How to solve equations?

Self-consistent method
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Problems whose final unique solution is obtained just by one step calculation
= Linear least-squares method
= Up to 4t order polynomial equations

Five or higher order polynomial,
Transcendental equation (g ARE=)

- Difficult to have an analytical solution
- Even numerical analysis cannot give final solution by one-cycle calculation

= > |terative calculation (x1#g:t &)



Simplest method: Self-consistent (SC) method

A simple case: Solve g(x) =0
SC method is applicable by converting to x = g(x) + x = f(x)
Note: not efficient nor stable for many cases

Simple procedure:

Initial value x,

1st iteration : x; = f(X,)

2nd iteration: x, = f(x,) ....

Difficult to converge: Diverge, Oscillation
(ERLIZCLY: SEEL. #RED)

Mixing factor GE& %% K. Stabilize convergence
Initial value x,
Ist iteration : x; = f(X,) =>  X"=(1—=Kiy) Xg + KpinXy
2nd iteration: x, = f(x,’) ....



Illustrative explanation of SC

Solve x = f(x)

f(x) = 1/4(-x3 + x°— 2)

3

X

y = 1(x)
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Converge Y = T(X)

SC: Convergence process

Stable solution
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If°(X)] < 1 must be satisfied for convergence



Example of SC: Diode with series resistance

| = I{exp(e(v _RI

nkT

)
Repeat
| = I{exp(%(v —Rlil)j—l}

until abs(l; — I, ;) < EPS is achieved

- E.g., initial voltages would be chosen
as V/2 for the diode and the R

- This SC is not so stable;
mixing factor k should be adjusted

For sequential calculations of | —V
characteristic, e.g., V from 0.0 to 1.0,
using a preconverged result for the
initial value of the next V will enhance

convergence.
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First-principles calculation:
Self-consistent field (SCF, & 2 &#&3) calculation

- Hamiltonian of one-electron quantum equation includes wave functions
1 Z r
vl g ol v ) a(0)- )
m Ym m Im

- First-step calculation requires electron density guessed / assumed p;,;:
e.g,. by uniform density, sum of atomic electron density,,,

-

- Electron density py,, is calculated the solved wave functions, but
pgn, Would be different from p;.:

Pini Must be equal to pg,,, otherwise
these loss physical meaning

- More appropriate p,,, IS guessed from ps, and p;;, SCF cycle
and repeat the above calculations Repeat until pg, = pjp;
€X.> Prew = Pini T I(mix(pfin - pini)
Kix : Mixing factor
A parameter to suppress divergence of the SCF calculation
close to 1 would be easily diverged, close to 0 causes slow convergence



Example: SCF/structure relaxation by VASP

|'T tkamiya@csrvO:~/Work/LaCrAsO/5SpinPolarized o | NS |

2740(E) FRE(E) For(V) Wm*E(TI) H#I(B) ~WIF(H)

1 F= - 249222 E+05|EN= - . 24922201E+05 | d E =—.249222E+03 mag= 17.6753 E

curvature:  0.00 expect de= 0.000E+00 cdE for cont linesearch 0.000E+00

trial: gam= 0.00000 g(Fy= 0.620E+00 gi3y=0.305E-01 ort = 0.000E+00 (trialstep = 0.700E+M

;

search vector abs. value= 0.650E+00

hond charge predicted

M E iE o eps hCg Fms rms i)

Db s 1 -0.2492560423204E+05 | -0.24926E+053  -0.54731E+01 3528  0.200E+01 0.196E+00
DAY: 2 -0.249670970220E+03  —0.41455E+00  -0.52938E+00 4416  0.955E+00  0.161E+00
Dad: 3 -0.249672461360E+05  -0.14831E-02  -0.53514E-01 4640  0.336E+00 0.153E+00
Dad: 4 -0. 249667 045995E+ 03 0.54154E-02  -0.45192E-01 4632  0.183E+00 0.129E+00
DaY: 5 -0. 2496629564 02E+ 05 0.40596E-02  -0.16171E-01 4664  0.134E+00 0.113E+00
Dav: 6 -0.249564501455E+03  -0.15151E-02  -0.486620E-02 4520  0.152E+00 0.943E-M
Dad: 7 -0. 249655663935E+ 05 0.55375E-02  -0.36669E-02 4626  0.103E+00 0. 315E-01
Dad: -0. 24965725594 TE+ 05 0.14050E-02  -0.11030E-02 4432  0.529E-01 0. 406E-01
Dab: 9 -0. 249656661 653E+05 0.59426E-03  -0.64937E-03 3424  0.480E-01 0. 219E-0
DAy 10 =L 2A0ERAR SO NAE LS 0.21237E-02  -0.117R6E-03 2623  0.225E-M 0.151E-M
Db 11 -0. 24965461 24537E+05 | -0.744532E-04  -0.11566E-03 2520  0.213E-01

