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Class Schedule

Lecture materials (Kamiya’s part): http://d2mate.mdxes.iir.isct.ac.jp/D2MatE/D2MatE_programs.html?page=cms

#01 June 10 (Tue)
#02 June 13 (Fr1)
#03 June 17 (Tue)

#04 June 20 (Fr1)

#05 June 24 (Tue)
#06 June 27 (Fr1)
#07 July 1 (Tue)

Kamiya (Fundamentals of computer, Sources of errors (A E 12— DEKE, 12E))
Kamiya (Numerical differentiation/integration (BUEM7/FE 7))
Kamiya (Differential equation (5 AF2), Molecular dynamics (573 FB) 1%Ei%),

Interpolation (%@ fH), Smoothing ((F;&1k))
Kamiya (Smoothing (FE;&1t), Linear least-squares method (#Rfi¢&/N=Fi%),

Numerical solutions of equations (A FERX D IIEREE))

Canceled
Kamiya (Numerical solutions of equations (A T2 D #EFE;X), Nonlinear optimization (4R & 1L))
Kamiya (Fourier transformation (7—") TZ#2), Matrix (1751), Applications (it F) )



Evaluation (Kamiya)

* Small quiz
Do not evaluate correctness of the answers

but consider how you think and answer them

Example of bad case: answering only resulting values in Excel
Good case: Answer with Excel equations / python program etc
so that I can check how you solve the assignments

* Term-end assignment
Problems will be given at the end of Q2 from LMS



Explanation of the answers
PRRE R 2 D AR ER



PROBLEM, June 27

* Submit electronic file(s) via LMS in 2 days
(If LMS doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.

In this case, file name must include your STUDENT ID and FULL NAME)
PROBLEM:

Solve 5cos(x) —x = 0.

(i) Plot the functions y = 5cos(x) and y = x in the range x = 0 — 3, find an initial x for
Newton-Raphson method.

(ii) Solve S5cos(x) —x =0 by Newton-Raphshon method at least with four significant digits.

(iii) Mandatory: Tell your opinions or suggestions for improvements regarding
how the lectures are conducted,
particularly in relation to the use of Al tools like NotebookLM.

(iv) Optional: Propose if you have any other numerical analysis you want to learn in
Computational Materials Science

(v) Optional: Propose if you have any python program (should be simple) you want to
learn



PROBLEM, June 27

See equation answer.xlIsx



PROBLEM, June 27

Q: how the lectures are conducted, the use of Al tools like NotebookLM.

A:

other numerical analysis, python programs

o AIOFAIZDONTIE., FELA. BIEDIERFIVIGEIZTDODVTRERIEH =AY EARMIposivite
« NILIR—TavIZfEI’

« NotebookLMDH£EF) 2 I%QRIZLTRATARIZERYFIFTIZESH

B, &Z2:

o AIDFELA (BFEIDEA). AIZRAWN =T —2f#4HT

L. IN\URETE

c Bl BICAHBBELOTE
¢ RTABOEIEDS, ChALOELEFET 5457 15 KT
+ pythonDRAET —B~— X OFFAH %

FEM
MHFEAREEERZU DM -TATS A

BRI EREZE L TIELL

BT AT OAIEERAL-ETIILOEREV -7 ME X DRENHNIL KLY
EEGESIEAARFETHALTIELL
pythonDIIRFBEELAIDFEWVAZTIREDRAIZPHTIEESH
REILT-1REDT—3ZFAIIEAAFETCENTELEATENIELRIL DD TIETELD



3. FaE(b

RiE{L D938
- BJEdiE: SD, CG, BFGS, etc

WBELXEL\
LR MEDMRIESNG N, KiER/IEZSEOHELL

EIER % %: Simplex (nelder-mead), BIGEIT7IVTYURX L, etc

WFEJL_ xJEL\
LIRS R V. KiE&/IMEEFSONSAIREENS

LEBs:

* nelder-mead (simplex)

- BIGEI7IVTY XL (Genetic algorithm: GA)

- R FEEFRIB1L (Particle swarm optimization: PSO)

- LFUNZZEEY THIVO% (Replica exchange MC: REMC)
- BEEH X L% (Simulated annealing: SA)



3. FaE(b

Python optimize_ga_sworm_remc.py: simplex, ga, pso, remc

AckleyBd#Daz/IME: f = 0 @ (0, 0)

IHAEE R [-30, 30] / simplex: (5,5)~[-30,30]
# of T (remc): 10

nparents 5
fmin

icall

iter

icall/iter/nparents
nparents 10

fmin

icall

iter
icall/iter/nparents

GA

Tol: 103, nmaxiter: 1000

PSO

6.213 0.00042
9002 235
1000 28
1.8004 1.678571

1.867 0.0006
21001 380
1000 35

2.1001 1.085714

REMC

2.161
24001
1000
4.8002

0.58908
49001
1000
4.9001

Simplex

9.46E-05
82

40

2.05

9.46E-05
82

40

2.05



3. FaE(b

%I:I Al .
Simplex;E([LEVND, ZNTEIOHR TIEERE
PSO(3 R =
GA, REMCIIZEERHIN <, B OFEMELEAN 2
YRR (34 i (23R L

SAZE . GA, REMCTIRNRZBEHBR T RKHIRE
ROIRFEZIEDPE., DL < FELEX (CTBHEE

xR
Simplex;ED#H. MHAEZSZTNS
REMCTIRTO#Z10E KEKLIETNS

= RiBILIV-LT-7 optimize_flex® TV TV X LICEHN
PSOCENERESR
GA, REMCTRELHEROF1-— Y I H b E
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Materials Project: https://legacy.materialsproject.org/
- “Sign In or Register” TF NI bE{E>Tsignind %

+ MP API KeyZ 159 % &. pymatgenT4 75" Z{E> TpythonT
BRGTEMATEE
f=1=L. pymatgen(&2024F 21 A B #21% D730 vmajor version upZ
L,’CL\%)T_&) ChatGPT, CopilotWNH L \I—F (NG ZHAT D
AlEEEN S

SE7075L:
http://conf.mdxes.1ir.1sct.ac.jp/D2MatE/D2MatE _programs.html?page=tiny
@) get cif.py



https://legacy.materialsproject.org/
http://conf.mdxes.iir.isct.ac.jp/D2MatE/D2MatE_programs.html?page=tiny

EERESTWAR/NZFREHEMFE EIROEL

HERE-STWSR/IMN_FEE:
s ETILHAYE - EFICE I EATREINTILNS
- ETIWERITDE: (2R x ERE THE
ETJU (Arrhenius plot): log (T, x) = a,(x) + a4 (x)%

1
= agg +agx X + (a1 + @y ) -

INDARN)YDETIL

B [ 05:

» BWOryT1o T HBRB/ONANIE, TETILOEBITEHELS
ETILOBEHILIEREIZRER
s ETILEHERE )N ZMGEEERIELSL
A DERESH (RIGEE. RIGER., BFRSE., - --)
ETIV:0(T) = ay + a,T + a,t + azP + -

I INTGAR)YOETIL




Non-parameteric regression

wEERTY
EEREBORTESEMEIL
EEEBZERTENTES

(R EREEA X FRE - IEEMEMZ -9 Kernel A D5 S . Kemel[ElJFEERIL)

Bil: FOXEEREE g,(x) = exp [— ((x_xo'i)2>]

