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New function: Google NotebookLM
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New function: Google NotebookLM
URL may change: Please access from the CMS web page

NotebookLM only allows a single output language to be 
set for all notebooks, so the output language may vary 
between English and Japanese depending on the 
situation.





Class Schedule

#01 June 10 (Tue) Kamiya (Fundamentals of computer, Sources of errors (コンピュータの基礎、誤差)) 
#02 June 13 (Fri) Kamiya (Numerical differentiation/integration (数値微分/積分))
#03 June 17 (Tue) Kamiya (Differential equation  (微分方程式), Molecular dynamics (分子動力学法), 

Interpolation (補間), Smoothing (平滑化))
#04 June 20 (Fri) Kamiya (Smoothing (平滑化), Linear least-squares method (線形最小二乗法),  

Numerical solutions of equations  (方程式の数値解法))
#05 June 24 (Tue) Canceled
#06 June 27 (Fri)  Kamiya (Numerical solutions of equations (方程式の数値解法), Nonlinear optimization (非線形最適化))
#07 July 1   (Tue) Kamiya (Fourier transformation (フーリエ変換), Matrix (行列), Applications（応用）)
#08 July 4   (Fri) Sasagawa (Review of quantum theory 1: 量子論おさらい1)
#09 July 8   (Tue) Sasagawa (Review of quantum theory 2: 量子論おさらい2)
#10 July 11 (Fri) Sasagawa (First principles calculations: basics 1 第一原理計算：基礎1)
#11 July 15 (Tue) Sasagawa (First principles calculations: basics 2 第一原理計算：基礎2)
#12 July 18 (Fri) Sasagawa (First principles calc.: applications 1 第一原理計算：応用1)
#13 July 22 (Tue) Sasagawa (First principles calc.: applications 2 第一原理計算：応用2)
#14 July 25 (Fri) Sasagawa (Classical and Quantum Computers 古典および量子コンピュータ)

Lecture materials (Kamiya’s part): http://d2mate.mdxes.iir.isct.ac.jp/D2MatE/D2MatE_programs.html?page=cms



Explanation of the answers
課題解答の解説 



PROBLEM, June 20

PROBLEM:
Smoothen the data DOS(E) in dos.xlsx  
by simple average method and polynomial fit method.

Add them and plot the raw DOS(E) and the smoothed data in an Excel file.

You can choose smoothing parameters as you like, but explicitly descrive 
them.
Submit the excel file.

See dos_smoothing_answer.xlsx



Smoothing
Simple moving average (2m+1 points)

𝑦𝑦𝑖𝑖,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 1
2𝑚𝑚+1

∑𝑗𝑗=𝑖𝑖−𝑚𝑚𝑖𝑖+𝑚𝑚 𝑦𝑦𝑗𝑗 = ∑𝑗𝑗=𝑖𝑖−𝑚𝑚𝑖𝑖+𝑚𝑚 𝑤𝑤𝑗𝑗𝑦𝑦𝑗𝑗

i-i0 1p simple avg 7p 9p

-5 0 0 0
-4 0 0 1
-3 0 1 1
-2 0 1 1
-1 0 1 1
0 1 1 1
1 0 1 1
2 0 1 1
3 0 1 1
4 0 0 1
5 0 0 0

W 1 7 9

0

1

2

-10 -5 0 5 10

Weights of simple moving average

1p simple avg 7p 9p

Weight 𝒘𝒘𝒋𝒋/𝑾𝑾


Sheet1

		i-i0		1p simple avg		7p		9p

		-5		0		0		0

		-4		0		0		1

		-3		0		1		1

		-2		0		1		1

		-1		0		1		1

		0		1		1		1

		1		0		1		1

		2		0		1		1

		3		0		1		1

		4		0		0		1

		5		0		0		0

		W		1		7		9



Weights of simple moving average



1p simple avg	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	0	0	0	1	0	0	0	0	0	7p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	1	1	1	1	1	1	1	0	0	9p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	1	1	1	1	1	1	1	1	1	0	











Order 2 and 3 polynomial fit using (2m+1) points
𝑤𝑤23(𝑗𝑗) = 3𝑚𝑚(𝑚𝑚 + 1) − 1 − 5𝑗𝑗2 j = -m, ･･･, -1, 0, 1, ･･･, m
𝑊𝑊23 = (4𝑚𝑚2 − 1)(2𝑚𝑚 + 3)/3 

𝑦𝑦𝑖𝑖,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 1
𝑊𝑊23

∑𝑗𝑗=𝑖𝑖−𝑚𝑚𝑖𝑖+𝑚𝑚 𝑤𝑤23(𝑗𝑗)𝑦𝑦𝑗𝑗

i-i0
3p order 3
polynomial

5p 7p

-5 0 0 0
-4 0 0 0
-3 0 0 -10
-2 0 -3 15
-1 0 12 30
0 5 17 35
1 0 12 30
2 0 -3 15
3 0 0 -10
4 0 0 0
5 0 0 0

W 5 35 105
0

10

20

30

40

50

-6 -4 -2 0 2 4 6

Weights of polynomial fit smoothing

3p order 3 polynomial 5p 7p

Weight w23(j)/W

Smoothing


Sheet1

		i-i0		3p order 3 polynomial		5p		7p

		-5		0		0		0

		-4		0		0		0

		-3		0		0		-10

		-2		0		-3		15

		-1		0		12		30

		0		5		17		35

		1		0		12		30

		2		0		-3		15

		3		0		0		-10

		4		0		0		0

		5		0		0		0

		W		5		35		105

				1		2		3



Weights of polynomial fit smoothing



3p order 3 polynomial	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	0	0	0	5	0	0	0	0	0	5p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	0	-3	12	17	12	-3	0	0	0	7p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	-10	15	30	35	30	15	-10	0	0	











A smart answer by student
Use Excel matrix functions:

mmult(range1, range2): 
Multiply matrixes (vectors) given in the ranges range1 and range2

transpose(range1)
Transpose the matrix (vector) given in the range1

See “7p(transpose+mmult)” column in dos_smoothing_answer.xlsx



PROBLEM, June 27

PROBLEM:
Solve 5cos(x) – x = 0.
(i) Plot the functions y = 5cos(x) and y = x in the range x = 0 – 3, find an initial x for 

Newton-Raphson method.
(ii) Solve 5cos(x) – x = 0 by Newton-Raphshon method at least with four significant digits.

