Nonlinear (NL) optimization
JERRTZ m=aE 1L




Linear problem vs Nonlinear problem

Linear least-squares:
- Applied to model functions whose unknown parameters enter linearly
ex: f(x)=a0 +al *exp(-x) +a2/x
* No initial guess is required (The solution is obtained by a single matrix calculation)

Nonlinear optimization / least-squares:
- Applied to model functions whose unknown parameters enter nonlinearly
ex: f(x) =a0 +al * exp(-a2 * x)
ex: f(x)=a0+al/(x+a2)
- Initial guess of parameters is required
 The problem is solved iteratively, e.g., by local linear approximation using Taylor expansion
 The number of iterations required for convergence is difficult to estimate
* A poor 1nitial guess may lead to a local minimum, divergence, or oscillation

Good initial parameters are important



Optimization

Objective: Find parameters x; to minimize or maximize
an objective function F(x,)

Maximization problem for F(x;)
is equivalent to minimization problem for —F(x;)

We will focus on minimization problems

Examples:

* Linear least-squares method: A linear minimization problem for L2 norm of errors
* Curve fitting: A nonlinear minimization problem for L2 norm of errors

* Structure relaxation: A nonlinear minimization for total energy



NL optimization of crystal structure:

Illustrative approach
BERBE: RRICKDEE

Calculate total energy by quantum calculations by varying a lattice parameter
ex. Si
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Profile models used for spectroscopy

Lorentz functi(in

I, (x): - [(x_xo) ) W]2 w: half width at half maximum

Gauss function
1

I(x)= 12 CXP{_ [(x_xo)/(aww)]2 J 1
S =(In2)"" =0.832554611 0.
Voigt function:

E.g., observed is convolution of sample
spectrum /; (x) and apparatus function /;(x) 7

[V(x)zj:[G(x')]L(x—x')dx' / .

Cay o exp(=x")
- 7ZV L’O aV2 +(x—x")? o //

Pseudo-Voigt function:
Simplified Voigt function
]PV(x): Jolo(x)+ (A= fo)I,(x)

fi: Gauss fraction

(n)




Ex.: Deconvolution of powder XRD peak

Incorporate the intensity ratio of Ka, and Ka, to be 2:1

E4 ZnS Powder(original).TXT - CurveFit - B
JrAME) #BE(E) F|R(V) Option AK°(H)

1515 el oo =] S

Input: |¥Samples¥2n5 Powderioriginal) TAT Path ﬂ D:'\Programs!CurveFit\CurveFit2013'Samples\ZnS Pow der(crﬂg
PEC: |Samp|es¥2n5 Pawder{originai#lpfc Path ﬂ 100000 I

Output: |D:¥F‘ragrams¥0urveFit¥GurveFit2I]1E Path | Ed

Cptimize Fegion: |‘“3 = |49 WiewRrg| |

Cutput Region: |4E - |49 WiewRrg| | 20000
Hidd Peak |Qe|ete F'eak| Cilear F'eaks| Peak Search |

| 474657 83924 00963 0.388 1000 |

[0 Position [+74887 - OFT [ Gurve FitGd | 60000 I~

Gauzz Fraction |[0.337785 = |v CFT e L |
FiHM Ratio |1 S OPT 5 auto redram 40000 |-

Gl Gauss) BELIREE I OPT
| 0g medraw
FWHMGauss)  |0.0963388 = 0 OFT e

C{Total) ae9239 — ¥ OPT  Save PFG |

[TILETAITY

¥ |
i Larentz) EH4054543 =1~ opT T 20000
FultHM{ Lorentz) | 00963353 i [ OPT
ey mmetric o == OFT
Backeround =~ Others 0 | |
= Gal || | Likaty: [T58056 A
b0 |1?D.2?2 W OPT | | |ikao) (154430 8 468 47 472 474 476 478 48
E; 571434 |_ OFT || gramiiikan [05 Diffraction angle 2Theta / deg. v
Qrange | v I ?

n7* ?Eﬁz—ﬁa—%kﬁt [Fl] FHRLTOEEL.




Methods of nonlinear (NL) optimization

To find a minimum (maximum) of target function F(x):

Direct search method (EfIERE)
Trial and errors to find a minimum,
but following a certain defined procedures

Gradient method (B & %):

Use first differential to find the direction of minimum



Global minimum (X#&/ME) vs local minimum (1&//ME)

If start from here and
search minimum by gradient, ...

Local minimum

Global minimum
>

How to avoid to be trapped by local minimum:
1. Employ a large initial search range
2. Not use a direct value of gradient



Line search (E####%%): Armijo condition
KEME, T2ERE REEEZ DA, HIBI ¥4 (2006)
Armijo (7/L37) condition (eq. (1)) and algorithm:
1. Provide initial x;, choose constant{ and 7 (0 < ¢ < 1,0 <1< 1)
2. Find search direction d, (e.g., by steepest descent method)
3. Find a > 0 so as to satisfy F(x; + ad}) < F(xy) + ¢ady - VF(x},) (1)
(1) fro=11=0
(i) if F(xp + By idy) < F(xg) + <Py idy - VF(xy) go to step 4, or go to (iii)
(11) Bk,i+1 = TPk,; and go to (i1)
4, a = :Bk,i
X
y =F(x) +Sady - VF(xg)

Satisfy eq. (1) /

Yy = F(xk + C(dk)
Satisfy eq. (1)

\ ~—> ad
tangent: y = F(xy) + ady, - VF(x) a®



Line search (E####%%): Armijo condition
KEME, T2ERE REEEZ DA, HIBI ¥4 (2006)
Armijo (7/L37) condition (eq. (1)) and algorism:
1. Provide initial x;, choose constant{ and 7 (0 < ¢ < 1,0 <1< 1)
2. Find search direction d, (e.g., by steepest descent method)
3. Find a > 0 so as to satisfy F(x;, + ady) < F(xy) + éady - VF(xy) (1)
(1) fro=11=0
(i) if F(xp + By idy) < F(xg) + <Py idy - VF(xy) go to step 4, or go to (iii)
(11) Bk,i+1 = TPk,; and go to (i1)
4, a = :Bk,i
X
y =F(x) +Sady - VF(xg)
Satisfy eq. (1) /
Yy = F(xk + C(dk)

Satisty eq. (1)

\ ~—> ad
tangent: y = F(xy) + ady, - VF(x) a®



Line search (E###%i%): Wolfe condition

KEDE, THER SoBtEE DA, BEEIF+ (20006)