202

EFIL: fF(x) = a19:(xD) + a,9.(xP) + - = TP_ a9, (x®)

gix)DBZEZL. BET 59, () NEGSEIITTHLE,

ERRIEEDEBEBERTES: /V/INTANYY

I



o =
Kernel ridge[a]ls
I NG AR EG: BLDINTGA—2%EHDEREET IV THIE,
BN EBEEML K THRIBRET ILEENS,
Kernelf¥: CCTlE, —BA#OR/N_FETTTELEERHE () ERLEZEZTLW
FET—HR x, BIZ, x, ZFiDEL., 1B w DGaussBAEL G(x; x, w) ZES

Ridge[a])F:
BEREBELTREZFM Y, (X0, ap xW)— yj)2 DOIZIERMEIE aY),_,a > EMATEZEZEWHT S
1.0- ‘ 'T| pFET 5 —:iid
;Hllﬁmmﬁ I
[ [l
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ratio train = (.7
w=0.1
alpha = 0.001

BFELTLSHH

> python gaussian ridge.py 0.7 0.1 0.001 (GaussE K DIEHY0.1)

Train MAE: 0.000622842, RMSE: 0.000732994, R2: 0.999999

Test MAE : 0.546841,

& F

igure 1

1.0

0.5

0.0

—0.51

_1.0‘

RMSE: 0.624088,

Input data and fitted values

R2: -0.021084
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ZEREH (I8 w) DFERTHRFEEZHNZAS
> python gaussian ridge.py 0.7 0.5 0.001 (GaussEEBEEDIEHY0.5)

ratio train = (.7

w=0.5

alpha = 0.001

Train MAE: 0.00203944, RMSE: 0.0031156, R2: 0.999978
Test MAE : 0.259566, RMSE: 0.378193, R2: 0.741828

"'-EL'Figure‘I - o x
Input data and fitted values Input vs. predicted values
/\_\ ¢ :;Zn e train A
_ i e — fitted | a test o
1.0 ;_. A ./ e Loy 4 _ o e
/ y(predicted) = y(input))
/ \
os5{ f Pl 0.5
TN A | [/ AN 5 S
,-"’lf ._\ | | — GJ r ‘
e \_:\_. .,r "d A A .
> 0.0 = % -+ D g
7 s 001
I‘nl ; .l ; -
—0.5 o | i
‘!\__ -0.5 - -
N g
\l/l Ae”
—-1.01
-1.01 ®
0 2 4 6 8 10 -1.0 -0.5 0.0 0.5 1.0
y(input)

{x, ) = (0.010, —0.570)



How to solve equations?

More sophisticated algorithms



Converged
python peakfit.py fit peak.xlsx ¢g 1.3 2.0 1.0

method: cg
initial values: 10 =1.3, x0=2.0,w=1.0

1.2 1 10! 4
1.0
0.8 -
107 ~
0.6 - 1

0.4 -

0.2 1

.-.-"III‘ 10_1 -
Mf E%x X ]
0.0 4 aad o S ; -

T T T T T T T T T T T T
-2 -1 0 1 2 3 0 3 10 15 20 25 30

The result may be converged if w is wide enough to cover some region of the curve,
even if the initial peak position is out of the FWHM of the target peak¥



Converged

python peakfit.py fit peak.xlsx nelder-mead 1.3 2.0 1.0

method: nelder-mead (SIMPLEX)
initial values: [0=1.3, x0=2.0,w=1.0

1.2 1

1.0

0.8

0.6 1

0.4 1

0.2 1

0.0 4




Optimize.py for Simplex method (not working without tklib)

F(x,y) =-3.0 — 10x — 30x% + 1.5x3 + 3x* + 30y —30y? + 3y* + 3x)?

e.g.: python optimize.py 0.0 1.0 simplex

Al
‘ [ ’ i [ H 800
A VI =L [l 600
By il A
A TR ] e
9 \\\\\&\\!",’,'/,”//,’l,',','lmﬂ ~H 200
A \ \.\\ : If’.#‘-_.',t. 1o
| \\\\\ N W 0

Main algorism:
newton, sd, cg, broyden, dfp, bfgs
simplex
Direct search:
exact, one, simple
armijo, golden

From (0.0 0.0) Newton

From (0.0 0.0) BFGS golden
“ 7

From (-1.0 -1.0) DFP golden
’ R

From (0.0 1.0) Simplex
“ M




Fourier transformation
J—)TE#



Fourier series expansion (Fourierff $i &

Period: T
21N 21N
x(t) = 2 (an cos—t+b smTt>
a, = ;fo x(t) cos—tdt

b, = %f x(t) smzn—ntdt

X(t) = Yime—oo Cy EXP (i ZnTn t)

1 (7 2nn
cnz?f x(t) exp —LTt dt
0

Ri — :
lemann Lebe§gu% lemma ;1 ¢, =0
()= )LR—T D#HrE). n—oo




Fourier transformation
Take limit to 7 => o for Fourier series expansion

CFT F(w)= IZ F(t)exp(ion)dt
CIFT f(f) = i j_ZF(a)) exp(—iwt)dw
" FT F(o)=[ f()exp(i2afi)dr

| IFT /() =] F(e)exp(-i2zft)de

Features of Fourier transformation

* Convert time-dependent data to frequency data

- Convert position-dependent data to wavenumber data

= Origin of original data is converted to whole range of FT data

* Whole range of original data is converted to origin of FT data
Width W Gauss func is converted to width W1 Gauss func

* IFT of FTed data recovers the original data
FourierZ L= T —A2%FourieriZ £ 9 5ETDT—RIZRS




ILSQ for general function

N

f(X):defk(X) S:Z[yi_zn:akfk(xi)j
k:1 i=1 k=1
B3 | n-Lasin |0

da, i=I

Zﬁ(xi)fl(xi) Zfl(xi)fz(xi) Zfl(xi)ﬁ(xi) Zfl(xi)fN(xi) a, Zyifl(xi)
Zfz(xi)ﬂ(xi) Zfz(xi)fz(xi) Zfz(xi)]g(xi) Zfz(xi)fN(xi) a, Zyifz(xi)
PINACHVACH RIS INACHVACH I I ACAYAEH D L)L) | @ |=| 2 fix)

DDA D GG D () fi(x) D)) Nay ) \ Do yifu(x)

Application to sin / cos expansion

fi(x)=cos2nf.x (i =odd numbers (%))
f;(x)=sin27f,x (i =even numbers ({&%}))



ILSQ for Fourier series expansion

f1,pl, Al = 1.5,pi/4.0, 1.0

f2, p2, A2 = 3.0, pi/3.0, 0.3 LSQ results

f3, p3, A3 =10.0, pi/6.0, 0.5 - Before Convolution

x +=random(0.03) # noise is simulated by random() " original )
y= Al *sin(2.0%*pi * fl * x + p1) e 1R

+ A2 *sin(2.0*p1 * 2 * x + p2) 1
+ A3 *sin(2.0*p1 * f3 * x + p3)
Convolution: Gauss function with w = 0.03

Y

" —y/(convoluted)

N

After convolution
—original

—4 terms LSQ
—©6 terms LS

0.5

-0.5

-1.5

1.2

1.2



Discrete FT (DFT, &0 —') T Z i)

Assume x(7) is periodic in the range [0, 7V] and x(0) = x(TV)
X(fi) = T X)=5 x(t;) exp(=i2nfy - jT¥/N) T =T" /N

Usually the coefficient 7,V is not included for DFT formulations
y(fi) = Xj% x(t;) exp(—i2mkj/N)  fi = k/T"

DFT can be carried out without many trigonometric function (= &%) calculations
Vi = 2hog W'Y
wy = exp(—i2m/N): Rotation factor ([B1E5X +)

wy 1 = (cos(=2mk/N) + i sin(—2mk/N))(cos(—2n/N) + i sin(—2m/N))
= (cos(—an/N) Wy » — sin(—2mk/N) WN,i)