(iii) Mandatory: Tell your opinions or suggestions for improvements regarding 
how the lectures are conducted, 
particularly in relation to the use of AI tools like NotebookLM.

(iv) Optional: Propose if you have any other numerical analysis you want to learn in 
Computational Materials Science

(v) Optional: Propose if you have any python program (should be simple) you want to 
learn

• Submit electronic file(s) via LMS in 2 days  
(If LMS doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)



How to solve equations?

More sophisticated algorithms
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Newton-Raphson method
Solve f(x) = 0

y = f(x)Start from initial guess: x0

x0+dx is supposed to be a solution
f(x0+dx) = f(x0) + dx f’(x0) ~ 0

=> x1 = x0 + dx = x0 – f(x0) / f’(x0)

Stabilize convergence:
xk+1 = xk – f(xk) / f’ (xk) / (1 + λ)
λ: Dumping Factor

x0

f’(x0)

x1 = 
x0 – f(x0) / f’(x0)

f(x0)



Usage: python equation-newton-raphson.py x0 dump tsleep

f(x) = exp(x) – 3.0x

Program: equation-newton-Raphson.py

python equation-newton-raphson.py -0.5 0 python equation-newton-raphson.py -0.5 3
xk+1 = xk – f(xk) / f’ (xk) / (1 + λ)

λ: Dumping Factor



Newton-Raphson method / Secant method
Solve f(x) = 0
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y = f(x)

x0

f ’(x0)

x1

f(x0)

f(x1)

x2

Start from initial guess: x0
repeat: x1 = x0 + dx = x0 – f(x0) / f’(x0)

• f’(x0) can be analytical calculated for some 
cases

• f’(x0) is more often approximated by finite 
difference
𝒇𝒇(𝒙𝒙𝟎𝟎+𝒉𝒉)−𝒇𝒇(𝒙𝒙𝟎𝟎−𝒉𝒉)

𝟐𝟐𝟐𝟐
 

• f’(x0) can be approximated using already-
calculated values
𝒇𝒇(𝒙𝒙𝟏𝟏)−𝒇𝒇(𝒙𝒙𝟎𝟎)

𝒙𝒙𝟏𝟏−𝒙𝒙𝟎𝟎
 Secant method (割線法)

Secant method 
(割線法)

N-R method



1.E-12

1.E-11

1.E-10

1.E-09

1.E-08

1.E-07

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

1.E+00
1 6 11 16

NR(df=0)
NR(df=0.1)
NR(df=1)
NR(数値微分)
セカント

二分法
1.E-07

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

1.E+00
1 2 3 4 5

NR(df=0)
NR(df=0.1)
NR(df=1)
NR(数値微分)
セカント

二分法

f(x) = exp(x) – 3x = 0 (initial x = 0) Exact 0.619061

Effect of dumping factor: Convergence process

iteration iteration

dx

NR: Newton-Raphson method
df: Dumping Factor

(numerical diff.)

(num. diff.)Secant
Bisection Secant

Bisection

xk+1 = xk – f(xk) / (f’ (xk) + λ)
λ: Dumping Factor


Graph2



NR(df=0)	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	0.5	0.110059654958962	8.9371247825779394E-3	6.4503613773092005E-5	3.3806324472262199E-9	-1.9429600019948301E-16	NR(df=0.1)	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	0.476190476190476	0.121711173055605	1.9188893471322101E-2	1.8097487692582499E-3	1.4802493721756399E-4	1.19265838440254E-5	9.5974663548740899E-7	7.7224219856921095E-8	6.21365241490959E-9	4.9996566923710096E-10	4.0228535713285003E-11	NR(df=1)	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	0.33333333333333298	0.15190228554947999	7.10818723924794E-2	3.3374530838634099E-2	1.5641154898996101E-2	7.3163764813321203E-3	3.4183756355303501E-3	1.5961748526990499E-3	7.4509558101794001E-4	3.4776175200528398E-4	1.6230150159612399E-4	7.5744239554254294E-5	3.5348443579675603E-5	1.6496355207025502E-5	7.6984680163655592E-6	3.5926918600510702E-6	1.67662264164844E-6	7.8243909449115603E-7	3.65145279621982E-7	1.7040440184918599E-7	7.9523578156546402E-8	3.7111713724439301E-8	1.7319131259428199E-8	8.0824160016566702E-9	3.7718663165362398E-9	1.76023798493846E-9	8.2146009653251295E-10	3.8335544398923801E-10	1.78902585357646E-10	8.3489406797263203E-11	NR(数値微分)	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	0.50041722290925195	0.109922242680428	8.6842278586167793E-3	3.76942749687479E-5	-1.0126173261216901E-7	2.7515745251436801E-10	-7.4734464481910002E-13	セカント	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	0.41327039583765901	8.0256182340034399E-2	2.3629242245684801E-2	1.8671380309218399E-3	3.8269070582707501E-5	5.9209218657600799E-8	1.8438689503294498E-12	二分法	0	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	31	0.5	0.5	0.25	0.125	6.25E-2	3.125E-2	1.5625E-2	7.8125E-3	3.90625E-3	1.953125E-3	9.765625E-4	4.8828125E-4	2.44140625E-4	1.220703125E-4	6.103515625E-5	3.0517578125E-5	1.5258789063055112E-5	7.6293945320271561E-6	3.8146972660690892E-6	1.9073486330345446E-6	9.5367431596216079E-7	4.768371579810804E-7	2.384185789905402E-7	1.1920928999487046E-7	5.960464499743523E-8	2.9802321943606103E-8	1.4901160971803051E-8	7.4505809299907355E-9	3.7252909645957288E-9	1.8626450382086546E-9	9.3132301870468837E-10	4.6566106526313433E-10	