Wolfe ()L 2) condition:
1. Find search direction d, (e.g., by steepest descent method)
2. Choose constants ¢; and ¢, thatsatisfy 0 < & <&, <1
3. Find o > 0 so as to satisfy:
F(xk + Cldk) < F(xk) + fadk . VF(xk) (1)
€2dk . VF(xk) < dk . VF(xk + adk) (2)

Y gradient = &,d,, - VF (xy,)

Satisfy eq. (1)

> ad k
tangent: ,

y = F(x3,) +ad, - VF (x3,) y =F(xy) +Sady - VF(xg)



Bisection method (Z4i%) vs Golden-section search (£ 5 EiEHR)

Bisection method: Find solution of f{x) = 0 for monotonic continuous function
Unique solution exists in the range [x,®, x,(O] if fix,@)f(x,®) <0
Add x, @ in [x,@, x,@] (x,@ < x,© < x,)
Case 1: If flx,O)f(x, @) < 0, solution is in [x,©), x,(@]
Next search range is reduced to x,(1) := x,(0), x,(1) 1= x,(O=
Case 2: If flx; O)f(x,(¥) < 0, solution is in [x,©), x,(V]

Next search range is reduced to: x,(V := x, (), x,(D ;= x,(0) =

2@ 4, ©

0 = ©

xl (O) +x2 (O)

2 1) = )

Golden-section search: Find minimum for single downward convex continuous func f{(x)
Unique solution exists in the range [x,®, x;@] if flx, @) < fx,©), fx;@) for x,©@ < x,© < x,®
Add 5, in [x,©, x,0] (x,© < x,© < x,0 < x,©)
Case 1: if f{x,(@) < f{ix,(9), solution is in [x,©), x,]
Replace x,(» with x,@ in [x,9, x,(]
Next search range is reduced to x,(V := x,(V < x,(D := x,(0 < x, (D := x (0 < x, (D) := x,(0)

S(x) \ B W/

«— Y >

/4—‘[—»

20 0 L 5,0




Golden-section search (E£ 9 EHEXHR)

For downward convex continuous function, unique solution exists
in the range [x,©, x;@] if f{x; @), fix, @) < flx, @), fx;®) for x,@ < x,@ < x,0 < x,©
Case 1: if f{x, @) < f(x,), solution is in [x, ¥, x,]
Replace x,( with x, @ in [x,9, x,(V]
Next search range is reduced to x,(V := x,(©) <x,(D := x,(0 < x,(D := x (0 < x, (D) = x,(0)
Case 2: if f{x, ) > fix,(9) , solution is in [x,(9), x;,(V]
Replace x,© with x,(? in [x,), x,(]
Next search range is reduced to x,(V) := x, (O < x, (D := x, (0 < x, (D 1= 5, (0 < 5 (1) 1= x,O)

Sf(x) \4 p

A 4

Ly . Strategy: keep the ratio of x,®), x,®), x,&, x,&
constant for iteration steps
\ — B = x,® — x,0
*\T / v =, x 00 = x 00 _ x (9
T=p-Yy

> k) = 5. (K) 4
X X T
O 5@ x| xO 4 !

A
s<

[ —

To keep the ratio for next step (k+1)

X, x,© x 0) O Briy= xz K+ — oy (et 1) o (1) e (e41)

xoD x, (D x, (D x, (D = 3,0 — 3, Oy, () . () =2 ¢
T=F8—-yhb

B 1+V5

Y 2

Golden number



Golden-section search (E£ 9 EHEXHR)

Minimum solution of U-shaped convex continuous function f{(x)
f(X)< B > E — 1+\/§
) . 14
\ Y < A :Ezuzl_ 2 :\/§1
T — — T —»/ M=%~ "5 V5+1  V5+1
- T 1 1. For x,@ <x,0<x,0<x;0 assign initial parameters as:
~— BO = (0 _ 5 (0)

: - 10 = pp©®
@ @ 5O xO %, © = x,©@ 4 £ (©
%, = x, @ — £(©

~—

1,0) 5,0 - (0) 5.(0)
1 2 4 3 . i (k)
XD oD x, (D (D 2. Terminate if |,8 | < eps

3. gD = () = g _ ()
T(k+1) — n'g(k+1)
4. If fix, M) < fix,®), substitute x,® for x,0 = x,® —7 &) as:
x, D = x, 8, x, & = x, () —T(k), X, 0D = 5 () 5 (et D) = ¢ (0)

If f{ix, ) > fx,®), substitute x,& for x,0 = x,0 +70) a5:
XD = x, (0, x (D) = ¢ () (k+D) = xl(k)+r(k), x, 0D =y )

Go to step 1



Methods of nonlinear (NL) optimization

To find a minimum (maximum) of target function F(x):

Direct search method (E{EIZZR %)
Trial and errors to find a minimum,
but following a certain defined procedures

Gradient method (B & %):

Use first differential to find the direction of minimum




Steepest descent method (SD, B2 Ti%)

Search minimum/maximum only by first derivatives
Objective function (multi-variable, x;): F(x;)
Concept: Minimum/Maximum may be found in the direction (OF (xj)/ ax,-)
x; KD = x, () — g F (x; () f0x;

Need to choose/find an appropriate a so as to take the minimum F (x; ()

Variations to choose o:
(i) Simple: Choose small o
(ii) Direct search (EZiE%R)
Armijo / Wolfe condition




Steepest Descend (SD) method (R2&E T %)

KEDE, THER SoBtEE DA, BEEIF+ (20006)

Search minimum only by first derivatives. Simplest one among gradient methods

25

* SD: $? would decrease in the vector —(df / dx;)dx;
x; D =x. ® — o(df/ dx;)
o, may be a small constant step
or determined by a line search method
ex. in right figure:
$? = flx,) = 5x,% + x,?%, initial x; = 0.7, x, = 1.5
* SD method
o = 0.3: Diverged (not shown in the graph)
0.2: Oscillated, not converged
0.15: Converged, but oscillated

0.1: Reach final x; by one cycle calculation
0.01: Not oscillated, but slowly converged 0%

Problem: If S? is highly anisotropic, the SD direction

would be different largely from the minimization direction s
ARECEHHISE . RADERAAGTR/MEFALERERLELIENHS

=> Conjugate Gradient (CG) method (# & DELE)




Steepest descent method

Without direct search:
use fixed step parameter With direct search
2.5

2.5

L5

1 Newton

0% 0.5

N0 N




SD method in Deep Learning

= All batch data are dividfed. to mini batches, DL: SD method
and apply SD to each mini batch 8
_ a=0.1,n,,=10
Example: - e