+i(cos(—2nk/N) wy ; + sin(—=2mk/N) WN,T)

= (WII\(I,TWN,T - II\(I,iWN,i) + i(WII\(I,rWN,i + Wll\i,iWN,r)



DFT: Matrix expression (17515 13)

y(fi) = X3=0 x(¢;) exp(—i2m - k - j/N)

Yi = Xjco Xwn' wy = exp(—i2m/N)
DFT
Yo 1 1 1 X,
ol 1 WN1 WN2 WNN_1 Xy
- Wy f
V-1 1 WNN_1 N(N_l)(N_l) Xn-1
Inverse DFT
X, 1 1 1 Yo
Xy 11 WN_1 WN_2 WN_(N_I) Vi
N ow : '
Xn-1 1 WN_(N_I) WN_(N_D(N_D Y-

Using w /= w,fmdN and w, N2 = k ‘only k=1- N/2 terms
should be calculated



Fast FT (FFT, &&7—") T L)

EA/E—, NG BB FEHE, 7 iRt (2003)

1. The data number must be N = 2" (m: integer)
2. FFT is identical calculation to DFT,

but the calculation cost is proportional only to Nlog NV (proportional to N> for DFT)
3. Simple circuits can implement FFT, easy for parallelization (GPU)

The DFT formulation is written as polynomial by converting w,* =z
Vi = 9’;01 ijNkj = 9’;01 ijj wy = exp(—i2m/N): Rotation factor
Vi = XOZO + x1Z1 + xZZZ i xN_]_ZN_l
— x()ZO -+ xZZZ i XN_ZZN_Z

+Z(X1ZO + x3Z2 + -+ xN_1ZN_2)

The last line equation becomes a polynomial with respect to z, = z?

with a half number of the terms
N/2-1 N/2-1

Y = Z XpjZy) + 2 Z Xpj41227

j=0 j=0



FFT

EA/E—, NG BB FEHE, 7 iRt (2003)

View = %0220 + 1,z + -+ 2327 + 2 (5, (29)0 + 1y (2D)1 + o 2y 1 (222 )
= YinN/21 T ZVinN/2,2
Vensza = 100 + 1D+ b xy_p @D+ (22 (1,0 + 1 (2 + oty (D)
= YknN/a1 T (ZZ)Yk,N/4,3
Viwrzs = 1@ + x5 + o+ 2yo1 @ + (@) (130 + 20D 4+ g (D)3
= Yinjaz + @) Vi a4
YN = YiN/21 T ZYVkN/2,2
YeN/21 = YkN/a1 T Zzyk,N/4,3
VieN/22 = YiN/a2 T Z°YiN /a4
Yin/a1 = Yin/si + 2 Vinses
Yin/a2 = Yin/sz ¥ 2 Vin/se
YiN/43 = Yin/ss T 24 Vin ez
YiN/aa = Yin/se T 2 Vin/ss
The above is a recursion formula and can be solved from the last two-terms FT

to upper equations in the series of the number of terms 22,23, ..., 2V
HIEXDHICGE>TNSD T, RERDEH2OFTMLIER IEH2% 23, .., 2YOFTOEEZEZT HZET
FTEIEMNTES



Data swap in the FFT procedure

N data series XoX1X2 *** XN-1 => FT: XOX1X2 XN—l
Represent the index number by binary ([EF#% —##TH5HT)

At each stage k, the data are split to two, and the data of odd order are moved to the
second half (note the order is counted from 0)

=> Data whose k-th bit is 1 are move to the second half

=> The change of the order numbers corresponds to bit reversal

Initial data order (values in parentheses are bitwise reversed)

Xo X1 X2 X3 X4 Xs X6 X7 =

15[ 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (O11) 111 (11D)] =

-

26 [000 (000) 010 (010) 100 {001) 110 {011)][001 (100) 011 (110) 101 (101) 111 (111} [

Yia1 = Yk21 T ZiYk,Z,S l l Y42 = Yk2,2 +£23’k,2,4 i ?&3

38[ 000 (000) 100 (001)][ 010 (010) 110 (V11)] [001 (100) 101 (101) [011 (110) 111 (111)] &

X0 X4 X2 X6 X1 X5 X6 X m
Yk,2,1 Vi,2,3 Yk,2,2 Yk,2,4

The order to sum up for FFT is different from the order of x;.
FFT summation is performed in the order of the bit reversal of the index



FFTREEDOEIEFDZEE: EvhRER

NEDT—RH xgx1x5 - xy_1 => FT: XoX1 X5 - Xn_1
[EF#E _—_EHTH-HT

FFTOZNETNDEBRETIFHEBE DT 22T oT 1 8EE2T 5
= |[EFBDENSIEREHIZHETIEVRD 1 DT —2FHBE(12T 57
= |[EFHOTEMHINE v REEIZHIET S

BOOT—2DAUIE (HhyvaRIZIEFHOE v EE)
Xo X4 X, X3 X, Xc X X
15%| 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (011) 111 (111)

l YVis = Yia1 T ZYM l
i

2% [000 (000) 010 (010) 100 (001) 110 (011)|[001 (100) 011 (110) 101 (101) 111 (111)

Vo Yea1 = Yk21 T ZiYk,Z,S l l Va2 = Yk22 T Z “Vie,2,4 i

38% | 000 (000) 100 (001)|[ 010 (010) 110 (011)] [001 (100) 101 (101) [[011 (110) 111 (111)
X0 X4 X2 X6 X1 X5 X6 X
Yk 2.1 V.23 Yk,2,2 Yk,2,4

FFTOMEZMBIEEE x;, DEVIEEEDHS.
ROIDIEFEHO —EHERR (HyaRO#EF) ZEVEREE HyasntO#H=F)
LTY—FT 3L, ZDIEFTFFTOMZEENS



Logical operations (bitwise operations)
GREEEHE, EVNER)
Logical NOT (Bitwise inversion) GREBEE, £+ REE)
NOTO =1;NOT1 =0
python: ~x, not x ~1 ==0,~0==1
Logical AND (GRE#)
0ANDO0=0; 1AND0=0
0AND1=0;1AND1=1
python: x & y, x and y [ &1 ==
Logical OR (GRE#F0)

0 OR 0=0;1 OR 0=1
0 OR 1=1;1 OR 1=1

python: x |y, x ory
Logical Exclusive OR (#Efth fa5RIRFD)

0 XOR0=0;1XORO0=1
0XOR1=1;1XOR1=0

python: x ™y, x xor y

Bit shift (# bit shift)
python: a <<n,a>>n 0b0001 << 2 == 0b0100
0b0110 >> 1 == 0b0011




Bit reversal (w3l & #x)

Note: bit reversal (Ew k3l RER) != bitwise inversion (E kR EE) (~x, not x)

bit_reverse.py val = 11001, Z4lIZ
def bit_reverse(val):
ret=10 ret=0 # EvhREREZF0THEE
while 1:
vO=val & 0b001 1. vO=val& 1, =>11001,& 001,=1 # EBITDEYMEZE vO [TRTE
ret = ret | v0 2. ret=ret|v0 =>0|1=1, #retDEFE—HTIZ v0 ZEXTE
val = val >> 1 3. wval=val>1 =>11001,>>1=1100,
# —HTEICEYRITRL, valD2HTEZE1HTICFEH)
if val == 0: 4. val H¥ 0 DIHE . WIS BbithFZ>TLVELD T
break IW—T%E#T
else: 5. val D OTHEWMER  ret Z1IEYR D TRL. 2. Tret OF1HLIZEELIZ VO EEICT BT,
ret =ret <<'1 ret=ret<<1 =>1,<<1=10,
LIZE-TH#RYIRL
return ret v0=val & 1, =>1100,& 001,=0 # EBIHTDEYMEZ v0 ITRTF