Sheet1

				NR(df=0)		NR(df=0.1)		NR(df=1)		NR(数値微分) スウチ ビブン		セカント

		1		0.5		0.4761904762		0.3333333333		0.5004172229		0.4132703958

		2		0.110059655		0.1217111731		0.1519022855		0.1099222427		0.0802561823

		3		0.0089371248		0.0191888935		0.0710818724		0.0086842279		0.0236292422

		4		6.45E-05		0.0018097488		0.0333745308		3.77E-05		0.001867138

		5		3.38E-09		0.0001480249		0.0156411549		-1.01E-07		3.83E-05

		6		-1.94E-16		1.19E-05		0.0073163765		2.75E-10		5.92E-08

		7				9.60E-07		0.0034183756		-7.47E-13		1.84E-12

		8				7.72E-08		0.0015961749

		9				6.21E-09		0.0007450956

		10				5.00E-10		0.0003477618

		11				4.02E-11		0.0001623015

		12						7.57E-05

		13						3.53E-05

		14						1.65E-05

		15						7.70E-06

		16						3.59E-06

		17						1.68E-06

		18						7.82E-07

		19						3.65E-07

		20						1.70E-07

		21						7.95E-08

		22						3.71E-08

		23						1.73E-08

		24						8.08E-09

		25						3.77E-09

		26						1.76E-09

		27						8.21E-10

		28						3.83E-10

		29						1.79E-10

		30						8.35E-11

		二分法

				x0		x1/2		x1		二分法 ニブンホウ

		0		0.5				1.00E+00		5.00E-01

		1		0.5		0.75		1		5.00E-01		: f=-0.132999983387325

		2		0.5		0.625		0.75		2.50E-01		: f=-0.00675404256777767

		3		0.5		0.5625		0.625		1.25E-01		: f=0.0675546569602985

		4		0.5625		0.59375		0.625		6.25E-02		: f=0.0295160721193872

		5		0.59375		0.609375		0.625		3.13E-02		: f=0.0111564885417808

		6		0.609375		0.6171875		0.625		1.56E-02		: f=0.00214465204643433

		7		0.6171875		0.62109375		0.625		7.81E-03		: f=-0.00231889329475243

		8		0.6171875		0.619140625		0.62109375		3.91E-03		: f=-9.06632034327615e-005

		9		0.6171875		0.6181640625		0.619140625		1.95E-03		: f=0.00102610964135863

		10		0.6181640625		0.6186523438		0.619140625		9.77E-04		: f=0.00046750191590883

		11		0.6186523438		0.6188964844		0.619140625		4.88E-04		: f=0.000188364016966425

		12		0.6188964844		0.6190185547		0.619140625		2.44E-04		: f=4.88365702602245e-005

		13		0.6190185547		0.6190795898		0.619140625		1.22E-04		: f=-2.09167759241957e-005

		14		0.6190185547		0.6190490723		0.6190795898		6.10E-05		: f=1.39590323600114e-005

		15		0.6190490723		0.6190643311		0.6190795898		3.05E-05		: f=-3.47908798747909e-006

		16		0.6190490723		0.6190567017		0.6190643311		1.53E-05		: f=5.23991813539126e-006

		17		0.6190567017		0.6190605164		0.6190643311		7.63E-06		: f=8.80401561209609e-007

		18		0.6190605164		0.6190624237		0.6190643311		3.81E-06		: f=-1.29934659121034e-006

		19		0.6190605164		0.61906147		0.6190624237		1.91E-06		: f=-2.09473359547019e-007

		20		0.6190605164		0.6190609932		0.61906147		9.54E-07		: f=3.35463889777898e-007

		21		0.6190609932		0.6190612316		0.61906147		4.77E-07		: f=6.29952121578015e-008

		22		0.6190612316		0.6190613508		0.61906147		2.38E-07		: f=-7.32390867952404e-008

		23		0.6190612316		0.6190612912		0.6190613508		1.19E-07		: f=-5.12194064938853e-009

		24		0.6190612316		0.6190612614		0.6190612912		5.96E-08		: f=2.89366350880726e-008

		25		0.6190612614		0.6190612763		0.6190612912		2.98E-08		: f=1.19073468862752e-008

		26		0.6190612763		0.6190612838		0.6190612912		1.49E-08		: f=3.39270322946561e-009

		27		0.6190612838		0.6190612875		0.6190612912		7.45E-09		: f=-8.64618820983765e-010

		28		0.6190612838		0.6190612856		0.6190612875		3.73E-09		: f=1.26404220424092e-009

		29		0.6190612856		0.6190612866		0.6190612875		1.86E-09		: f=1.99711802650882e-010

		30		0.6190612866		0.619061287		0.6190612875		9.31E-10		: f=-3.32453398144139e-010

		31		0.6190612866		0.6190612868		0.619061287		4.66E-10		: f=-6.63709087689313e-011
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		5		0.59375		0.609375		0.625		3.13E-02		: f=0.0111564885417808

		6		0.609375		0.6171875		0.625		1.56E-02		: f=0.00214465204643433

		7		0.6171875		0.62109375		0.625		7.81E-03		: f=-0.00231889329475243

		8		0.6171875		0.619140625		0.62109375		3.91E-03		: f=-9.06632034327615e-005

		9		0.6171875		0.6181640625		0.619140625		1.95E-03		: f=0.00102610964135863

		10		0.6181640625		0.6186523438		0.619140625		9.77E-04		: f=0.00046750191590883

		11		0.6186523438		0.6188964844		0.619140625		4.88E-04		: f=0.000188364016966425

		12		0.6188964844		0.6190185547		0.619140625		2.44E-04		: f=4.88365702602245e-005

		13		0.6190185547		0.6190795898		0.619140625		1.22E-04		: f=-2.09167759241957e-005