§? = fla, b; x| x,) = ax*+bx,’, a=5,b=1 2

1000 batch data (x,;, x,; f(x;)) are generated at random
(note: the data were re-generated for different runs)

Estimate a and b 1

Initiala=0,b=0 o

SD (Convergence iterations with all batch data)
3

2.5

2.5 a— 01

Line search 2 a=0.05, nyz =100

2

1.5 1.5

1

k=0.1 ny, =100

0.5

0.5



Multiple variable Newton-Raphson method
Extend to multiple variable optimization: Minimize F(x;)

fr(x;) = 0F(x;)/0x;, =0
To solve f(x;) =0 (k,j =1,2,---N)

fr(xj + 6x;)~fr(x;) + Zu) 6x1,0f (%) /0%1,= 0

=> %1 =%0= Of k(%) /0211 () = 10— (F”40) 1 (F7))

I azF(xj) . . L, .
F' i = ox L, Hessian matrix (Av£475,AvL 7))

Hessian matrix is not always positive definite (EE{ETHDEILBSALY)

(Maximum, Saddle point & X{E. #5)
=> F”’ does not always give decreasing direction

Convert F”’ to positive definite and suppress divergence

X1 =Xy~ (F7pe + ADY(F7))
A: Damping Factor



SD vs. Newton-Raphson methods

* SD method
Steepest direction = Optimization direction

Newton

* Newton method
One cycle calculation provides

the final solution for quadratic problems
BERAMEDEEIEI—EHOHETREEICEE ]

il

Improve SD method to follow optimization directions




Problem of Newton method: optimize-newton-raphson2d.py

F(x,y)=-3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3x)?
Usage: python optimize2d.py --mode newton --x0=x, --y0=y,
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Quasi-Newton method (#Newtoni%)

. . . . e KERIE, THER BELEZ DA, BB I E (2006)
Objective function to minimize: F(x;)

Iteration: x;(*D = x;® — (82F/@x,dx;,)” (dF/dx)
F' 1, = 0%F/0x,0xy,: Hessian (~\*y12) matrix
Issues of Newton method:
(1) Calculation of the Hessian matrix 1s costly because i1t contains second derivatives
(2) Eigenvalues of the Hessian matrix can be negative

=> may lead to a maximum or saddle point
(3) Easy to diverge

Quasi-Newton method:
(1,2) Approximate the inverse Hessian (H;) from changes in gradients.
Si — x(i'l'l) — x(i), yi — VF(x(H'l)) — VF(x(l))
Inverse secant condition: Hi 1y; = S;

(3) Line search algorithm is applied along the search direction: d; = —H;VF (x;)



Davidon-Fletcher-Powell (DFP) method

KEME, T2ERE REEEZ DA, HIBI ¥4 (2006)
k _ k k)\T 1 24T p(k
F(x;% + ad) = F(x;®) + aVF(x;0)Td +a’d B®d~0
Search direction d is determined from B®¥)d = —VF (x; ()

DEP method: The first formulation of quasi-Newton method

T
B(k+1) — B(k) + (y(k)—B(k)s(k)).y(k)T+y(k).(y(k)_B(k)s(k))

s(OT .y ()
- 5Ty _p()5(h) y(") y T
(sUOT ()
T
B sUT .y (k) (0T .y, ()



Broyden-Fletcher-Goldfarb-Shanno Brcs) method

KEME, T2ERE REEEZ DA, HIBI ¥4 (2006)
BFGS method: Regarded as most efficient among quasi-Newton methods

B () (B0 T

(k+1) — p(k) _
B B S(k)TB(k)S(k) S(k)T.y(k)

Algorism:

STEP 0: Provide initial values x( and initial matrix B® (can be unit matrix)
STEP 1: Search direction d® is determined from B®d = —VF(x,)

STEP 2: Step width a® is determined by line search algorism

STEP 3: Calculate x<*D = x(0 + gk

STEP 4: End if self-consistency is achieved; or, go to STEP 5

STEP 5: Calculated s® and y®, and then B&*D, and go to STEP 1



Conjugate Gradient method (##% A& %)
KEME, T2ERE REEEZ DA, HIBI ¥4 (2006)
Vectors u and v satisfy u/Av = 0 for a matrix A: u and v and conjugate with each other
" For quadratic function, repetition of the conjugate direction will find
the minimum in finite cycles if exact line search is employed
HRGEERAEIC>TERGERIERERIT = AREORET2REAMBOR/IMEIZE]E

1. Give initial value x,

Case contour is a circle, one cycle
2. Initial direction d is determined by SD

calculation reaches the minimum

ERRNAOES, —H d=-Vf

,f/////:'i::::\ \\ — 3. Find x,,; using appropriately chosen o,
/; f ///-"’:____:" %\\\ ~ X1 = X T oydy

[ /f /77 N\ = o, may be a small constant step

e :'; ) ] or determined by a line search method
Loy I". ".\ I\\ / [ a -

\“ N | S/ /)=

W\ \\ \M_h; //////f —— Search direction is updated by
N Ve =V (%)~ V(%)
%onjug te vectors and ellipsoido

Vf(XkH)TYk d
T k
d,y,

5. Repeat 3 — 4 to reach convergence
As the freedom of cg directions is the number of parameters

), need to go back to 2 to reset d, at some interval
=2).

conversion uT™PTPy = uTAy =0 d K+l — —Vf (Xk+1) +

(nparam
(typically n,.,,, necessary for n

param



Simple example: peakfit.py

from scipy.optimize import minimize def fit():
-- Cut --

def ycal(xin, xk): res = minimize(lambda xk: minimize func(xk, xin, yin), x0,
-- Cut -- jac = lambda xk: diff1(xk, xin, yin),

return ret method = method, tol = tol,

callback = lambda xk: callback(xk, xin, yin),

def ycal list(xin, xk): options = {'maxiter':maxiter, "disp":True})
-- Cut --

return y

def minimize func(xk, xin, yin):
nx = len(xin)
S2=0.0
for 1 in range(nx):
yc = ycal(xin[1], xk)
d =ym1] - yc
S2 +=d*d
return S2



Ex.: Curve fit

Usage: python peakfit.py mode input file method 10 x0 w
python peakfit.py fit peak.xlsx (initial values: method = cg, 10 =1.3, x0=0.6, w =0.1)

1.2 . |
.