2 F= - 2d0BR4BTE+03 E0= - 249554681E+03 o E =-.432599E+00 mag=  15.2912

trial-energy change: -0.432699 1 .order -0.46777  -0.660072 -0.183431

step: 1.3106tharm= 1.3932) dis= 0.06743 next Energy= -249.6353568 (dE=-0.462E+00;

bond charge predicted

M E iE o eps ncg Fms rms )

Dav: 1 -0.2496658730237E+03 | —-0.24966E+03  -0.537a0E+00 3536 0.623E+00 0.599e-01 |

i.'W: 2 -0.2A9ngo T29UUEFTS -0.39315E-01  -0.45908E-01 4523  0.303E+00 0.671E-01




Typical iteration of SC calculation

Find the solution of f(x, p(x)) = O:
Case this Is easily done if p(x) Is provided

1. Assume p(x) and solve f(x, p(x)) = 0 to get approximate X;

2. Calculate p(x;) with the obtained x; solve f(x, p(x;)) = 0, and
get improved approximation X, ,

3. Repeat 1 — 2 so as to decrease |o(Xi,1) — o(Xi)|, |Xi.; — Xi| t0 required
accuracy
Self-consistent approach (B C &gt H)

May be diverged if the obtained x; is used for x.,,
=> Stabilize convergence using mixing factor GE&#%%) K.,
Initial X,
First iteration: x; = f(x,) => x/=(01-K. ;) X + KiXq
Next iteration: x, = f(x,’) ....



Problems of SC calculations

= Some solutions would not be obtained (XERLAWEAHYES)
If°(X) | < 1 must be satisfied at the solution to obtain the solution of x = f(x)
=> Conversion of the equation may help, but not always

= Convergence is not stable
mixing factor may improve

For many cases, use another method such as Newton method

= Cases SC method is effective
Initial values close to the solution

Effect of SC parameters is small to the equation
(BEEEEEEHOAEXNOZEI/NIN)

SC parameters have good convergence
(BEEEEBEEHOIFFENRL FRITES5E)



How to solve equations?

More sophisticated algorithms



Newton-Raphson method
Solve f(x) =0
Start from initial guess: X, y = f(X)

X,+dx Is supposed to be a solution

f(X+dX) = T(Xo) + dx (%) ~ 0 17(Xo)

=> X, =X+ dX =X,—T(Xg) / £7(X,) 2 f(X,)
I
Stabilize convergence: N |
X1 = %= (X ) 1 f7 (%) / I
eg,a=1/(1+24) X I
A: Damping Factor // |
;]
/ I
/ / |

0 S

0.2 0.4 0.6 08 1 12 14 16 sz 2

ol Xo— F(X0) 1 (%)



Program: equation-newton-Raphson.py
Usage: python equation-newton-raphson.py x0 dump t

f(x) = exp(x) — 3.0x

python equation-newton-raphson.py -0.5 0

sleep

python equation-newton-raphson.py -0.5 3

Y. Figure 9 — O
T eaew X = X T00) L 06) 1 (14 2)
B A Dumping Factor -
Solve equation Solve equation
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Newton-Raphson method / Secant method
Solve f(x) =0
Start from initial guess: x, y = 1(x)
repeat: X, = X, + dx = X,—1(X,) / f7(X)

* f7(Xy) can be analytical calculated for some

cases
. ﬁ .&?81 :‘;} (r:relore often approximated by finite Secant method
f(xo+h)—f(xo—h) (BI#RIE)
2h i)
* f’(X,) can be approximated using already- _» N-R method

calculated values
Jx1)=J*0)  gacant method (El#i%)

X1—Xp

’

OJ T T T T T T T "I T 1

-0.5




Effect of dumping factor: Convergence process

f(x) = exp(x) — 3x =0 (initial x = 0)
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Case Newton method succeeds

f(x) = tan-1(10x)
Initial x = 0.1

f(x)
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A case to reach convergence
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f(x)
0.7854
-0.5187
0.11633
-0.0011
1.2E-09

df/dx dx
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Case Newton method fails
f(x) = tan'1(10x)

Initial x = 0.15 Diverged (4 = 0)

i X f(x) df/dx dx

N

—~ 0 0.15 0.98279 3.07692 -0.3194
e 1 -0.16941 -1.0375 258404 0.40152
4— L Xo 2 0232112 1.164 156553 -0.7435
- X2 3 -051141 -1.3777 0.36827 3.74095
/ 4 3229546 153984 0.00958 -160.76
1 5 -157529 -15702 4E-06 389644

-4
/ 6 3894867 15708 1.1E-12 -1E+12

Xir1 = %= o F(X) 1 f7 (%)