		14		0.6190185547		0.6190490723		0.6190795898		6.10E-05		: f=1.39590323600114e-005

		15		0.6190490723		0.6190643311		0.6190795898		3.05E-05		: f=-3.47908798747909e-006

		16		0.6190490723		0.6190567017		0.6190643311		1.53E-05		: f=5.23991813539126e-006

		17		0.6190567017		0.6190605164		0.6190643311		7.63E-06		: f=8.80401561209609e-007

		18		0.6190605164		0.6190624237		0.6190643311		3.81E-06		: f=-1.29934659121034e-006
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Case Newton method succeeds
f(x) = tan-1(10x)

initial x = 0.1

x
f(
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i x f (x) df/dx dx
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2 0.011686 0.11633 9.86527 -0.0118
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A case to reach convergence
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		0.7		1.4288992722

		0.75		1.4382447945

		0.8		1.4464413322

		0.85		1.4536875822

		0.9		1.4601391056

		0.95		1.4659193881

		1		1.4711276743
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xk+1 = xk – f(xk) / (f’ (xk) + λ)

λ: Dumping Factor

i x f (x) df/dx dx
0 0.15 0.98279 3.07692 -0.3194
1 -0.16941 -1.0375 2.58404 0.40152
2 0.232112 1.164 1.56553 -0.7435
3 -0.51141 -1.3777 0.36827 3.74095
4 3.229546 1.53984 0.00958 -160.76
5 -157.529 -1.5702 4E-06 389644
6 389486.7 1.5708 1.1E-12 -1E+12

Diverged (λ = 0)

Stabilize convergence
by choosing λ(λ = 1)
i x f (x) df/dx dx

0 0.15 0.98279 3.07692 -0.2411
1 -0.09106 -0.7387 5.46675 0.11422
2 0.023161 0.2276 9.49088 -0.0217
3 0.001466 0.01466 9.99785 -0.0013
4 0.000133 0.00133 9.99998 -0.0001
5 1.21E-05 0.00012 10 -1E-05
6 1.1E-06 1.1E-05 10 -1E-06
7 1E-07 1E-06 10 -9E-08
8 9.09E-09 9.1E-08 10 -8E-09
9 8.27E-10 8.3E-09 10 -8E-10

Case Newton method fails
f(x) = tan-1(10x)

initial x = 0.15


Sheet1

		x		f(x)		f(x)=atan(10*x)

		-1		-1.4711276743				h=		0.0001

		-0.95		-1.4659193881		i		x		f(x)		df/dx		dx		f(x-h)		f(x+h)

		-0.9		-1.4601391056		0		0.15		0.9827937232		3.0769236353		-0.3194079021		0.9824858889		0.9831012736

		-0.85		-1.4536875822		1		-0.1694079021		-1.0375462094		2.5840440469		0.4015203265		-1.0378045007		-1.0372876918

		-0.8		-1.4464413322		2		0.2321124244		1.164001617		1.5655290629		-0.7435196475		1.1638450072		1.164158113

		-0.75		-1.4382447945		3		-0.5114072231		-1.377693954		0.368273478		3.7409534932		-1.3777307744		-1.3776571197

		-0.7		-1.4288992722		4		3.2295462701		1.539842115		0.0095785724		-160.7590409929		1.5398411571		1.5398430728

		-0.65		-1.4181469984		5		-157.5294947228		-1.5701615251		0.0000040297		389644.253603824		-1.5701615255		-1.5701615247

		-0.6		-1.4056476494		6		389486.724109102		1.57079607		0		-1414847319147.5		1.57079607		1.57079607

		-0.55		-1.390942827		7		-1414846929660.78		-1.5707963268		0		ERROR:#DIV/0!		-1.5707963268		-1.5707963268

		-0.5		-1.3734007669		8		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.45		-1.3521273809		9		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.4		-1.3258176637		10		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.35		-1.2924966678		11		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.3		-1.2490457724		12		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.25		-1.1902899497		13		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.2		-1.1071487178		14		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.15		-0.9827937232		15		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.1		-0.7853981634		16		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		-0.05		-0.463647609		17		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0		0		18		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0.05		0.463647609		19		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0.1		0.7853981634		20		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0.15		0.9827937232		21		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0.2		1.1071487178		22		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0.25		1.1902899497		23		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0.3		1.2490457724		24		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!

		0.35		1.2924966678		25		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!		ERROR:#DIV/0!
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		0.85		1.4536875822
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Sheet1

		x		f(x)		f(x)=atan(10*x)

		-1		-1.4711276743				h=		0.0001		dump=		1

		-0.95		-1.4659193881		i		x		f(x)		df/dx		dx		f(x-h)		f(x+h)

		-0.9		-1.4601391056		0		0.15		0.9827937232		3.0769236353		-0.2410625783		0.9824858889		0.9831012736

		-0.85		-1.4536875822		1		-0.0910625783		-0.7386547795		5.4667540688		0.1142234221		-0.7392011828		-0.738107832

		-0.8		-1.4464413322		2		0.0231608437		0.2275954762		9.4908830861		-0.0216945966		0.2266461792		0.2285443559

		-0.75		-1.4382447945		3		0.0014662472		0.0146614211		9.9978472523		-0.0013331174		0.0136616217		0.0156611911

		-0.7		-1.4288992722		4		0.0001331298		0.0013312973		9.9999789432		-0.0001210273		0.0003312981		0.0023312939

		-0.65		-1.4181469984		5		0.0000121025		0.0001210255		9.9999965202		-0.0000110023		-0.0008789743		0.001121025

		-0.6		-1.4056476494		6		0.0000011002		0.0000110023		9.9999966655		-0.0000010002		-0.0009889974		0.0010110019

		-0.55		-1.390942827		7		0.0000001		0.0000010002		9.9999966667		-0.0000000909		-0.0009989995		0.0010009999