1.0~
0.8 A

0.6 1

0.4 1

101 ]
0.2 -

0.0 - ng m




Not optimized

python peakfit.py fit peak.xlsx c¢g 1.3 2.0 0.1
method: cg
initial values: 10 = 1.3, x0=2.0, w=0.1

;
E.: 1 =
124 i 2.6 x 10
)ﬁ : :i 1]
% | 2.5 x 10
1.0 i
v % H 2.4x 10! |
) ® Pl
| x 1
0.8 M X, 2.3 % 10
™
x x 2.2 x 101
0.6 x *
® x
x x 2.1 x 107 -
» -
0.4 - 5 y
x 2 %107 1
’:t x
u x
0.2 &
2 1.9 % 10! -
e
0.0 - mﬂ .
T T T T T —1.8 x lﬂl b

T T T T T T T
=2 -1 0] 1 2 3 0.00 0.25 050 073 1.00 1.25 150 175 2.00



Converged
python peakfit.py fit peak.xlsx ¢g 1.3 2.0 1.0

method: cg
initial values: 10 =1.3, x0=2.0,w=1.0

1.2 1 10! 4
1.0
0.8 -
107 ~
0.6 - 1

0.4 -

0.2 1

.-.-"III‘ 10_1 -
Mf E%x X ]
0.0 4 aad o S ; -

T T T T T T T T T T T T
-2 -1 0 1 2 3 0 3 10 15 20 25 30

The result may be converged if w is wide enough to cover some region of the curve,
even if the initial peak position is out of the FWHM of the target peak¥



Converged

python peakfit.py fit peak.xlsx nelder-mead 1.3 2.0 1.0

method: nelder-mead (SIMPLEX)
initial values: [0=1.3, x0=2.0,w=1.0

1.2 1

1.0

0.8

0.6 1

0.4 1

0.2 1

0.0 4




Marquardt method (v—hH—k%)

Minimize a square sum of m functions f;(x;) with NV parameters

F(’xi): ifj(xi)z

Approximate by
of e of
JiG+ox)~ fi(x)+ F (5xl.)=fj(xl.)+A5xi i
k

Ox,

F(x; + 6x;)~F(x;) + ZZf] Aj 8y + z AjAjg, 61 8y,
J,k,kr

OF (x
aa(xk 22( A, f, +ZAZkAJk5xj 0

J

= —(A'A)"'AY(f;) Gauss-Newton method

Levenberg-Marquart method
8x = —(A'A + AD1AY(f) A: damping factor

e.g. chosen proportional
to diagonal sum of A'A

8x = —(A'A + Adiag(A'A)) 1 AY(f;)



Simplex method (B {&;%, Amoebai%)
(Nelder-Mead algorithm)
ARER . RERSE. /NE S BB, Fortran| SR HHMIEFH RV Ibo 27 AEHRA 1 (19895F)

Simplex.: Polyhedron formed by (n+1) vertices in n-dimension space
(B n KITTZERTT (n+1) BIDIERLH1ESZEE)

Minimize F(x,)

1. (n+1) initial values x; (i=1, 2,---, nt+1) => Sort F(x;) so that F(x;,) > F(x;) (i <7’)
Xh = X1 X1 = Xptq

2. Average except the maximum vertice x; X, = Z x./n

3. New x will be examined along the line x; — xGlﬁzy the following selections
(1) Reflection (&) :xgp =(l+a)xg—ox; (>0, ex. 1.0)

(1) Expansion #5X) :xg =7x.t(1—-v)xc (y >0, ex. 2.0)

(111) Contraction (4R#E) :xc =Px; (1 -PB)xe (O<P<1,

(iv) Reduction (#&/)  :x;<=x,+ o(x; - x)) -:f

4. The next simplex is chosen by comparing the trial
points with the best, second-worst, and worst vertices,

not simply by the first improvement over the worst point.
5. Repeat 2 - 4




Newton, CG, vs SD

F(x,y) =-3.0 — 10x — 30x% + 1.5x3 + 3x* + 30y —30y? + 3)* + 3x)?
> python optimize2d.py --method [newton|cg|sd] --x0=x0 --y0=y0
From (0.0 0.0) Newton

maximum

From (-1.0 -1.0) cg

-4 -3 =2 -1 0 1 2 3 4

From (0.0 0.0) cg

local minimum

-4 -3 -2 -1 0 1 2 3 4

From (0.0 1.0) sd




Newton, BFGS, vs. Simplex method

F(x,y) =-3.0 — 10x — 30x% + 1.5x3 + 3x* + 30y —30y? + 3)* + 3x)?
> python optimize2d.py --method [newton|cg|sd|dfp|bfgs|simplex] --x0=x0 --y0=y0
From (-1.0 -1.0) bfgs

From (0.0 0.0) newton

/I 1800

| { 1 | [ s00
A N
I @& \\\\\\\!Q.'I'IIIIIII”II””’I’IIIIIII —~{ ::)):))

\\\\\ \*0,' ”,nllh
O \‘: ’

global minimum

From (0 0 0. 0) bfgs 4Fr (0.0 1.0) simplex

Main algorism:
newton, sd, cg, broyden, dfp, bfgs
simplex
Direct search:
exact, one, simple
armijo, golden

4




Notes for NL optimization

* Solutions may be more than one

* Final solution 1s not obtained by one step calculation

- Convergence must be confirmed

* Confirm the solution is the global minimum (X &/I\i)

& Often fall in a local minimum (EFE@J\{E)

Residual error

>parameter



Features of NL optimization algorisms

Convergence A B

Speed X O

Stability O x

Global convergence O X

For: Initial cycles Later cycles for fast
convergence

A : Simplex (BE{Ki%)
A,B: with line search algorism:
Conjugate Gradient (CG, ¥} H#d;%)
Steepest Descent (SD, T2 &F T %)
Quasi Newton methods
= Davidon-Fletcher-Powell (DFP)
* Broyden-Fletcher-Goldfarb-Shanno (BFGS)
B : Newton-Raphson method