X
w\
C

. a,: Damping Factor
1 08 -06 -04 -04Xip 2 04 06 08 1 Stabilizeconvergence
g X by choosing A(4 = 1)
i X f(x) df/dx dx

f 0 0.15 0.98279 3.07692 -0.2411
- 1 -0.09106 -0.7387 546675 0.11422
2 0.023161 0.2276 9.49088 -0.0217
Xl - 3 0001466 0.01466 9.99785 -0.0013
- 4 0.000133 0.00133 9.99998 -0.0001
5 121E-05 0.00012 10 —-1E-05
) 6 1.1E-06 1.1E-05 10 —-1E-06
- 7 1E-07  1E-06 10 -9E-08
8 9.09E-09 9.1E-08 10 -8E-09
9 8.27E-10 8.3E-09 10 -8E-10



Program: Calculate electron density n, from E¢ in metal

Issues for integrating N(e)f(e)

- Wide integration range E = 0 ~ E¢ + akgT — several eV (accuracy at the order of exp(-a))

* Important range for accuracy is the range of akgT ~ 0.1 eV around E

* For numerical integration, E mesh AE should be very small around E¢ (if 0.01akgT, AE ~1 meV)
=> Not good to use the same AE for the whole integration range E =0 ~ E¢ + akgT

=> = Divide integration range (Analytical integration may be employed for 0 ~ E¢ — akgT)
= Better to employ accuracy-guaranteed library for integration
python integrate.quad() can accept accuracy as epsrel variable

Program: N-integration-metal.py

EXx.: python N-integration-metal.py 300 5.0 2E+21

At 300 K, Er=5.0 eV
Time is measured for 300 cycles calculation

1.5E+21 (1) /(@)
8 digit accuracy (epsrel = 1e-8), a = 6:
range time (300 cycles) 1E+21 / N(e)f(e)

(1) 0~ Eg+ akgT 0.109 s f(e) X 102
(2) 0 ~ Eg — akgT 0.063 s
(3) Ex— akyT ~ Ex + ks T 0.016's 5E+20 (2 (3)

(2) + (3) is faster by ~30 % than (1).

Employing analytical integration for (2) 0
is faster by a factor of 10 0 05 1 15

Energy e (eV)



Program: T dependence of E¢ from n, for metal

Ep(T) is determined by N, = [ N(e)f (e, Er)de for the given electron number N,
N(e)f(e, Eg) is integrated in the range E = 0 — oo (acutualy up to E. + akgT)

The initial value of E-(T) can be taken as the analytical form of E.(0) at 0 K.
Since the variation of E.(T) is small, the Newton method stability converges.

Compare with the approx. form E.(T) = EF(0) — %2 (kgT)?>N'(E(0))/N(E(0))

. Figure 1 — O e

Program: EF-T-metal.py A €9 $ Q=¥

Ex.. python EF-T-metal.py

For Ne = 5X]-OZZ cm —— EF(exact)
T (K) Eg(Newton, eV) Eg(approx., eV) 49475 —— EF(approx)
0 4.948988 4.948988 4.9450
600 4.948554 4.948544 4.9425
1200 4.947248 4.947211 S 49400
1800 4.945069 4.944990 5 20575
2400 4.942013 4.941880 vose
3000 4.938075 4.937882 |
3600  4.933247 4.932994
4000 4.929529 4.929243 #9300

T
0

T
500

T T T T T T T
1000 1500 2000 2500 3000 3500 4000

T(K)




Density of states, n,, and n,, in semiconductor

Total density of states: D(E) = D,(E) + Dy, (E) + Dp(E) + D4(E)

A

fe(E, Ee)

Density of states

EFI

fu(E. E¢)

>Energy

Ev Ea

Valence band

Dn(E) = DyogJEy — E

Dy(E) = Ny6(E — Ey)

1
I Er) = @@

Free hole density
ny, = -0 fu(E, Ex)Dy(E)dE
lonized acceptor density
Ny~ = Ng(1 = fr(Es, EF))

| ED EC

Conduction band

De(E) — Dco\/E — E¢

Dp(E) = NpS(E _1ED)

Je(B,EF) = Byt
Free electron density

ne = [, fe(E)D(E)dE
lonized donor density

NDJr = Np(1 — fo(Ep, EF) )




How to determine E¢ for semiconductors

&

<

(0p)

kS

g DC(E): Deoy E-Ec
8 Valence Conduction

band | band S
Ey Ea EpEc Energy

E,=Ec-Ey
Charge neutrality condition

Na™+ Ng=Np™ + Ny, _ Er

N, = :DC(E)fe(E’EF)dE
ND+:ND[1_ fe(ED’EF)]



How to calculate E-: HHlustrative solution
N, = [, DEL(EEJE N,

ND+ — ND[l_ fe(ED’ E. )]

0, (€)1 (E.E, K

Ny = NA[]'_ fh(EA’ Ee )]

fh(E’ EF):]'_ fe(E’ EF)