		-0.5		-1.3734007669		8		0.0000000091		0.0000000909		9.9999966667		-0.0000000083		-0.0009999087		0.0010000906

		-0.45		-1.3521273809		9		0.0000000008		0.0000000083		9.9999966667		-0.0000000008		-0.0009999914		0.0010000079

		-0.4		-1.3258176637		10		0.0000000001		0.0000000008		9.9999966667		-0.0000000001		-0.0009999989		0.0010000004

		-0.35		-1.2924966678		11		0		0.0000000001		9.9999966667		-0		-0.0009999996		0.0009999997

		-0.3		-1.2490457724		12		0		0		9.9999966667		-0		-0.0009999997		0.0009999997

		-0.25		-1.1902899497		13		0		0		9.9999966667		-0		-0.0009999997		0.0009999997

		-0.2		-1.1071487178		14		0		0		9.9999966667		-0		-0.0009999997		0.0009999997

		-0.15		-0.9827937232		15		4.6659151048611E-16		0		9.9999966667		-4.24174228979486E-16		-0.0009999997		0.0009999997

		-0.1		-0.7853981634		16		4.24172815066238E-17		4.24172815066238E-16		9.9999966667		-3.85611766912197E-17		-0.0009999997		0.0009999997

		-0.05		-0.463647609		17		3.85610481540412E-18		3.85610481540412E-17		9.9999966667		-3.50555089447308E-18		-0.0009999997		0.0009999997

		0		0		18		3.50553920931044E-19		3.50553920931044E-18		9.9999966667		-3.18685479235885E-19		-0.0009999997		0.0009999997

		0.05		0.463647609		19		3.18684416951592E-20		3.18684416951592E-19		9.9999966667		-2.89713194111453E-20		-0.0009999997		0.0009999997

		0.1		0.7853981634		20		2.89712228401387E-21		2.89712228401387E-20		9.9999966667		-2.63374832902677E-21		-0.0009999997		0.0009999997

		0.15		0.9827937232		21		2.63373954987095E-22		2.63373954987095E-21		9.9999966667		-2.39430940724873E-22		-0.0009999997		0.0009999997

		0.2		1.1071487178		22		2.39430142622217E-23		2.39430142622217E-22		9.9999966667		-2.17663831978894E-23		-0.0009999997		0.0009999997

		0.25		1.1902899497		23		2.17663106433223E-24		2.17663106433223E-23		9.9999966667		-1.97875611265201E-24		-0.0009999997		0.0009999997

		0.3		1.2490457724		24		1.97874951680226E-25		1.97874951680226E-24		9.9999966667		-1.79886374220286E-25		-0.0009999997		0.0009999997

		0.35		1.2924966678		25		1.79885774599399E-26		1.79885774599399E-25		9.9999966667		-1.63532571918385E-26		-0.0009999997		0.0009999997
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		0.45		1.3521273809										0
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		0.7		1.4288992722

		0.75		1.4382447945

		0.8		1.4464413322

		0.85		1.4536875822
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		0.95		1.4659193881

		1		1.4711276743
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Issues for integrating N(e)f(e)
・ Wide integration range E = 0 ~ EF + αkBT – several eV (accuracy at the order of exp(-α))
・ Important range for accuracy is the range of αkBT ~ 0.1 eV around EF
・ For numerical integration, E mesh ΔE should be very small around EF (if 0.01αkBT, ΔE ~1 meV)

=> Not good to use the same ΔE for the whole integration range E = 0 ~ EF + αkBT
=> ・ Divide integration range (Analytical integration may be employed for 0 ~ EF – αkBT)

・ Better to employ accuracy-guaranteed library for integration
python integrate.quad() can accept accuracy as epsrel variable

Program: N-integration-metal.py
Ex.: python N-integration-metal.py 300 5.0
At 300 K, EF = 5.0 eV

Time is measured for 300 cycles calculation

8 digit accuracy (epsrel = 1e-8), α = 6:
     range time (300 cycles)

(1) 0 ~ EF + αkBT 0.109 s
(2) 0 ~ EF – αkBT 0.063 s
(3) EF – αkBT ~ EF + αkBT 0.016 s

(2) + (3) is faster by ~30 % than (1).
Employing analytical integration for (2)

is faster by a factor of 10
0

5E+20

1E+21

1.5E+21

2E+21

0 0.5 1 1.5

Program: Calculate electron density ne from EF in metal

N(e)

N(e)f(e)
f(e)×1021

Energy e (eV)

(1)

(2) (3) 



Program: T dependence of EF from ne for metal
𝑬𝑬𝑭𝑭(𝑻𝑻) is determined by 𝑵𝑵𝒆𝒆 = ∫𝑵𝑵 𝒆𝒆 𝒇𝒇 𝒆𝒆,𝑬𝑬𝑭𝑭 𝒅𝒅𝒅𝒅 for the given electron number 𝑵𝑵𝒆𝒆
N(e)f(e, EF) is integrated in the range E = 0 – ∞ (acutualy up to EF + αkBT)
The initial value of EF(T) can be taken as the analytical form of EF(0) at 0 K.
Since the variation of EF(T) is small, the Newton method stability converges.
Compare with the approx. form 𝑬𝑬𝑭𝑭(𝑻𝑻) = 𝑬𝑬𝑭𝑭(𝟎𝟎) − 𝝅𝝅𝟐𝟐

𝟔𝟔
𝒌𝒌𝑩𝑩𝑻𝑻 𝟐𝟐𝑵𝑵′ 𝑬𝑬𝑭𝑭(𝟎𝟎) /𝑵𝑵 𝑬𝑬𝑭𝑭(𝟎𝟎)

Program: EF-T-metal.py
Ex.: python EF-T-metal.py

For ne = 5x1022 cm-3

T (K)  EF (Newton, eV)   EF (approx., eV) 
      0         4.948988        4.948988
  600         4.948554        4.948544
1200         4.947248        4.947211
1800         4.945069        4.944990
2400         4.942013        4.941880
3000         4.938075        4.937882
3600         4.933247        4.932994
4000         4.929529        4.929243