Summary of nonlinear (NL) optimization

Gradient method (AJEZ;E): Use first differential to find the direction of minimum
 Steepest Descent method (FR2[& Ti%):
Only 1% derivatives are used to search minimum
Simple program, Slower convergence than NR and CG
* Newton-Raphson method:
Use 1%t and 2"¢ derivatives (Hessian matrix) to efficiently find minimum
Fast convergence, easily diverged, complex program / May reach to a maximum
* Quasi Newton method (#6Newtonj%): DFP, BFGS, Broyden etc
Use only 1% derivatives, approximating Hessian matrix
Better convergence by combining with linear search algorisms / Complex math
« Conjugate Gradient method (1% G EE;%):
Use only 1%t derivatives, search direction is corrected by conjugate gradient
Better convergence than NR, faster than SD / Complex math
* Marquart method
Only for least-squares fitting, Hessian matrix is build from 1%t differentials
Simple program, slower convergence than NR
Direct search method (EEIERIE)
 Simplex method (B{K;%)
Trial and error with a pre-defined procedure to select next candidate parameters
Very slow but robust convergence



Appendix: python implementation



Tutorials (Japanese only now)

http://d2mate.mdxes.1ir.isct.ac.jp/D2MatE/?page=tutorial

| | source HTML | display HTML |

[y -y
ig%;ﬁ;ﬁ

FLtvsr—23>

FEEFNAR
F— g

P PYUIONIT 22— "7 J Iv: I-'l..-Hl.l-dIIfL(_VJJ-L.ﬂ( CFNPYLUIVINE

» pythonF 22— k1 7JL: Debug: 2{&FDiFh

» pythonF 21— k1) 7JL: Debug — Traceback X w £ —C DiEH A
» pythonF a2 — ' 7JL: Debug — pylint

» pythonFa2— kY 7)L: Debug — print7/\v ¥

» pythonFa— k1 7JL: Debug — 71\ vH

» Vibed—F+ >4 (5 E%): van der Pauw;ZDHRBERF%HIc

» Vibed—7r > (B EK): IFRA & D ZRE

2

Vibed—7 1 YT (#ZEX * k) BEAETLICLEBHEOREERFEDT 1 v T 27 (BERNZFE. FF
RN _FE)

» Vibed—7 1 27 (MBE X *kk): FBEDF v U 7TEEOREREFED 7 1 v 71 27 FERERN_FE)

» Vibed—7F+ 27 (REHBE ¥ ddokok): BIRXRDDIERH R/ ZRE (RFEHRBEIL)



http://d2mate.mdxes.iir.isct.ac.jp/D2MatE/?page=tutorial

N =

d2149T420T TATSLEED TN

T—5% %A

DAY TA T ESEBRE, TavTAV T INGA—2%REEICT S

: modeglﬁ’&' BL. mode=read T, T—2DFHAAHETRILZEITLN. IE

W -HAAD B LERE TS
mode—s1m’C PEEDNTA—I3TEHELEEREANT IR T S
J57% iz ST EBENEE THAHALEERTH, T1-. MHELE N

TW=6EIETH

mode=fit I VT4V T EETL. T4V TAVTRIBEANT—E2ELLERT

éo c~1-:s ﬁ%&

NTS



ERAITCTO4YTAV T TRT S L%EES: T7a>THE

Python T scipy.optimize.minimize Z{ES>T-IERBR/N_F T4 VT4 T
055 LEERLTIZELY,
UTDttRzEd N THEi-9 &,

EXr XY

- scipy.optimize.minimize Z{FEH9 %

- method 51 ${& 1 —H —HE IR TES L5129 5 (45 : Nelder-Mead, BFGS,
Powell, CG, L-BFGS-B 7%&)

- argparse Z{#>

- mode 5| %5 . mode=read / sim / fit D 3 E—KFZ#FET S

- AN T774)L4 input, xR K#EYIRLEL nmaxiter, YN F FEK 4 tol, T4
TAV T INGA—=EADEAEZIT R SAUBIBMTEZALONEKSIZT S

- repeat H A ERPIFIBEIELEH HITKTT DS

- matplotlib Z FAWLNTAIRIELT D

[7—%]
- input THZ 6N S CSV FTz[& Excel 77 ML ZFRAAL
-15BZ&x. 25 B%y ELTHKS

(T1vT7102 0 BEB#]

-TAVTFATA—H—HEE DB f(x, params) FIEE TEDHLIITT S
-0: f(x,a,b,c)=a*exp(-b*x)+c
-BRIETOISLRNICHRNICERT S

- FREE A RSS =2 (f(x_i, params) - y i)*2 & minimize 0 B IEAEET S

[mode=read]
- T—ARAEFRHAH . x &y DEIEZEHEL
- T—ANERITRARADTNDILEEHERTEDLSITT S

[mode=sim]

-EENSA—ITIX) EHEL. ANT—R2ELETHTS57%H#<
- ATEEEAERBICEEL TSI LEMERT S

- HENBEL IR BEU LG EIIEEEZHT

[ mode=fit])

- minimize Z AW CERBER/N T T4 T10 T ZE1TD

- method (& argparse D5 THETESLIICTT S

AV TAV T RIBEOHBEA N T —2FLLLE T 55 57% <

- DAVTAV T BDINTGA— hRE RBRYRLEKEE HT S

- minimize @ callback Z{E>T iteration Z ED R B HFIE (/ST A—5-RSS) F4E
HEHAIZRRTS

[ZDith]
- A—FEFEEA T ERIELTEET S
-main() ZAEL.if name ==" main ": TER{TITIEEIZTS

LiX

E Ji {5l fit generated.py
fit generated.csv



FERERD_FEDS4T3Y) B

Python TERES AT SV ZESEBEEIFTIE. OO DEBRBENHYFET

1.

scipy.optimize.curve_fit()
7072 5 LMHl: peakfit05.py (F4v T4 BIED A $R1E)
fEULVA: &EIE/NTA—ZDI) X, EHEITH
= curve fit(BETILEEEL, xT—%2, yT—2, p0=#HI{ED ) X 1)
B BEICEZS (ETIIVE#BZEET 51T TOK)
BT xE{LERDFEHREFONGL
scipy.optimize.minimize()
7075 5 L: peakfitl 0.py (F =A— 3 BERE
{EULVA: result = minimize(F/IMEBIEL, FEAE D) Rk, method=7 JLT) X L,
callback=callback B %K)
E1E1E /7 \TA—43: result.x

R callbackBIHZES LT, BIERFDFEHZTOND

EEIE 7 L) X LEZEIRTES
FAT: S/MEREREEZRLGELELITEL

EIE T ILT) X LZEERLGEWOEWNTEL (ARBA%IEE X nelder-mead Z {5 D)




scipy.optimize.minimize) CEASHF7ILTYX L

scipy.optimize.minimize() ClE . # K HBEIL 7 LT X L (method) ZFZF T,
LTI T—2DERE /N _FETEEONDIELDTY

