞 𝐱 𝐩 ⁡   (  − 𝒊 𝟐 𝝅 𝒌 𝒋 / 𝑵 )


   f k = k /  T  w


   y k =  ∑  j = 0  N − 1   x j    𝒘 𝑵  𝒌 𝒋


   𝒘 𝑵 =   𝐞 𝐱 𝐩 ⁡   (  − 𝒊 𝟐 𝝅 / 𝑵 )


     w N  k + 1 =  (    cos ⁡   (  − 2 𝜋 k / N ) + i   sin ⁡   (  − 2 𝜋 k / N ) )  (    cos ⁡   (  − 2 𝜋 / N ) + i   sin ⁡   (  − 2 𝜋 / N ) )


  =  (    cos ⁡   (  − 2 𝜋 k / N )  w  N , r −   sin ⁡   (  − 2 𝜋 k / N )  w  N , i )


  + i  (    cos ⁡   (  − 2 𝜋 k / N )  w  N , i +   sin ⁡   (  − 2 𝜋 k / N )  w  N , r )


  =  (   w  N , r k  w  N , r −  w  N , i k  w  N , i ) + i  (   w  N , r k  w  N , i +  w  N , i k  w  N , r )


  y (  f k ) =  ∑  j = 0  N − 1  x  (   t j )   exp ⁡   (  − i 2 𝜋 ∙ k ∙ j / N )


   𝒚 𝒌 =  ∑  𝒋 = 𝟎  𝑵 − 𝟏   𝒙 𝒋    𝒘 𝑵  𝒌 𝒋


   w N =   exp ⁡   (  − i 2 𝜋 / N )


   y k =  ∑  j = 0  N − 1   x j    w N  k j =  ∑  j = 0  N − 1   x j  z j


   𝒘 𝑵 =   𝐞 𝐱 𝐩 ⁡   (  − 𝒊 𝟐 𝝅 / 𝑵 )


   y k =  x 0  z 0 +  x 1  z 1 +  x 2  z 2 + ⋯ +  x  N − 1  z  N − 1


  =  x 0  z 0 +  x 2  z 2 + ⋯ +  x  N − 2  z  N − 2


  + z (  x 1  z 0 +  x 3  z 2 + ⋯ +  x  N − 1  z  N − 2 )


   y k =  ∑  j = 0  N / 2 − 1   x  2 j    z 2 j + z  ∑  j = 0  N / 2 − 1   x  2 j + 1    z 2 j


   y  k , N =  y  k , N / 2 , 1 + z  y  k , N / 2 , 2


   y  k , N / 2 , 1 =  y  k , N / 4 , 1 +  z 2  y  k , N / 4 , 3


   y  k , N / 2 , 2 =  y  k , N / 4 , 2 +  z 2  y  k , N / 4 , 4


   y  k , N / 4 , 1 =  y  k , N / 8 , 1 +  z 4  y  k , N / 8 , 5


   y  k , N / 4 , 2 =  y  k , N / 8 , 2 +  z 4  y  k , N / 8 , 6


   y  k , N / 4 , 3 =  y  k , N / 8 , 5 +  z 4  y  k , N / 8 , 7


   y  k , N / 4 , 4 =  y  k , N / 8 , 6 +  z 4  y  k , N / 8 , 8


   y  k , N =  x 0    (   z 2 ) 0 +  x 2    (   z 2 ) 1 + ⋯ +  x  N − 2    (   z 2 )   N 2 − 1 + z  (   x 1    (   z 2 ) 0 +  x 2    (   z 2 ) 1 + ⋯ +  x  N − 1    (   z 2 )   N 2 − 1 )


  =  y  k , N / 2 , 1 + z  y  k , N / 2 , 2


   y  k , N / 2 , 1 =  x 0    (   z 4 ) 0 +  x 4    (   z 4 ) 1 + ⋯ +  x  N − 2    (   z 4 )   N 4 − 1 +  (   z 2 )  (   x 2    (   z 4 ) 0 +  x 6    (   z 4 ) 1 + ⋯ +  x  N − 3    (   z 4 )   N 4 − 1 )


  =  y  k , N / 4 , 1 +  (   z 2 )  y  k , N / 4 , 3


   y  k , N / 2 , 2 =  x 1    (   z 4 ) 0 +  x 5    (   z 4 ) 1 + ⋯ +  x  N − 1    (   z 4 )   N 4 − 1 +  (   z 2 )  (   x 3    (   z 4 ) 0 +  x 7    (   z 4 ) 1 + ⋯ +  x  N − 2    (   z 4 )   N 4 − 1 )