Density of states, ne, and nh in semiconductor

EV ECEDEA

NA ND

EF

( )Fe EEf , ( )Fh EEf ,

Conduction band
𝐷𝐷𝑒𝑒 𝐸𝐸 = 𝐷𝐷𝐶𝐶𝐶 𝐸𝐸 − 𝐸𝐸𝐶𝐶
𝐷𝐷𝐷𝐷 𝐸𝐸 = 𝑁𝑁𝐷𝐷𝛿𝛿(𝐸𝐸 − 𝐸𝐸𝐷𝐷) 
𝑓𝑓𝑒𝑒(𝐸𝐸,𝐸𝐸𝐹𝐹) = 1

exp(𝛽𝛽 𝐸𝐸−𝐸𝐸𝐹𝐹 )+1
Free electron density
𝑛𝑛𝑒𝑒 = ∫𝐸𝐸𝐶𝐶

∞ 𝑓𝑓𝑒𝑒 𝐸𝐸 𝐷𝐷𝑒𝑒 𝐸𝐸 𝑑𝑑𝑑𝑑
Ionized donor density

𝑵𝑵𝑫𝑫
+ = 𝑁𝑁𝐷𝐷 1 − 𝑓𝑓𝑒𝑒(𝐸𝐸𝐷𝐷 ,𝐸𝐸𝐹𝐹)

Valence band
𝐷𝐷ℎ 𝐸𝐸 = 𝐷𝐷𝑉𝑉𝑉 𝐸𝐸𝑉𝑉 − 𝐸𝐸
𝐷𝐷𝐴𝐴 𝐸𝐸 = 𝑁𝑁𝐴𝐴𝛿𝛿(𝐸𝐸 − 𝐸𝐸𝐴𝐴) 
𝑓𝑓ℎ(𝐸𝐸,𝐸𝐸𝐹𝐹) = 1

exp(𝛽𝛽 𝐸𝐸𝐹𝐹−𝐸𝐸 )+1
Free hole density
𝑛𝑛ℎ = ∫−∞

𝐸𝐸𝑉𝑉 𝑓𝑓ℎ 𝐸𝐸,𝐸𝐸𝐹𝐹 𝐷𝐷ℎ 𝐸𝐸 𝑑𝑑𝑑𝑑
Ionized acceptor density

𝑁𝑁𝐴𝐴− = 𝑁𝑁𝐴𝐴 1 − 𝑓𝑓ℎ(𝐸𝐸𝐴𝐴,𝐸𝐸𝐹𝐹)

Total density of states：𝑫𝑫 𝑬𝑬 = 𝑫𝑫𝒆𝒆 𝑬𝑬 + 𝑫𝑫𝒉𝒉 𝑬𝑬 + 𝑫𝑫𝑫𝑫 𝑬𝑬 + 𝑫𝑫𝑨𝑨 𝑬𝑬
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How to determine EF for semiconductors

EV EC

Eg = EC – EV

( ) CCC EEDED −= 0

( )
EED

ED

VV
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EDEA

NA ND

EF

NA
– + Ne = ND

+ + Nh

( ) ( )∫
∞

=
CE FeCe dEEEfEDN ,

( )[ ]FDeDD EEfNN ,1−=+

EF

( )Fe EEf ,

Valence 
band

Conduction
band

Charge neutrality condition
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How to calculate EF: Illustrative solution

Plot ∆Q = (NA
- + Ne) – (ND

+ + Nh) w.r.t. EF and find ∆Q = 0

( ) ( )∫
∞

=
CE FeCe dEEEfEDN ,

( )[ ]FDeDD EEfNN ,1−=+

( ) ( )∫
∞

=
CE FhVh dEEEfEDN ,

( )[ ]FAhAA EEfNN ,1−=−

( ) ( )FeFh EEfEEf ,1, −=
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ND = 3.0e17
ED = 1.02
NA = 1.0e13
EA = 0.1