» mﬁﬁﬁﬁ N —
|
ZILTYX L Method HEOE ) YRR B TO5SLDEHS
3 =P r AFELA XSWEEOPIREINADE © X
Newlonik BRI asrtamiconsl)  (FERE  BMEEMOLRMAERABE
X EI[THGEL
Nelder—-Mead nelder-mead © BFICEHMNZ ©
(B iE) COHTIFRLER IgbHLEE B/IMEREZ 1T TOK
@)
P ENewons) | bfEs o O  BMEEIROIRMSEBHLE
) (jac=None THENFTH)
Conjugate gradient O O i /MEBE % l“ko",*&/\rlelae A
(#&@Eiﬁ) Ccg HX E 3 ?&0) V& SalES K& WhEz

(jac=None THENFTH)



PRERERESEDHE

 DALYT AT ING A=A a [ZHIFIEEFE [amin, amax] 38T
(i) IFE R+ =&k (L-BFGS-B / trust-constr / least_squares) Z{#5
(i) EEMNNT-I5E X &R/IMEBREIZ penaltyZz B9
penalty =k (a - amin)? if a < amin, k(a - amax)? if a > amax
BEEANA—ADmEIEZFFEIEE L. softplus(x) = In(1 + e¥) =max(0,x)Z{FEIAHMELY
penalty = k {softplus(amin—a)}?+ k {softplus(a—amax)}>
- aVHINEBRDBRICIRYAMHEE O ESMCHEPT LGS,
a QIEMNBLEN EUMN, ZEMETERETITS
» RT=IVEBLIEEE I REGRAICKYBLEDNGA—EDBREZTETS

 TAVTAV T INGA=EPNIEET, I KREKELDILONEETNZEE:
a DX E Ina = In(a) ZmBEILT S
- a> 0 AMREESND
s IDNKECERLD T4vTA40 T INTGA—=RTE,
BINTGA—=BDEHFIFIZXHF LTy TAVT TES
ca (X OIZIEEBHENA, + /ST 0 LFIETTES,
EEMIZIX. FEETHETS



R B L IR D LB
EL D748

’7@&&. SD, CG, BFGS, etc
INERRERLY,
IR N REIESNELY, KB mERZTSHIDHELLY

- BEERE - EF/ERZE: Simplex (nelder-mead), BRI 7 LT X L, etc

”RgiLArx_JEL AR
LEIRRENRLD, REFRERZZFONDRIEENS

LEER:

* nelder-mead (simplex)

- BAREI7 )L X Ls (Genetic algorithm: GA)

s LTYARIELTHILAE (Replica exchange MC: REMC)
- FF AR 1L (Particle swarm optimization: PSO)

- =1 FELL (Simulated annealing: SA)




B 7ILT) X L (GA: Genetic Algorithm)
o EMEALDLLA GER XX -EALE) TR MLI-mELiE
= EMHELICKY KEEFIER
s BEREVLEELLIGL
- BEELEIRE. AT =EL. ZIEMERREIZ5H0
. EJr%i:lZM“j(:‘é(?‘JU'VDTL\

- f{x#Z B, BEADEEZ £H (population) &K S
- HEEDOEISE ((x) Z5HEL . EICEDSLMERZELLTET
FZIL3dY X Ls
1. MR (x) 503 LITER
2. HEADERE fx) Tl
3. WICEIZEDVWTHRERERZEZIRGER: selection)
4

. R EREERIZKYFEAERTER
R X (crossover) FEXRDIEHREEAEHLETFEREZES
ZEIRZEE (mutation) : —EETUA LIZEZTEHMEZRD

5. FEAZPDISHLOLVERICESEZ (HALZZ: replacement),
FRoz#etR9




L) HRBETHILAE

KHAEBEZ i, RILEVTHIOERICESIERERMEICE TR OMBEMEHER. BAAIHMEFRFE28EFER (2014) G2-3

e ELBEF-TIKREZEMZEY T T = BfEISEBATAIREELH S
« BIRLTUN: BEFBA CRAMEMIRET S
« KBLIVH BEIRILTF—IKEETHBEFITIERT S
« JRERBICKY ., KEBICSEADIERMEEIEZ S = KIBHEDIERA
s NHBEMEBRRTSIHTYYT

= HifFE. IKREZE, BHIRILT—DFEIRE

1. WA ELGLHEE B, T, EHD
RILIR D RIZRSI DT p(Syy; By) ZEVTHILAETHES
2. BYESEERTIKRREZIHL.

— P(Sm+1:Bm)P(Sm;Bm+1) — _ _
(% DS B P Sre 13 Brmrs) exp[(ﬁm+1 lgm) (E (Sm+1) E(Sm))]
P(Sm © Sme1) = min(l,v)

DHERTRBRZERT S




AlFHmEIE (PSO: Particle swarm optimization)
s BOBNVCABMNEDMEZRDTH1THZETIVIE

« BEEFLELLIEN

o JERTE. ZIEE. /A XDHHEFEIZ5ELD
o FREMEZRIF. RIFDESZTHN (swarm)EL S
c NFIIERZERPDAE (x) EFRE (v) ZFD

s FIFITRD2DODIEHM Z25EICRHL THERETER
. BN EBEICEDITE-RRAE
2. BNEAROKREN

- BEEHvU=wv® torn (p-x0)  ten(g-x)
EHE BSORIHKB~RS BAOEIANS

w: B RE, p: M FOREARBAE, ¢ EARREAE
(r, 1,): 0~ 1DELEL, (¢, ¢,): FEIRH

. RIEBEH: x,ED=x0 + D

« LRETHDITEHRBEBMEZEFHFLENGHEYRT




FERIERICLSRELEDLER

7LV L ERFEE HEERE BFTRE

Simplex  15%8&

PSO %2
GA %8
REMC % ¥

FL

CE[A
h

Tal N
yuy




BHMEXL~T7OJ5LTOLHE

Python optimize_ga_swarm_remc.py: simplex, ga, pso, remc

AckleyBd#Daz/IME: f = 0 @ (0, 0)