  =  y  k , N / 4 , 2 +  (   z 2 )  y  k , N / 4 , 4


   y  k , N =  x 0    (   z 2 ) 0 +  x 2    (   z 2 ) 1 + ⋯ +  x  N − 2    (   z 2 )   N 2 − 1 + z  (   x 1    (   z 2 ) 0 +  x 2    (   z 2 ) 1 + ⋯ +  x  N − 1    (   z 2 )   N 2 − 1 )


  =  y  k , N / 2 , 1 + z  y  k , N / 2 , 2


   y  k , N / 2 , 1 =  x 0    (   z 4 ) 0 +  x 4    (   z 4 ) 1 + ⋯ +  x  N − 2    (   z 4 )   N 4 − 1 +  (   z 2 )  (   x 2    (   z 4 ) 0 +  x 6    (   z 4 ) 1 + ⋯ +  x  N − 3    (   z 4 )   N 4 − 1 )


  =  y  k , N / 4 , 1 +  (   z 2 )  y  k , N / 4 , 3


   y  k , N / 2 , 2 =  x 1    (   z 4 ) 0 +  x 5    (   z 4 ) 1 + ⋯ +  x  N − 1    (   z 4 )   N 4 − 1 +  (   z 2 )  (   x 3    (   z 4 ) 0 +  x 7    (   z 4 ) 1 + ⋯ +  x  N − 2    (   z 4 )   N 4 − 1 )


  =  y  k , N / 4 , 2 +  (   z 2 )  y  k , N / 4 , 4


   y  k , N / 4 , 1 =  x 0    (   z 8 ) 0 +  x 8    (   z 8 ) 1 + ⋯ +  x  N − 1    (   z 8 )   N 8 − 1 +  (   z 4 )  (   x 4 +  x  12    (   z 8 ) 1 + ⋯ +  x  N − 2    (   z 8 )   N 8 − 1 )


  =  y  k , N / 8 , 1 +  (   z 4 )  y  k , N / 8 , 5


   y  k , N / 8 , 1 =  x 0    (   z  16 ) 0 +  x  16    (   z  16 ) 1 + ⋯ +  x  N − 1    (   z  16 )   N  16 − 1 +  (   z 8 )  (   x 8 +  x  24    (   z  16 ) 1 + ⋯ +  x  N − 2    (   z  16 )   N 8 − 1 )


  =  y  k , N / 16 , 1 +  (   z 8 )  y  k , N / 16 , 9


   𝒙 𝟎  𝒙 𝟏  𝒙 𝟐 ⋯  𝒙  𝑵 − 𝟏


   𝑿 𝟎  𝑿 𝟏  𝑿 𝟐 ⋯  𝑿  𝑵 − 𝟏


   𝑿 𝟎


   𝑿 𝟏


   𝑿 𝟐


   𝑿 𝟑


   𝑿 𝟒


   𝑿 𝟓


   𝑿 𝟔


   𝑿 𝟕


   𝒙 𝟎


   𝒙 𝟒


   𝒙 𝟐


   𝒙 𝟔


   𝒙 𝟏


   𝒙 𝟓


   𝒙 𝟔


   𝒙 𝟕


   𝒙 i


   y  k , 8 =  y  k , 4 , 1 + z  y  k , 4 , 2


   y  k , 4 , 1 =  y  k , 2 , 1 +  z 2  y  k , 2 , 3


   y  k , 4 , 2 =  y  k , 2 , 2 +  z 2  y  k , 2 , 4


   y  k , 2 , 1


   y  k , 2 , 3


   y  k , 2 , 2


   y  k , 2 , 4


   𝒙 𝟎  𝒙 𝟏  𝒙 𝟐 ⋯  𝒙  𝑵 − 𝟏


   𝑿 𝟎  𝑿 𝟏  𝑿 𝟐 ⋯  𝑿  𝑵 − 𝟏


   𝑿 𝟎


   𝑿 𝟏


   𝑿 𝟐


   𝑿 𝟑


   𝑿 𝟒


   𝑿 𝟓


   𝑿 𝟔


   𝑿 𝟕


   𝒙 𝟎


   𝒙 𝟒


   𝒙 𝟐


   𝒙 𝟔


   𝒙 𝟏


   𝒙 𝟓


   𝒙 𝟔


   𝒙 𝟕


     𝒙 𝒊


   y  k , 8 =  y  k , 4 , 1 + z  y  k , 4 , 2


   y  k , 4 , 1 =  y  k , 2 , 1 +  z 2  y  k , 2 , 3


   y  k , 4 , 2 =  y  k , 2 , 2 +  z 2  y  k , 2 , 4


   y  k , 2 , 1


   y  k , 2 , 3


   y  k , 2 , 2


   y  k , 2 , 4


  𝑻 = 𝑵 ∆ 𝒕


  ∆ 𝒕


   t j = j ∆ t


  j = 0 , … ,   N − 1 )