T = 300.0
Eg = 1.12
NC = 1.0e19
NV = 1.0e21

EF = 0.997 eV

E
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Sheet1

		EF		dQ		Ne		Nh		ND+		NA-

		0		-1.E+21		1.5307745346		1.00E+21		0		9795308652508.01

		0.0112		-6.E+20		2.3608158734		6.48E+20		0		9687782928015.34

		0.0224		-4.E+20		3.6409356585		4.20E+20		0		9526503610750.62

		0.0336		-3.E+20		5.615182708		2.73E+20		0		9288036184969

		0.0448		-2.E+20		8.66E+00		1.77E+20		0.00E+00		8942797226035.67

		0.056		-1.E+20		1.34E+01		1.15E+20		0.00E+00		8457942624054

		0.0672		-7.E+19		2.06E+01		7.43E+19		0.00E+00		7805295572987.84

		0.0784		-5.E+19		3.18E+01		4.82E+19		6.66E+01		6975211785805.39

		0.0896		-3.E+19		4.90E+01		3.12E+19		6.66E+01		5992372966295.6

		0.1008		-2.E+19		7.56E+01		2.03E+19		1.33E+02		4922643060666.94

		0.112		-1.E+19		1.17E+02		1.31E+19		2.00E+02		3859949955436.48

		0.1232		-9.E+18		1.80E+02		8.52E+18		2.66E+02		2895826010869.23

		0.1344		-6.E+18		2.77E+02		5.52E+18		4.00E+02		2090526065692.55

		0.1456		-4.E+18		4.27E+02		3.58E+18		6.00E+02		1463051925068.11

		0.1568		-2.E+18		6.59E+02		2.32E+18		9.33E+02		1000100971929.31

		0.168		-2.E+18		1.02E+03		1.51E+18		1.47E+03		672107666449.908

		0.1792		-1.E+18		1.57E+03		9.76E+17		2.26E+03		446348256721.641

		0.1904		-6.E+17		2.42E+03		6.33E+17		3.46E+03		294030558489.042

		0.2016		-4.E+17		3.73E+03		4.10E+17		5.33E+03		192643614740.05

		0.2128		-3.E+17		5.75E+03		2.66E+17		8.26E+03		125763695402.093

		0.224		-2.E+17		8.87E+03		1.73E+17		1.27E+04		81908504474.0603

		0.2352		-1.E+17		1.37E+04		1.12E+17		1.97E+04		53263611074.0494

		0.2464		-7.E+16		2.11E+04		7.26E+16		3.03E+04		34601409055.3246

		0.2576		-5.E+16		3.25E+04		4.70E+16		4.67E+04		22463196765.881

		0.2688		-3.E+16		5.02E+04		3.05E+16		7.20E+04		14576854156.3056

		0.28		-2.E+16		7.74E+04		1.98E+16		1.11E+05		9456611722.04679

		0.2912		-1.E+16		1.19E+05		1.28E+16		1.71E+05		6133792650.70038

		0.3024		-8.E+15		1.84E+05		8.32E+15		2.64E+05		3978064976.98238

		0.3136		-5.E+15		2.84E+05		5.39E+15		4.08E+05		2579774417.47475

		0.3248		-3.E+15		4.38E+05		3.50E+15		6.29E+05		1672900987.0463

		0.336		-2.E+15		6.75E+05		2.27E+15		9.69E+05		1084788055.65573

		0.3472		-1.E+15		1.04E+06		1.47E+15		1.49E+06		703413293.015604

		0.3584		-1.E+15		1.61E+06		953172695813362		2.31E+06		456110872.081542

		0.3696		-6.E+14		2.48E+06		618045865531942		3.56E+06		295751190.373915

		0.3808		-4.E+14		3.82E+06		400746573605086		5.48E+06		191769762.131761

		0.392		-3.E+14		5.89E+06		259847731718087		8.46E+06		124346100.426134

		0.4032		-2.E+14		9085381.88044111		168487638139042		13043166.5468223		80627497.6083093

		0.4144		-1.E+14		14011804.6611645		109248920581194		20115642.4850524		52279752.6891598

		0.4256		-7.E+13		21609512.1202654		70837996068926		31023050.7949427		33898730.5597865

		0.4368		-5.E+13		33326971.4621532		45932002443280.7		47844928.0194582		21980272.1287468

		0.448		-3.E+13		51398061.2175681		29782729121765.9		73788175.569689		14252219.8448906

		0.4592		-2.E+13		79267949.6822838		19311393075793.1		113798770.406959		9241273.90806266

		0.4704		-1.E+13		122249900.054311		12521683322004.4		175504544.230876		5992128.19667897

		0.4816		-8.E+12		188538219.080861		8119173619489.02		270669486.823749		3885351.3683173

		0.4928		-5.E+12		290770463.11196		5264546193047.66		417436285.538031		2519297.59204061

		0.504		-3.E+12		448436728.799706		3413579745628.94		643785291.742915		1633535.67046259

		0.5152		-2.E+12		691595348.387052		2213396226849.8		992868987.026441		1059199.48163415

		0.5264		-1.E+12		1066603369.42258		1435186291841.06		1531238535.96782		686794.62562431

		0.5376		-9.E+11		1644954307.91551		930587875456.904		2361531403.76061		445323.907147987

		0.5488		-6.E+11		2536908051.01679		603401662119.065		3642039236.8619		288752.085696097

		0.56		-4.E+11		3912511386.08793		391251138608.793		5616884590.77558		187229.48666475

		0.5712		-3.E+11		6034016621.19065		253690805101.679		8662562533.95647		121401.306823852

		0.5824		-2.E+11		9305878754.56904		164495430791.551		13359717199.1795		78717.7144314782

		0.5936		-1.E+11		14351862918.4106		106660336942.258		20603838768.4515		51041.2838060086

		0.6048		-8.E+10		22133962268.4981		69159534838.7047		31775984477.0116		33095.6337953413

		0.616		-6.E+10		34135797456.2895		44843672879.9703		49006070135.249		21459.5106930931

		0.6272		-5.E+10		52645461930.4766		29077046311.1959		75578927782.8711		13914.5423788016

		0.6384		-5.E+10		81191736194.8905		18853821908.0861		116560541019.162		9022.3161342826

		0.6496		-7.E+10		125216833220.044		12224990005.4311		179763845875.591		5850.1520349637

		0.6608		-9.E+10		193113930757.931		7926794968.22838		277238217250.009		3793.2919129633

		0.672		-1.E+11		297827291217.66		5139806121.75678		427566595329.054		2459.6050581105

		0.6832		-2.E+11		459320024432.809		3332697146.21531		659408163838.915		1594.8303427229

		0.6944		-3.E+11		708379960689.263		2160951212.02653		1016961916811		1034.1025334963

		0.7056		-5.E+11		1092489205811.95		1401180466.11645		1568392580675.32		670.521510104