IHAEE R [-30, 30] / simplex: (5,5)~[-30,30]
# of T (remc): 10

nparents 5
fmin

icall

iter

icall/iter/nparents
nparents 10

fmin

icall

iter
icall/iter/nparents

GA

Tol: 103, nmaxiter: 1000

PSO

6.213 0.00042
9002 235
1000 28
1.8004 1.678571

1.867 0.0006
21001 380
1000 35

2.1001 1.085714

REMC

2.161
24001
1000
4.8002

0.58908
49001
1000
4.9001

Simplex

9.46E-05
82

40

2.05

9.46E-05
82

40

2.05



LEEE DGR
Simplex;E (L B EREELLE T HEELAY,
PDHEIEWNGEIEZZDO P TIEIHEEZE
o PSOIEIm (FEHUEHEIERT DO MEHEIZLTHIELDOTLY)
« GA, REMCIZEZPTUTILDEEHEL, BT MEIEA Z L
SAZE 8. GA, REMCTIIINRZEHLS TR E
ROIREEESIFE. BE x B 1295745 E
FE:
Simplex;ED & . FIHAEZ 5 Z TS (BFTIRFRE)
« REMCTIEILTVA#CRER) NZUL=OFEIRMKELY
GA, REMCTIXEL#EHDF1—= I L E
SERXRD ) T4y T4200 TIXBEFEMNZ N8,
PEEIRTFED /INSLPSOFIRERLT-
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  y = F (  𝒙 𝒌 + 𝛼  𝒅 𝒌 )


  y = F (  𝒙 𝒌 ) + 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


  y


  y = F (  𝒙 𝒌 )   + 𝜉 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝒙 𝒌


  𝜉


    𝜏


  𝟎 < 𝜉 < 𝟏


  𝟎 < 𝜏 < 1


   𝒅 𝒌


  𝛼 > 𝟎


  F (  𝒙 𝒌 + 𝛼  𝒅 𝒌 ) ≤ F (  𝒙 𝒌 )   + 𝜉 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝛽  k , 0 = 1 ,   i = 0


  F (  𝒙 𝒌 +  𝛽  k , i  𝒅 𝒌 ) ≤ F (  𝒙 𝒌 )   + 𝜉  𝛽  k , i  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝛽  k , i + 1 =   𝜏 𝛽  k , i


  𝛼 =  𝛽  k , i


   𝜶  ( 𝟎 )


  𝛼  𝒅 𝒌


  y = F (  𝒙 𝒌 + 𝛼  𝒅 𝒌 )


  y = F (  𝒙 𝒌 ) + 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )
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  y = F (  𝒙 𝒌 )   + 𝜉 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝒙 𝒌


  𝜉


    𝜏


  𝟎 < 𝜉 < 𝟏


  𝟎 < 𝜏 < 1


   𝒅 𝒌


  𝛼 > 0


  F (  𝒙 𝒌 + 𝛼  𝒅 𝒌 ) ≤ F (  𝒙 𝒌 )   + 𝜉 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝛽  k , 0 = 1 ,   i = 0


  F (  𝒙 𝒌 +  𝛽  k , i  𝒅 𝒌 ) ≤ F (  𝒙 𝒌 )   + 𝜉  𝛽  k , i  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝛽  k , i + 1 =   𝜏 𝛽  k , i


  𝛼 =  𝛽  k , i


   𝜶  ( 𝟎 )


  𝛼  𝒅 𝒌


  y = F (  𝒙 𝒌 + 𝛼  𝒅 𝒌 )


  y = F (  𝒙 𝒌 )


  + 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )
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  y = F (  𝒙 𝒌 )   + 𝜉 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝒅 𝒌


   𝜉 1


   𝜉 2


  𝟎 <  𝜉 1 <  𝜉 2 < 𝟏


  𝛼 > 0


  F (  𝒙 𝒌 + 𝛼  𝒅 𝒌 ) ≤ F (  𝒙 𝒌 )   + 𝜉 𝛼  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝜉 2  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 ) ≤  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 + 𝛼  𝒅 𝒌 )


   𝜉 2  𝒅 𝒌 ∙ 𝛁 F (  𝒙 𝒌 )


   𝜶  ( 𝟎 )


  =      x 0  ( 0 ) +    x 1  ( 0 ) 2


  =      x 1  ( 0 ) +    x 2  ( 0 ) 2


  𝜏


  𝜏 = 𝛽 − 𝛾


  𝝉


  𝛽   : 𝛾 =    x 3  ( k + 1 ) −    x 0   (  k + 1 )   :      x 2   (  k + 1 ) −    x 0   (  k + 1 )


  =    x 3  ( k ) −    x 1   ( k )   :    x 4  ( k ) −    x 1   ( k ) = 𝛾   :   𝜏  


  𝜏 = 𝛽 − 𝛾


   𝛽 𝛾 =   1 +  5 2  


  𝜏


  𝜏


  𝛽   : 𝛾 = 𝛾   :   𝜏 = 𝛾   : 𝛽 − 𝛾


  𝛾


  𝛽 − 𝛾


   𝛽 𝛾 =   1 +  5 2  


  1 :   1 +  5 2 = 1 : . 6180339887 …


   𝛽 𝛾 =   1 +  5 2  


  𝜼 =  𝝉 𝜷 =   𝜷 − 𝜸 𝜷 = 𝟏 −  𝟐   𝟓 + 𝟏 =    𝟓 − 𝟏   𝟓 + 𝟏


   𝛽   ( 0 ) =    x 3   ( 0 ) −    x 0   ( 0 )


   𝜏   ( 0 ) = 𝜂  𝛽   ( 0 )


     x 1   ( 0 ) =    x 0   ( 0 ) +  𝜏   ( 0 )


     x 2   ( 0 ) =    x 3   ( 0 ) −  𝜏   ( 0 )


   |   𝛽   ( k ) | < eps


   𝛽   (  k + 1 ) =  𝛾   ( k ) =  𝛽   ( k ) −  𝜏   ( k )


   𝜏   (  k + 1 ) = 𝜂  𝛽   (  k + 1 )


    − 𝜏   ( k )


    − 𝜏   ( k )


    + 𝜏   ( k )


    + 𝜏   ( k )


  𝜏


  𝜏


  𝜏


  𝑭 (  𝒙 𝒋 )


   (  𝝏 𝑭 (  𝒙 𝒋 ) / 𝝏  𝒙 𝒊 )


     x i  ( k + 1 ) =    x i  ( k ) − 𝜶 𝜕 F (    x j  ( k ) ) / 𝜕  x i


  𝜶


  F (    x j  ( k ) )