6
7. ret=ret|v0 =>10,|1=10, # retDEE—HTIZ v0 ZEXTE
8.  wval=val>>1 =>1100,>>1=110,
9 ret=ret<<1 =>10,<<1=100,
1LICE-THRYIRL
10. vO=val&1, =>110,&001,=0
11. ret=ret|v0 =>100,|1=100,
12. val=val>>1 =>110,>>1=11,
13. ret=ret<<1l =>100,<<1=1000,
LIZE>THRYIRL
14. vo=val&1l, =>11,&1,=1
15. ret=ret|v0 =>1000,|1=1001,
16. val=val>>1 =>11,>>1=1,
17. ret=ret<<1l =>1001,<<1=10010,
LIZR-THYIRL
18. v0=val&1l, =1,&1,=1
19. ret=ret|v0 =>10010,|1=10011,
20. val=val>>1 =>1,>>1=0, => JL—THT fi#: ret=10011,



Bitwise operation can be replaced with other op

Usually bitwise operations are faster, but it is not the case for python ...
python bit reverse compare.py 1001100011110101101111011 1000000
measure time to reverse 1001100011110101101111011, for 1000000 times
by bitwise operation :6.265091180801392 s
without bitwise operation: 4.462110280990601 s

bit reverse compare.py bit reverse compare.py
def bit_reverse(val): def bit reverse nobitop(val):
ret=10 ret=10
while 1: while 1:
v0 =val & 0b001 vO =val % 2 # save the final bit to vO
ret =ret | v0 ret =ret + v( # put vO to the final bit of ret
val =val >> 1 val =val // 2 # bit shift for next iteration
if val == 0: if val == 0:
break break
else: else:
ret=ret<<1 ret=ret * 2 # bit shift ret to left
return ret return ret




fft.py FFT: python numpy.tft.tft()
() = —cos(2rr)(1+5¢%), periodic in t = [0, 1)

[y _

tstep =tmax /N g ° %
o :

B[ At |

[ Ar=Aw2

_40.0 0:2 I

1.0

F(f) = np.tit.11e(f)
f = np.fft.fitfreq(N, d=tstep)s '

+ 50

5 4

F = np.fft.fftshift(F) i
f = np.tit.fitshife(f)
= —

NOTE:

% : high f Periodicity of Fourier func:
F(f+ fna) = F(f)
0 | python list: a[-n] = a|[N — n]

Frequer;cy (Hz) ! I (N = len(a))



fft.py FFT: python numpy.fft.tft()

() = —cos(2rr)(1+5¢%), periodic in t = [0, 1)
F(f) = np.ttt.11t(f) : .

~
L
I

u
o

[
L
1

Amplitude

_4 '
Frequency (Hz)

For a case for N = 4:

For a case for N = 8:
/ !/ » . / . 3 B
f(tj) =a _sexp(i2mj)+a’ _; exp (lETl'])'F
+a'y exp(imj)+ a'5 exp (igz—nj) ) '
Interpolate by the FFT result for N = 4: e.g., to get [ (t1 2 = At/ 2):
6w

f(t1/2) = Qo s €xp (i5) + aznya exp|(i%) + azesa exp (i)
(i = '29 '19 09 1)9 a’j =0 (EISE)

take



Smoothing: FT

Original Remove high-frequency FT data: Smoothing
3900 Low-pass filter

4500
4000

3000 Remove low-frequency FT data: Cut drift
zzgz High-pass filter
1500 Ex. Cut FT data outside [k....q K..i1]
1000 2000 —kcut1=10
" | 4000 —keut1=50
0 1000 2000 3000 4000 T3
300000 t 3000 —keut=(1,50)
250000 ——4 FT image
200000 — real part 2000
150000 — imaginary part
100000 1000
50000
0 0
-50000 !
-100000 -1000
-150000

-200000



Note:

Be careful: FFT high-pass filter can remove a baseline, but that baseline includes some signals
Usual ways:

1. Baseline function 1s optimized 5000
. ) —kcutl=10
simultaneously with peaks. keutl=50
3. Baseline function is determined 4000 E—g

from selected data where peaks do not

3000
affect.

—kcut=(1,50)

2000

1000

-1000




Program: smoothing-fft.py

Usage: python smoothing-fft.py xrd.csv 0 5
(note: the x range 1s different from the previous slide)
=> plot smoothing-fft.csv

4000
—y
3000 — |ys(ifft)|

|

2000

1000

0



FFT: python numpy.fft.tft()

fft.py
() = —cos(2rr)(1+5¢%), periodic in t = [0, 1)
5 of ¢ |
F(f) — np.fft.fft(f) 0.0 0.2 0.4 Time (5) 0.6 0.8 1.0
F=np.fit.fft(f) F S 21A
Freq = np.fft.fitfreq(N, d=t_step) g _f Alj/«itl T
. 3 2.5 i ! “--}
Centering: | g " lows
F2 = np.ftt.fftshift(F) 1 i ;_,
Freq2 = np.ftt.fitshift(freq)
e
: : Periodicity of Fourier func:
§2'5' i i | | | F(f+fmax) =K
0o 5 . python list: a[-n] = a|[N — n]
(N =len(a))

-4
Frequency (Hz)



fft.py FFT: python numpy.fft.tft()

() = —cos(2rr)(1+5¢%), periodic in t = [0, 1)
F(f) = np.ttt.11t(f) : .

~
L
I

u
o

[
L
1

Amplitude

_4 '
Frequency (Hz)

For a case for N = 4:

For a case for N = 8:
/ !/ » . / . 3 B
f(tj) =a _sexp(i2mj)+a’ _; exp (lETl'])'F
+a'y exp(imj)+ a'5 exp (igz—nj) ) '
Interpolate by the FFT result for N = 4: e.g., to get [ (t1 2 = At/ 2):
6w

f(t1/2) = Qo s €xp (i5) + aznya exp|(i%) + azesa exp (i)
(i = '29 '19 09 1)9 a’j =0 (EISE)

take



Interpolation by FT
Periodic function f{7): Period of T

N t points are given in T = NAt at uniform stepAt: t; = jAt (j = 0,...,N — 1)
can be expanded by ex (i2nf t-) = ex (iZnEt-) = ex (izni 'At) = ex (iZnn—j) fn=n/T
p y €xp nlj p 7Y p Nact p v ) In

% f(t) = Zh=o an exp (i27t %])

For a case for N = 4: a; are determined so as to reproduce f (tj) for integer j
. T . . 2T, .31 .
f(t]) = aopt aTL’/4 exp (l Z_’) + aZTl‘/4 exp (l T])-F a37‘l‘/4 exp (lTI)

a; are obtained by Fourier transformation

Interpolate: for arbitrary floating-point number ¢, = xAt:

f (&, = xAt) = agt a4 €XP (igx) + Ay /4 €XP (i%”x) + a3y /4 €XP (i‘%”x)



Interpolation by FFT (Fast Fourier Transform)

For a periodic function E(k) (like an energy function E(k) of crystal), interpolation can be carried out by:

1. Fourier transform E(k) to E*(x)

2. Increase the number of data by adding zeros in the high |x| region (padding)
3. Inverse Fourier transform

> python interpolate fft.py generate
data: interpolate fft.test.xlsx: TB band

1.00 A

0.75 4

0.50 4

0.25 4

0.00 -

—0.25 4

—0.50 4

—0.75 4

—1.00 4

e ® input data
interpolated

3] [£]