    exp ⁡   (  i 2 𝜋  f n  t j ) =   exp ⁡   (  i 2 𝜋  n T  t j ) =   exp ⁡   (  i 2 𝜋  n  N ∆ t j ∆ t ) =   𝐞 𝐱 𝐩 ⁡   (  𝒊 𝟐 𝝅   𝒏 𝒋 𝑵 )


   f n = n / T


  f  (   t j ) =  ∑  n = 0 N   a n   exp ⁡   (  i 2 𝜋  n N j )


  𝑵 = 𝟒


   a j


  f  (   t j )


  𝒋


  f  (   t j ) =  a 0


   a  𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝝅 𝟒 𝒋 ) +    a  2 𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊   𝟐 𝝅 𝟒 𝒋 )


   a  𝟑 𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊   𝟑 𝝅 𝟒 𝒋 )


   a j


   t r = x ∆ t


  f  (   t r = x ∆ t ) =  a 0 +    a  𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝝅 𝟒 𝒙 ) +    a  2 𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊   𝟐 𝝅 𝟒 𝒙 ) +    a  𝟑 𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊   𝟑 𝝅 𝟒 𝒙 )


  𝑵 = 𝟒


  f  (   t j ) = +    a  − 2   𝐞 𝐱 𝐩 ⁡   (  − 𝒊 𝝅 𝒋 ) +    a  − 𝟏   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝝅 𝟐 𝒋 ) +  a 0


   a 𝟏   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝝅 𝟐 𝒋 )


  𝑵 = 𝟖


  f  (    t ′ j ) =


    a ′  − 𝟒   𝐞 𝐱 𝐩 ⁡   (  𝒊 𝟐 𝝅 𝒋 ) +     a ′  − 3   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝟑 𝟐 𝝅 𝒋 )


    a ′  − 𝟐   𝐞 𝐱 𝐩 ⁡   (  𝒊 𝝅 𝒋 ) +     a ′  − 𝟏   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝝅 𝟐 𝒋 )


  +   a ′ 0 +   a ′ 𝟏   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝟏 𝟐 𝝅 𝒋 )


    a ′ 𝟐   𝐞 𝐱 𝐩 ⁡   (  𝒊 𝝅 𝒋 ) +     a ′ 𝟑   𝐞 𝐱 𝐩 ⁡   (  𝒊   𝟑 𝝅 𝟐 𝒋 )


  f  (   t  1 / 2 = ∆ t / 2 )


  f  (   t  1 / 2 ) =  a 0 +    a  𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊  𝝅 𝟖 ) +    a  2 𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊   𝟐 𝝅 𝟖 ) +    a  𝟑 𝝅 / 4   𝐞 𝐱 𝐩 ⁡   (  𝒊   𝟔 𝝅 𝟖 )


    a ′ 𝒋 =  a 𝒋


    𝒂 ′ 𝒋 = 𝟎


   𝜑 k   ( k = 1 , 2 , … ,   o r d e r )


   S  M E M  ( f ) =   2  𝜎 2 Δ t     |  1 − ∑   𝜑 k   exp ⁡   (  − i 2 𝜋 f k Δ t ) | 2    


  𝜏  ′ i =  𝜏 i / ∑   𝜏 i


  𝜌  ′ i =  𝜌 i / ∑   𝜌 i


  𝑺 = − ∑  𝝆  ′ 𝒊   𝐥 𝐧 ⁡    𝝆  ′ 𝒊  𝝉  ′ 𝒊


  C = ∑       |     F  cal  h k l −    F  obs  h k l | 2     𝜎  h k l 2


  Q  ( 𝜆 ) = − ∑  𝝆  ′ 𝒊   𝐥 𝐧 ⁡    𝝆  ′ 𝒊  𝝉  ′ 𝒊 −  𝜆 2 ∑       |     F  cal  h k l −    F  obs  h k l | 2     𝜎  h k l 2