   𝒇 𝒌  (   𝒙 𝒋 ) = 𝝏 𝑭  (   𝒙 𝒋 ) /   𝝏 𝒙 𝒌


   𝒇 𝒌  (   𝒙 𝒋 ) = 𝟎


  𝒌 , 𝒋 = 𝟏 , 𝟐 , ⋯ 𝑵


   𝒇 𝒌  (   𝒙 𝒋 + 𝜹  𝒙 𝒋 ) ~  𝒇 𝒌  (   𝒙 𝒋 ) +  ∑  𝒌 ′    𝜹  𝒙  𝒌 ′ 𝝏 𝒇 𝒌  (   𝒙 𝒋 ) /   𝝏 𝒙  𝒌 ′
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  ≠


  𝑭 (  𝒙 𝒋 )


     𝒙 𝒋  ( 𝒊 + 𝟏 ) =    𝒙 𝒋  ( 𝒊 ) −    (   𝝏 𝟐 𝑭 / 𝝏  𝒙 𝒌 𝝏  𝒙  𝒌 ′ )  − 𝟏  (  𝝏 𝑭 / 𝝏  𝒙 𝒌 )


    𝑭 ′ ′  𝒌 𝒌 ′ =  𝝏 𝟐 𝑭 / 𝝏  𝒙 𝒌 𝝏  𝒙  𝒌 ′


   H i


   s i =  x  ( i + 1 ) −  x   ( i )


   y i = ∇ F (  x  ( i + 1 ) ) − ∇ F (  x  ( i ) )


   H  i + 1  y i =  s i


   d i = −  H i ∇ F  (   x i )


  𝑭  (     𝒙 𝒋   ( 𝒌 ) + 𝜶 𝒅 ) = 𝑭  (     𝒙 𝒋   ( 𝒌 ) ) + 𝜶   𝛁 𝑭 (    𝒙 𝒋  ( 𝒌 ) ) 𝑻 𝒅 +  𝟏 𝟐  𝜶 𝟐  𝒅 𝑻  𝑩  ( 𝒌 ) 𝒅   ~   𝟎


   𝑩  ( 𝒌 ) 𝒅 = − 𝛁 𝑭 (    𝒙 𝒋   ( 𝒌 ) )


   𝒔   ( 𝒌 ) =  𝒙   (  𝒌 + 𝟏 ) −  𝒙   ( 𝒌 )


   𝒚   ( 𝒌 ) = 𝛁 𝑭  (     𝒙 𝒋   (  𝒌 + 𝟏 ) ) − 𝛁 𝑭 (    𝒙 𝒋   ( 𝒌 ) )


   𝑩  ( 𝒌 + 𝟏 ) =  𝑩  ( 𝒌 ) +    (   𝒚  ( 𝒌 ) −  𝑩  ( 𝒌 )  𝒔   ( 𝒌 ) ) ∙  𝒚   ( 𝒌 ) 𝑻 +  𝒚  ( 𝒌 ) ∙    (   𝒚  ( 𝒌 ) −  𝑩  ( 𝒌 )  𝒔   ( 𝒌 ) ) 𝑻   𝒔   ( 𝒌 ) 𝑻 ∙  𝒚  ( 𝒌 )


  −    𝒔   ( 𝒌 ) 𝑻 ∙  (   𝒚   ( 𝒌 ) −  𝑩   ( 𝒌 )  𝒔   ( 𝒌 ) )     (   𝒔   ( 𝒌 ) 𝑻 ∙  𝒚   ( 𝒌 ) ) 𝟐  𝒚   ( 𝒌 ) ∙  𝒚   ( 𝒌 ) 𝑻


  =  𝑩  ( 𝒌 ) −    𝑩   ( 𝒌 )  𝒔   ( 𝒌 ) ∙  𝒚   ( 𝒌 ) 𝑻 +  𝒚   ( 𝒌 ) ∙    (   𝑩   ( 𝒌 )  𝒔   ( 𝒌 ) ) 𝑻   𝒔   ( 𝒌 ) 𝑻 ∙  𝒚   ( 𝒌 ) +  (  𝟏 +      𝒔   ( 𝒌 ) 𝑻 𝑩  ( 𝒌 )  𝒔   ( 𝒌 )   𝒔   ( 𝒌 ) 𝑻 ∙  𝒚   ( 𝒌 ) )


   𝒔   ( 𝒌 ) =  𝒙   (  𝒌 + 𝟏 ) −  𝒙   ( 𝒌 )


   𝒚   ( 𝒌 ) = 𝛁 𝑭  (     𝒙 𝒋   (  𝒌 + 𝟏 ) ) − 𝛁 𝑭 (    𝒙 𝒋   ( 𝒌 ) )


   𝑩  ( 𝒌 + 𝟏 ) =  𝑩  ( 𝒌 ) −    𝑩   ( 𝒌 )  𝒔   ( 𝒌 )    (   𝑩   ( 𝒌 )  𝒔   ( 𝒌 ) ) 𝑻   𝒔   ( 𝒌 ) 𝑻  𝑩   ( 𝒌 )  𝒔   ( 𝒌 ) +    𝒚   ( 𝒌 )  𝒚   ( 𝒌 ) 𝑻   𝒔   ( 𝒌 ) 𝑻 ∙  𝒚   ( 𝒌 )


   𝑩  ( 𝒌 ) 𝒅 = − 𝛁 𝑭 (    𝒙 𝒍   ( 𝒌 ) )


  F  (   x i + 𝛿  x i ) ~ F    (   x i )  + 2  ∑  j , k   f j  A  j k δ  x k +  ∑  j , k , k ′   A  j k  A  i k ′ δ  x k δ  x  k ′


  𝛅 𝒙 = −    (   𝐀 𝐭 𝐀 )  − 1  𝐀 𝐭  (   f j )


  𝛅 𝒙 = −    (   𝐀 𝐭 𝐀 + 𝜆 I )  − 1  𝐀 𝐭  (   f j )


  𝛅 𝒙 = −    (   𝐀 𝐭 𝐀 + 𝜆 diag (  𝐀 𝐭 𝐀 ) )  − 1  𝐀 𝐭  (   f j )


   ( x ) =   ln ⁡   (  1 +  e x ) ≈


   𝛽 m


  p (  S m ;  𝛽 m )


  v =   p (  S  m + 1 ;  𝛽 m ) p (  S m ;  𝛽  m + 1 )  p (  S m ;  𝛽 m ) p (  S  m + 1 ;  𝛽  m + 1 ) =   exp ⁡   [   (   𝛽  m + 1 −  𝛽 m )  (  E  (   S  m + 1 ) − E (  S m ) ) ]


  p  (   S m ↔  S  m + 1 ) =   min ⁡   (  1 ,   v )