Perfect interpolation
for the periodic function

%) [£]

-0.4 -0.2 0.0 0.2 0.4

> python interpolate ff

data: ban
20.0 1fe ® input data
interpolated
17541 @ €
1) €
15.0 +
3] 3]
12.5 + @ £3
Ea\
10.0 - 3 F
3] €
7.5 1 k) £
3] £
5.0 &) €
(%] [
a )
2.5 1 %) )
O y
0.0
: S~

0.10 1

0.05 A

0.00 A

Looks natural
interpolation
neark =0

[ ] [ ]

® inputdata
interpolated

—0.06 —0.04 —0.02 0.00 0.02 0.04 0.06

and_free e.xlsx
¢ e.xlsx: Free electron band -

17 A

16 A

15 A

14 A

13 A

——

Py ® input data
interpolated

L]

@

@

@

—0.525-0.500-0.475-0.450-0.425-0.400

v

Interpolated data become a
periodic function,
producing unnatural
deformation near the
periodic boundaries



Comparison: Calculation time by python

Usage: python dft.py ndata
ex: python dft.py 1024
python dft.py 2048

DFT1: DFT using rotation factor
DFT2: DFT not using rotation factor (calculate sin/cos every time)
FFT : numpy.fft.{ft()

Time for DFT/FFT (sec)

N bFri JoF2  [RFT NN
1024  1.32 2.41 1.87e-5 3080
2048  5.59 10.3 3.54e-5 6780
4096 23.6 47.7 6.62¢-5 14800

8192 973 165 16.1e-5 32100



Problems of DFT/FFT

mER, BEE DO DR T—20E, CQHM$t (1986)
* Usually FT needs integration from -oo to oo, but DFT/FFT reduces data to finite
range => Loss of data

ex.: Fourier charge analysis by XRD gives ghost peaks and fringes
= Original data include noise/errors, giving rise to extra frequency peak
= Artificial periodicity required for DFT/FFT gives rise to artefact frequency
peaks => can be suppressed by Hanning Window (ZREE%}),

but it may also give extra peaks

A/\/\/\/\/i--«,
/[\/\/\/\/\/ 3

s it

WA /\ VAvAS F\/ \/ v = |l

e v A |
e N \/ {—\/ P e )




Maximum entropy method (MEM, & XxI>haE—%)
mER, BEE DO DR T—20E, CQHM$t (1986)
Concept of MEM
= Assume the lost data would have some constraints
= Use the concept of ‘information entropy’ and maximize it to estimate the spectrum
= Akaike’s autoregressive model (FithI2ksEHE2EIFET /L) => identical to MEM
The order of the autoregressive model m must be determined
= So as to minimize Final Prediction Error (&Z# % H52%)
= Algorisms: Burg method, etc
Features
* Sharper spectrum than FFT
* Less ghost peaks and fringes

FvRILES

la) 4270774 (b) FFTEMEMICE B A2 | L



signal

B2 [E)RET JL (Autoregression (AR) model) DRE: 8 = BEDEDDT—R2ZFE>THEIFE ¢, k = 1,2,
+ Burgik ICKYMEMARI R LEHTE  Sypu(f) =

Input signal

Program: mem_spectrum.py

> python mem_spectrum.py input_time_series.csv 8

0.0

0.4

0.6

0.8

1.0

PSD (dB)

20%At

11-X @ exp(—i2nfkAt)|?

Spectral Estimate: MEM vs FFT

..., order

14 4

12 4

10 4

—— MEM (pburg)
FFT PSD

Frequency (Hz)




MEM-Rietveld analysis

WHE B AERFERE 30, 135 (1988)

Charge density calculated from structure factors 7'; =7,/ 1;
Charge density calculated from structure model p'; = p;/ . p;

Constrained entropy: S = —).p’; ln%

=> smoothing p' and suppress fringes and ghost peaks

2
F hki_p . Rkl
inimi . | cal obs
Minimize the structure factor residual C =) —
hkl

. |F (L F b hkl|2
Maximize constrained entropy Q(1) = —) p’; ln% _ EZ ca - 2 S

{ hkl

=>p = exp(In 1 + difference Fourier (7—1)I) term)
When converged to F,.,, = F,,, p =T will be achieved



Schrodinger eq.: Plane wave method (FF@E &%)

Plane waves are employed as basis set of linear combination
di (1) = exp(iK 1) Cpttyy (1) 0 (1) = expliGy 1]

Plane waves with wave numbers G, forms a perfect basis of periodic system
Any function is represented if use all G, for all
=> In actual calculation, approximate by |G| < G,,..

H11_ES11 H12_ES12 Hln_ESln
HZI _ES21 sz _ESss H2n _ES2n —0
Hnl_ESnl HnZ_ESn2 Hnn_ESnn

2
O I P >{_j_mvz . V(rﬂe«kwdr

h’ )
— 5hkl,h'k',l' E (k + thl )2 +V (thl _ Gh'k'l')

Most of PW calculations are done by Fourier transformation
=> Possibly speed up with GPU




Program: 1-D PW method
pwld.py

Lattice parameter (Si) a =5.4064 A  m*=1.0m,
Potential V(x): barrier width 0.5 A barrier height 10.0 eV

FT coefficinets of
python pwld.py ft 5.4064 64 rect 0.5 10.0 9 -0.5 0.5 21

potential
# of basis 64
1.0 |
10 -
0.8 -
8 0.6 -
0.4 |
6‘ 1 4 4
_— [=]
ke 2 024,
o =]
o &
= 4 “ 0.0-
—0.2 -
2 .
—0.4 -
real
imaginary
U- | | 11 —U'.ﬁ- + ghsolute
0 5 10 15 ~1 0 1

X (A) 1/x, normalized (1/A)



pot (x)

Program: 1-D PW method
pwl.py

python pwild.py ft 5.4064 64 rect 0.5 10.0 9 -0.5 0.5 21
python pwld.py band 5.4064 64 rect 0.5 10.0 3 -0.5 0.5 21
python pwld.py wf 5.4064 64 rect 0.5 10.0 3 0.0 0 0.0 16.2192 101

=4.0A :
a i FT coefficients of
potential V(x): potential Band structure
w=10A,h=03eV : :
’ # of basis 16 # of basis 5
0.30 A 1 | 1.5 4 p —— real
| | e
0254 | | |
| | 1.0 -
0204 | | |
| | 2 05-
0.15{ | | | s N~V _ (x).
0104 | | | | | “ 0] 7 :ii Lf: \/ ID,,,,~"“ free e
' | | V(ix)=0
005{ | | | | 0.5 -
| S
0004 | Ve Sl S
T T T T T —-1.0 4 T 7 i T e T PP S =
00 25 50 75 100 B SR r : TPV
x (A) 1/%, normalized (1/A) ‘ ‘ ‘ ‘




Matrix problems
1TH R RE D &%



Fundamental matrix operations

C=A+B:
for ix 1n range(nx):
for 1y in range(ny):
c[ix][1y] = a[ix][1y] + b[ix][1y];

C=A*B:
for 1x 1n range(nx):
for 1y in range(ny):
c[ix][1y] = 0.0;
for k 1n range(nk):
clix][iy] = c[ix]liy] + a[ix][k]*b[K][iy];

To solve BC=A
(i) Obtain B-! and calculate B-'A
(1) Directly solve BC =A
=> Better to use open libraries



Gauss elimination method (Gauss® g% %)
Upon a square matrix (IEJ51T51) 4 and a vector B are given,
solution of AX = B is obtained by X = A4"1B.
- Efficient for case more than one solutions for the same 4 and different 5.
* Can produce roundoff errors and not efficient
=> Solve the linear simultaneous equations directly.