Plot AQ = (N, + N,) — (Np*+ N,) w.r.t. Ec and find AQ =0

8.E+14

3.E+14
<2E+140

-71.E+14

-1.E+15

T =300.0 Np = 3.0e17
E,=1.12 Ep = 1.02
Nc = 1.0e19 N, = 1.0e13
Ny = 1.0e21 Eo=0.1
8 0.9 h 1.1 1

N M

Log |AQ|

30
20
10

0

-10

-20
-30

E.=0.997 eV

)

0.5

E

E
1.5

/\"

>~




Bisection method (=4%): Continuous func GE#tE %)

Solution of f(x) = 0 for (monotonic) continuous function f(x)
1. Start from a range [X,, X;] where f(X;) <0 & f(x;) >0
(or f(x,) >0 & f(x;) <0)
* Solution exist in this range for a monotonic function
2. Solve the equation by the following iterative procedure

Case f(x,) < 0 and f(x,) > 0: Judge by f(x,)-f(x;) <O
1. X, = (Xg+ %) /2.0
2. 1T f(x,) > 0 (f(x,) - f(x,) < 0), X, Is replaced with x,
If f(x,) <0 (f(x,)-f(x,) <0), X, Is replaced with x,
3. Solution X, is obtained when |x; — X/, [f(X,)| becomes less than EPS.
4, Repeat1 -3




E- by bisection method: Convergence procedure

Initial range: [E, E,] =[E, =0, Ec = E]
FInd AQ = (N, + N,) —(Np*+N;) =0

1.E+01 — 25
Iteration
1.E+00 . ; ; . 20
1E-01 \ 10 20 30 40 15 N—— gg(g )
— 1.E-02 —
LLJ \ TR =
| 1.E-03 ~ 5
~ 1.E-04 \\ g 0 iteration
W 1 Eo0s5 N S5 0 10 20 30
1.E-06 = o
1.E-07 \\ ig
1.E-08 \ )
1.E-09 -20
-25

After 30 times iterations
E-=[0.9985173589, 0.9985173599]
dQ = [-3x108, 8x108]



Program: EF-T-semiconductor.py

Program: EF-T-semiconductor.py
Usage: python EF-T-semiconductor.py EANA ED ND Ec Nv Nc

Ex.: python EF-T-semiconductor.py 0.05 1.0e15 0.95 1.0e16 1.0 1.2e19 2.1e18
E, =0, E.,=1.0eV (= band gap)

E,=0.05eV, N, =10 cm S Figure 1
E; =0.95eV, N, =10% cm3 A €95 +Q
N, =1.2x10* cm3
N, = 2.1x1018 cm?3

it
R
i

— O
—— FF lD]E ER
1.0 E

101° -
0.8 4 10
— 1013
S m
% 0.6 ¢
e § 1072
L =l
= 1
0.4 1011 E
1017 —— Ne
0.2 - 1 —— Nh
107 3 —— NA-
1 —— ND+
0.0 T T lDB T T
0 500 1000 0 10 20

T(K) 1000/T (K™-1)




Multi-valued equation: Kronig-Penney model

Solution of (—%C?_xzz + V(X)) ¢ — Ed) VO _<a_—> _ _ _
o
¢ (x) = exp(ikx)u(x), u(x+a) = u(x) W

Inwell:  #(X) = Aexp(iax) + Bexp(—-iax) a=~+2mE/h b
In barrier:4¢(x) = Cexp(fx)+ Dexp(-px) B=+2m(V,—E)/#

Boundary condition: ¢, (x) and ¢, (x) are continuous at x = 0 and -b
Bloch’s theorem : ¢, (x + a) = A¢;(x), A = exp(ika)

1 1 -1 -1 A 0

la —la - p p B 0
expliaw,)  exp(—iaw,)  —Aexp(-pb) —Adexp(fb)| C| |0
lcexp(iow,) —iaexp(-iaw,) —pAlexp(-pb) pAexp(pb) \D 0

The determinant of the left matrix must be 0:

_ (B(E)? —a(E)* :
coska = ( 2a(E)B(E) sin a(E)w,, sinh B(E)b + cos a(E)w,, cosh B(E)b)

Scan E in possible range to find all the solutions,

then use them for initial values
to obtain accurate values by Newton-Raphson method




Program: Kronig-Penney model

Program: kronig_penney.py

Lattice parameter (Si) a =5.4064 A Effective mass m* = 1.0m,
Barrier width 0.5 A Barrier height 10.0 eV

___python kronig_penney.py python kronig_penney.py band

)
L

o

sinaw,, sinhf b + cosaw,, coshf b
E (eV)

2 _ 2
coska— -«

2af

|

|
]

delta

E (eV) ' k (ﬁ;a)
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