! X b,

a, 4y dy a,,
X, b,
dy; Q3 Ay as, = -
xn bn

anl anZ an3 ann

Multiply a;,/a,; (i=2,3, ..., n) to the first line and subtract it from i-th line
=>make all a;; (i 2 2) zero.

Repeat this procedure for all the lines, 4 will be converted to upper-right triangle

matrix (A L=&175)

a, a, az - 4

: : e b’
0 ay,' ay' - a, bt
' ' x2 2
0 0 ay ay, | . |=| .
0 0 '
X b'
0 0 0O - a'M" "

nn

Solve from the last line to upper lines, giving all x;

Note: Converting A to a band or triangle matrix enables solve the equation very easy



Row reduction method &=HL %)

Similar to the Gauss elimination method, but eliminates all non-diagonal terms

a, 0 o --- 0 '
Xy b,
0O a, 0 - 0 '
Xy b,
0 0 ay' 0 =
: 0 0 : :
xn bn'
0 0 o - a'

Obtain the solution by x;=b,"/ a;;’

Important: Regular matrix can be converted to triangle / band matrixes
(EBIATHE, ELEITHICRHEBMT=ZATIOFTIICHBETED)
= > ex. LU decomposition (LUS&): A = LU
L: Left-lower triangle, U: Right-upper triangle matrix

Solution of linear simul. eqs. : LU decomposition

1. Convert AX=B to LUX=BbyA=LU
2. Solve LY = B to obtain Y
3. Solve UX = Y to obtain X



Diagonalization of real symmetric matrix:

Jacobi method (vat )
Diagonalization of 4= (a“ alzJ
d, dyp

=> can be done by conversion U'AU with an orthogonal matrix (E3%1751) U
cosf —sind
U=| .
sind cos@
. cosf sinf\ a, a,)\cosfd —sind
U AU =| . :
—sin@ cosf \a,, a,, \sinf cosf
B ( a, cos’ @+ 2a, cos@sin@+a,, sin’ O (—-a,, +a,,)cos@sin @ +a,,(cos” € —sin’ 9)]

(—a,, +a,,)cos@sin @ +a,,(cos’ & —sin’ O) a, sin’ @ —2a,, cos@sin O +a,, cos’ §

(—a,, + a,,)cos @sin 0 + a,, (cos® @ —sin® 0) =1/ 2[(—a,, + a,,)sin 260 + a,, c0s 20]=0

O=r/4 a,, =a,,
0=(/2)tan" 2a, N(a,, —ay)) @, #ay,



Jacobi method

/ a1
1. Choose the largest absolute value d12
non-diagonal element 4;; in A= a.13
\am
I 0
0 1
: cosé —sin @
2. Converting by A’=UTAU with v =|: 1
: sin & cos @
0 0

3. Choose the largest absolute value element 4;;° and repeat 2

iz Qag3
dpo QA3
a3 A33
Aon

will give ;> =0

=> The square sum of non-diagonal elements is reduce by a factor of Zavij2

=> finite iterations will complete the diagonalization
But it is hard to estimate the number of iterations required,
and Jacobi method is not efficient for a large-size materix



Diagonalization of large-size matrix

Householder method

1.

Convert a symmetric matrix A to a triple diagonal matrix (ZExt&1751) D
using an orthogonal matrix (Ex175l) U
Note: eigen values of UTAU are equal to those of A

2. Solve eigen values of D by bisection method

QR method

1. Regular nxn matrix 4 is decomposed to A = QR (QR%fi#) using a regular
orthogonal matrix Q and a right-upper matrix with positive diagonal
elements R.

2. QR-decompose A,: A, = O, R,

3. ConvertA, to A,., = 0,'4,0,= R0, (similar transformation, 8% #f2)

4. Repeating 2 and 3 will converge A, to a right-upper triangle matrix 4,

=> Solve eigen values of 4,
If A is a symmetric matrix, A, will be a diagonal matrix.



Linear algebra libraries
(BRI EAZ-THFHES1T31))

Fortran, C, C++, etc
LAPACK (Linear Algebra PACKage)
ScalLAPACK (Scalable LAPACK)

Intel Math Kernel Library (MKL)
One API: https://www.intel.com/content/www/us/en/developer/tools/oneapi/overview.html

Python: numpy.linalg, scipy.linalg

matrix.py

Product of matrixes AB :C =A@B
Inner product V1:V2 c:inner =numpy.dot(VI1, V2)

inner = numpy.inner(V1, V2)
Outer product V1 xV2:V3 = numpy.cross(V1, V2)
Inverse matrix : Ai = numpy.linalg.inv(A)
Determinant : det = numpy.linalg.det(A)
Eigen values/vectors : 1A, vVA = numpy.linalg.eig(A)
Solve simul. linear eqs. @ AX=B :X = numpy.linalg.solve(A, B)
LU decomposition : P, L, U =numpy.linalg.lu(A)
Cholesky decomposition A=LL' :L = numpy.linalg.cholesky(A)

QR decomposition A=QR :Q,R =scypy.linalg.qr(A)



numpy.ndarray COITIHIFTEHE
- numpy.ndarray 2! TIXEZEDITIEFE A AT EE,
L/?f)\L/s /“ﬁ% F*E]ZI&‘:/:' o

s BALRITDITH - RIRILDF-E
+, - BEFEED

 ITH  RORIILEDTE
@WEEFZEFED

1RFTEEH (RTFIL) BKABBRITEE
val= E] FEARTRIL)  val =[1,2] BRI

- RIRVRIEDETIE, MENIRILE EATRIL[1 2]Z2REAIL7ELY:
val @ va2 CTRRIEETE




ZDHDITIIE
N¥E val @ val

np.inner(val, va2)
np.dot(val, va2) HNbZTHEND
AN

np.cross(val, va2)
Outer product np.outer(val, va2) # S ETIIL BRI EDTE

#1751 np.linalg.inv(ma)
1751z np.linalg.det(ma)
Bl 5 fE np.linalg.eigvals(ma)
# BNERBOGSFERTEERIITROTLS
— GBI A2 ma @ X =val DEE X = solve(ma, val)




Hiickeldr{ElZ{%5: benzene.py
C2pDIRILF—HfL% 6, =0,

TR REDIGH: ROEVDEBFELL

HIBFEDE By, = |

ELT=EED

NSIILZTUoERAIELT
IRIILFT—EGFETETES

H = np.array([[

IHIIOIIOIIUOIIHI o

9

S OO = O =

9

SO = O = O

9

S - O = O O

9

— O~ O OO

9

Iol IHI IOI |O| Iol IHI

\»

IR F—HERLE

3

Energy (eV)

"

>t
gk
(410}

ReZ3 FE (Density of states)

VAV YAYE

T T T T T T T T T
0.00 025 050 075 100 1.25 1.50 1.75 2.00
Dos




Applications
s FE




— A& EEIZE R (general coordinate system)

E3ZEHEZR (Orthogonal) — A& EEHE/JEIE RZ % (Non-Cartesian)
THILEELE R (Cartesian)

/
______________ 2% P r—xg,1a1+xg,2a2

/

e
2 a,
€1 a; X,
IEFRE3Z R (orthonormal system) — A& EEFZE R (general coordinate system)
e,--ej=5l-j ai-aj¢5ij
le;| =1

e;, a;: EEAIRIL (base vecor)



Cartesian — general coord. Conversion
(EX R — —REEREHE)

F=Xe 80T X €= Xg 14T Xy 0@

Xe1=Xg1 Q1 €1 TX;5 Ay €1
Xeo=Xg1 Q1 * €2 TX;5 Ay * €2

Itay; =ayeq+ape; (al) _
a; =ay e +ae; a,/
are given,

X.1=Xg1011 + Xg2021 (Xc1
Xen=Xg 1012 T Xg 2022 Xc 2

(a11
a1

(a11
ai2

ai2
a22

a1
a22

€1

32)
Xg’l
Xg’z

)



Fractional coordinates in crystal
(FEmDNERERR)

Lattice parameters: a,b,c (= a4, a,, az), a, B,y(= ay3, a13, A12)
Lattice vectors: a4, a,, a3 = a,b,c

F=Xe@yt Xty T X33 = X €11 X €, T X 383
(X15 X7, X73): Fractional coordinate (&R 77 EEAR
Internal coordinate (P ERRELE)

la;| = a

a;-a; = a;a;cosa;; (I #j)
a, ai1 A12 413\ /€1
A; | =(a21 dzz d4z3 || €2
as az1 Az 0433/ \€3

Fractional coordinate to Cartesian coordinate

Xc1 Q11 Q1 Azq\ /Xf1
Xe2 | =| Q12 Q2 Qzz || Xf2

Xc3 ai3 0dz3 A33/ \Xf3



Conversion matrix

aq a1 Q12 A13\ /€1
Ay | = Qz1 Q2 A3 ]| €2
as dz1 dzz dz3z/ \€3
la;| = q; a,b,c (=ay,a, az)
a; - a; =cosqa;; (i #j) a, B,y (= az3, A13, A12)

tkerystalbase.cal lattice vectors()

a a 0 0 o
a1 b cosy bsiny 0 el
2| = COSa — COS 5 COS Y 2
as ccosf c : 33 | \€3
siny

_ 2 2 _ 2
a33—\/c aszi as»



Lattice properties
Unit cell volume
V=a: (az X a3) tkcrystalbase.cal volume ()

Distance r,;=r, — r, tkcrystalbase distance2() / .distance()
2 2
T = |Tl® = 0 Z =0 Qi * Aj Xy i Xk, j Zi,j GijXkl,iXkl,j
gij = al a;: Metric tensor (R’FET> VL)

tkcrystalbase.cal metrics()

Reciprocal lattice vectors i rystalbase.cal reciprocal lattice vectors()
a*1 = ay X a3/V
a*z = a3z X al/V
a*3 = aq X az/V
Reciprocal vector at (i k [)
thl = ha*1 + ka*z + la*3
Lattice space
dpa* = 1Gpial® = X0 X0 @i - a"jhh; = ¥ Rgijhihy

Bragg angle h k,l (= hq, hy, hsy)
2dhkl sinf = A Rgu — a*i . a*].



Inter-atomic distances
python crystal distance.py NaCl

Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0) A
ay: (2.546e-10,  5.62, 0) A
az: ( 2.546e-10, 0, 5.62)A

Metric tensor:

gij: (- 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20)A
(1.431e-09, 6.48e-20, 31.58)A

Volume: 177.5 A™3

Unit cell volume: 177.5 A"3

Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]

Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A"-1

Ray: ( 0, 0.1779, 0) A*-1

Raz: ( 0, 0, 0.1779) A"-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422¢-12, -1.422¢-12) A"-1
(-1.422e-12, 0.03166, 6.382¢-23) A™-1
(-1.422e-12, 6.382¢-23, 0.03166) A™-1

Reciprocal unit cell volume:  0.005634 A™-3

nmax: 111

Interatomic distances:
Cl1 ( 0.5, 0, 0)-Na4 (0.5, 0.5, 0)+(0,-1, 0):dis= 281 A
(cut)
Na4 (0.5, 0.5, 0) - Nal ( 0, 0, 0)+(0, 1, 0):dis= 3.974A
Na4 (0.5, 0.5, 0)-Na2 ( 0, 0.5, 05+(1,0,-1):dis= 3974A
Na4 (0.5, 0.5, 0) - Nal ( 0, 0, 0)+(1, 0, 0):dis= 3.974A



Fractional — Cartesian conversion

python crystal draw cell.py Rhombohedral cell
and reciprocal unit cell




Bragg angles NaCl
python crystal xrd.py

Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0) A
ay: (2.546e-10,  5.62, 0) A
az: ( 2.546e-10, 0, 5.62)A

Metric tensor:
gij: (- 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20) A
(1.431e-09, 6.48e-20, 31.58)A
Volume: 177.5 A™3
Unit cell volume: 177.5 A"3
Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]
Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A"-1

Ray: ( 0, 0.1779, 0) A*-1

Raz: ( 0, 0, 0.1779) A"-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422¢-12, -1.422¢-12) A"-1
(-1.422e-12, 0.03166, 6.382¢-23) A™-1
(-1.422e-12, 6.382¢-23, 0.03166) A™-1

Reciprocal unit cell volume:  0.005634 A™-3
hkl range: 77 7

Diffraction angle, d, h, k, :

2Q= 15.75 d= 562 (-1 0 0)
2Q= 15.75 d= 562 (0 -1 0)
(cut)

2Q= 2235 d= 397394 (-1 -1 0)
2Q= 2235 d= 397394 (-1 0 -1)
2Q= 2235 d= 397394 (1 0 1)
¥



Madelung potential

Sum of Coulomb potential in 3D is very slowly converging
Potential is proportional to 7!
Polarization potential due to +/- ions is to r
Number of ions on the sphere surface at radius r is to 72

=> Contribution of ions from a surface region at r
to Coulomb sum 1s almost constant, independent of »

/ Z.Z jez 1 Crystal structure A;
U,-,-(’”,-,-)= 1 +UR,-J-(7’Z-,-) Rock salt type(NaCl) 1. 7476
&y 1y CsCl type (CsCl) 1. 7627

2 2

1 /e Zinc blend (CuCl) 1. 6380
UZEZUiJ =—A4,N, dre R +Up Wurzite (Zno) 1. 6413

=] 0 Cu0 type 4.116

i i Fluorite type (CaFy) 2.520

AM - —  Madelung constant

2951, /R

1



Madelung potential: Simple sum
python crystal MP_ simple.py

Coulomb sum in sphere with the radius r

60 1

| |

b
o 204 “
c
@
o

il qﬂ i /N r IR

Electrostatic potential / eV
o
-
L
—

—iB0 4

T T T T T T
0 20 40 60 80 100
r/ angstrom

Rock salt type =




Efficient Coulomb sum: Evjen method

Sum up Coulomb potential in jw /M e
units with zero net charge : /s - : i
! |
1 A7 N 2 | | dia
Ion charges: Z, I i :
/blf’-a-:-.._-._/_/@_k_.:_“___ /2.
On boundary plane :1/2Z EA AR
On boundary edge : 1/4Z - E:IM_""[;M““ 4
R il BB -1
On boundary corner : 1/8Z. p - 7

Fig. 1. Elementary cell of the NaCl-type.

Madelung constant of Rock salt type structure

| = o+ |
A — . 1 n, ny n,
w==> 2 —
nx ,i’ly 7nz :—OO,-_/—'(O,O,O) nx + ny + nZ

AM=6><1><L—12><1>< 1 —|—8><1>< 1 =1.456

2 W1 4 J1+1 8 J1+1+1




Madelung potential: Evjen method
Usage: python crystal MP_Evjen.py n

cell

n,; MP Madelung constant
1 -8.9766 1.7517691
2 -8.95586 1.7477211
3 -8.95521 1.7475955
4 -8.9511 1.7475744
S -8.95508 1.7475686
6 -8.95507 1.7475665
3 -8.95506 1.7475652
10 -8.95506 1.7475648

Exact (F5HE{E) 1.74756

Rock salt type



3D sum of Coulomb potential: Ewald method

Periodic calculation can be enhanced by FT?
Periodic positions of charge
=> converted to the origin of FT data

But the charges are point charges
=> converted to infinite in FT space

=> (Calculate for charges with finite width
FEAY DHHEFDEHAERIIELTEET H)

A A




3D sum of Coulomb potential: Ewald method

The finite width charge distributions are converted by FT

=> Take faster calculation parts in the real space and the reciprocal space
WM S-BRIOT7—)IEMEF AL RERMMEFEZRAMDIAEDRENENZELESD

bi=KeZ Y L (Ko=) l L
=4 1] T
J

! = K., 2 z erfc(a|rij|)
7 7351

YA 1 T[zlthllz
ol = K. — E —
' ¢ VvV |thl|2 eXp C(Z \/ ‘
hk,Ll

X {cos(2mGpy; - ;)X Z cos(2mGpy - r]) + sin(2nGpy - ;) X5 Zj sm(Znthl r])}

thl ri = hxl- + kyl + lZi

2a/;
1 _ _ i _ ol 11 I11
D; —Kclﬁ (IDi—CI)i+CI)i—CI)i




Madelung potential: Ewald method

Usage: python crystal MP Ewald.py alpha prec

Alpha  Precision
0.3 10-3
0.3 10-°
0.3 1077
0.2 103
0.6 103
0.8 103
0.2 10-10
0.4 10-10
0.5 10-10
0.6 10-10
Exact (fFE(E)

Rock salt type

MP Madelung constant

-8.95558
-8.95506
-8.95506
-8.95506
-8.95607
-8.95584
-8.95506
-8.95506
-8.95506
-8.95506

1.7476663
1.7475646
1.7475646
1.7475646
1.7477629
1.747718
1.7475646
1.7475646
1.7475646
1.7475646
1.74756

Range Time (s)
10.1/222 0.063 /222 0.016/0  /0.016
11.9/333 0.105 /222 0.031/0  /0.031
13.6/333 0.147 /333 0.047/0  /0.047
15.2/333 0.028 /111 0.042/0  /0.042
5.1/111 0.25 /333 0 /0.016/0.016
3.8/111 0.45 /444 0 /0.016/0.016
24.3/555 0.093/222 0.16/0 /0.16
12.1/333 0.373/444 0.036/0.016/0.052
9.7/222 0.58 /555 0.016/0.016/0.031
8.1/222 0.84 /666 0.016/0.031/0.047

Range Rmax [A]/nxmax ymaxnzmax Gmax [A 1]/hmakaax max
Time: Real space sum / Reciprocal space sum / Total [s]



Comparison: Evjen method

Rock salt type
X ny nz r m
0O 0 1 1 6
0o 1 1 14142 12
1 1 1 1.7321 8
X nhy nz r m
O 0 1 1 6
0 1 1 14142 12
1 1 1 17321 8
0O 0 2 2 6
0 1 2 22361 24
0 2 2 28284 12
1 1 2 24495 24
1 2 2 3 24
2 2 2 34641 8

YA

-1
1

-1

‘4ﬂ4 ES

S(mZ/r)
-6
8.48528
-46188

-2.13

S(mZ/r)
-6
8.48528
-46188
3
-10.733
424264
9.79796
-8
2.3094
-1.92

1
2

oo

nx,ny,nz=—00,¢(0,0,0)

.F

0.5
0.25
0.13

0.5
0.25
0.5
0.25
0.13

S(mZf/r)
-3

212132034

-0.5773503

—-1.456

S(mZf/r)
)
8.48528137
-4.6188022
1.5
-5.3665631
1.06066017
4.89897949
-2
0.28867513

-1.7518

n

WNMNN =22 200 0O0ON—= 000 —=00X

=

WWNWN=2WN=ONMNN=2N—=20O =K

(_1)nx+ny+nz

>

WWWWWWWWWWNNNMNNNDN == =N

1
1.4142
1.7321

2.2361
2.8284
2.4495

3.4641

3.1623
3.6056
4.2426
3.3166
3.7417
4.3589
4.1231
4.6904
5.1962

m

6
12

8

6
24
12
24
24

8

6
24
24
12
24
48
24
24
24

8

1

\/nxz +ny,% +n,?

Z S(mZ/r)

-1

-6
8.48528
-4.6188

3
-10.733
4.24264
9.79796

-8

2.3094

-2
7.58947
-6.6564
2.82843
-7.2363
12.8285

-5.506
-5.8209
5.11682
-1.5396

-1.91

f

— o ) ek et ) )

o
oo =

0.5
0.25
0.5
0.5
0.25
0.5
0.25
0.13

S(mZf/r)
-6
8.485281374
-4.61880215
3
-10.7331263
4242640687
9.797958971
-8
2.309401077
-1
3.794733192
-3.32820118
0.707106781
-3.61813613
6.414269806
-1.3764944
-2.9104275
1.279204298
-0.19245009

—-1.7470

Exact value = 1.7476



A: Smearing functions

wi,=1eV




A: Methfessel Paxton function

M. Methfessel and A.T. Paxton, High-precision sampling
for Brillouin-zone integration in metals, Phys. Rev. B 40 (1989) 3616

Expand the delta function with Hermitian polynomials

w-faniinds) A

n= ON
ZA H 2n exp( )
Dy (x) 1s a (2N+1)-order polynomial,

orthogonal to a 2V or less order pzolyélomial

Approximation of the Step Function

S (x)=1- j D, (r)d1
o( )= (1/2)(1—erf (x))




Hermitian polynomial
(;—; — Zx —t Zn) H,(x)=0 solution of a problem

int(n/2)

H, (x) =n! (D"

m!(n —2m)!
m=0

Hy(x) =1,H{(x) = 2x
Hp(x) = 2xHp_41(x) —2(n — 1)H,,_5(x)
H,'(x) = 2nH,,_1(x) = 2xH,(x) — Hyp11(x)

(Zx)n—Zm

H_ (x)exp(-x?/2) is an orthonormal basis
J5 Hy () Hy () exp(—x2) dx = 8 2"/TEN!

Wavefunction of harmonic oscillator model:
¥, (x) = (2"/mTn)Y2H, (x) exp(—x?/2)



A: Characteristics of Methfessel Paxton Functions

1.

If the band structure and DOS can be approximated by
polynomials of the 2/N-th order or less, smearing with
an N-th-order MP function will not produce an integration error.

In the case of a simple band structure or DOS, integration error
will be zero even if the SMEAR width is quite large.

~—

When the band structure is complex (e.g., —
d-system), the optimal SMEAR width is N
comparable to Gaussian

SMEAR =1

The actual smearing width w,, depends
on the value of the order Vand SMEAR
width.

Win

Negative values or values over 1.0 for
occupancy




A: Smearing of density of states D(E)*f ((E)
D(E)=D,,(E, —E)"” + D.,(E - E.)"* *(1+rand[-0.5,0.5])
Smearing: D(E) * f;(E) = [ D(E")f;(E' — E)dE’

Methfessel Paxton Order 2

with w=0.2 eV
Methfessel Paxton Order 10
6 Methfessel Paxton Order 5

Methfessel Paxton Order 1

AN ; |-

7zw1+(x/w)
G(x)=(1/2w)" exp( x/wz)
)=

f exp(x/ w) (1+exp(x/ w))2
—AD(E)=D,(E)+D_(E)
~

93—2 10 1 2 3 4
Energy (eV)
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