		0.7168		-7.E+11		1684876381390.42		908538188.044111		2418824928285.27		434.7722599483

		0.728		-1.E+12		2598477317180.87		589104443.785384		3730383012823.25		281.9102969414

		0.7392		-2.E+12		4007465736050.86		381980691.901127		5753092863935.99		182.7932065643

		0.7504		-3.E+12		6180458655319.42		247679762.942716		8.87E+12		118.5247815651

		0.7616		-4.E+12		9531726958133.62		160597816.256217		1.37E+13		76.8525488943

		0.7728		-6.E+12		14700174189534.4		104133088.145077		2.11E+13		49.8318933268

		0.784		-1.E+13		22671140513341.7		67520843.6790347		3.25E+13		32.3114539239

		0.7952		-2.E+13		34964253181544.1		43781130.5929677		5.02E+13		20.9510412906

		0.8064		-2.E+13		53923136324954.3		28388084.2056727		7.74E+13		13.5848461723

		0.8176		-4.E+13		83162211874567.9		18407092.5979652		1.19E+14		8.8085381039

		0.8288		-6.E+13		128255772108530		11935326.6481561		1.84E+14		5.7115364093

		0.84		-9.E+13		197800692265925		7738974.60666506		2.84E+14		3.7034122768

		0.8512		-1.E+14		305055384390591		5018021.68706118		4.37E+14		2.4013262823

		0.8624		-2.E+14		470467451249267		3253731.00851503		6.74E+14		1.5570418531

		0.8736		-3.E+14		725571925659179		2109748.84844954		1.04E+15		1.0096001323

		0.8848		-5.E+14		1.12E+15		1367980.38678852		1.60E+15		0.6546339297

		0.896		-7.E+14		1.73E+15		887010.953940484		2.46E+15		4.24E-01

		0.9072		-1.E+15		2.66E+15		575145.988940291		3.77E+15		2.75E-01

		0.9184		-2.E+15		4.10E+15		372929.902527791		5.78E+15		1.78E-01

		0.9296		-2.E+15		6.33E+15		2.42E+05		8.82E+15		1.16E-01

		0.9408		-4.E+15		9.76E+15		1.57E+05		1.34E+16		7.50E-02

		0.952		-5.E+15		1.51E+16		1.02E+05		2.02E+16		4.87E-02

		0.9632		-7.E+15		2.32E+16		6.59E+04		3.00E+16		3.15E-02

		0.9744		-8.E+15		3.58E+16		4.27E+04		4.39E+16		2.05E-02

		0.9856		-7.E+15		5.52E+16		2.77E+04		6.27E+16		1.33E-02

		0.9968		-2.E+15		8.52E+16		1.80E+04		8.69E+16		8.60E-03

		1.008		2.E+16		1.31E+17		1.17E+04		1.16E+17		5.58E-03

		1.0192		5.E+16		2.03E+17		7.56E+03		1.48E+17		3.62E-03

		1.0304		1.E+17		3.12E+17		4.90E+03		1.80E+17		2.34E-03

		1.0416		3.E+17		4.82E+17		3.18E+03		2.09E+17		1.52E-03

		1.0528		5.E+17		7.43E+17		2.06E+03		2.34E+17		9.86E-04

		1.064		9.E+17		1.15E+18		1.34E+03		2.54E+17		6.39E-04

		1.0752		1.E+18		1.77E+18		8.66E+02		2.68E+17		4.14E-04

		1.0864		2.E+18		2.73E+18		5.62E+02		2.79E+17		2.69E-04

		1.0976		4.E+18		4.20E+18		3.64E+02		2.86E+17		1.74E-04

		1.1088		6.E+18		6.48E+18		2.36E+02		2.91E+17		1.13E-04

		1.12		1.E+19		1.00E+19		1.53E+02		2.94E+17		7.33E-05

				1.E+00		1.80E+18		2.73E+18		561.5182707985		9.29E+17

				1.E+00		3.25E+18		4.20E+18		364.093565848		9.53E+17

				1.E+00		5.52E+18		6.48E+18		236.0815873425		9.69E+17

				1.E+00		9.02E+18		1.00E+19		153.0774534627		9.80E+17



dQ	0	1.12E-2	2.24E-2	3.3599999999999998E-2	4.48E-2	5.6000000000000001E-2	6.7199999999999996E-2	7.8399999999999997E-2	8.9599999999999999E-2	0.1008	0.112	0.1232	0.13439999999999999	0.14560000000000001	0.15679999999999999	0.16800000000000001	0.1792	0.19040000000000001	0.2016	0.21279999999999999	0.224	0.23519999999999999	0.24640000000000001	0.2576	0.26879999999999998	0.28000000000000003	0.29120000000000001	0.3024	0.31359999999999999	0.32479999999999998	0.33600000000000002	0.34720000000000001	0.3584	0.36959999999999998	0.38080000000000003	0.39200000000000002	0.4032	0.41439999999999999	0.42559999999999998	0.43680000000000002	0.44800000000000001	0.4592	0.47039999999999998	0.48159999999999997	0.49280000000000002	0.504	0.51519999999999999	0.52639999999999998	0.53759999999999997	0.54879999999999995	0.56000000000000005	0.57120000000000004	0.58240000000000003	0.59360000000000002	0.6048	0.61599999999999999	0.62719999999999998	0.63839999999999997	0.64959999999999996	0.66080000000000005	0.67200000000000004	0.68320000000000003	0.69440000000000002	0.7056	0.71679999999999999	0.72799999999999998	0.73919999999999997	0.75039999999999996	0.76160000000000005	0.77280000000000004	0.78400000000000003	0.79520000000000002	0.80640000000000001	0.81759999999999999	0.82879999999999998	0.84	0.85119999999999996	0.86240000000000006	0.87360000000000004	0.88480000000000003	0.89600000000000002	0.90720000000000001	0.91839999999999999	0.92959999999999998	0.94079999999999997	0.95199999999999996	0.96319999999999995	0.97440000000000004	0.98560000000000003	0.99680000000000002	1.008	1.0192000000000001	1.0304	1.0416000000000001	1.0528	1.0640000000000001	1.0751999999999999	1.0864	1.0975999999999999	1.1088	1.1200000000000001	-9.9999999020469099E+20	-6.4840910677830599E+20	-4.2043437278983101E+20	-2.72613477081664E+20	-1.7676506089092101E+20	-1.14616074295005E+20	-7.4318105145347408E+19	-4.8188534980541604E+19	-3.1245883920946201E+19	-2.0260114949248901E+19	-1.3136842565680599E+19	-8.5180480881677804E+18	-5.5231798220184596E+18	-3.58128004094255E+18	-2.3221345757204398E+18	-1.5056932049251699E+18	-9.7630519012700301E+17	-6.3304518111722906E+17	-4.1047226457981798E+17	-2.6615395755821699E+17	-1.7257665210210099E+17	-1.1190027435881299E+17	-7.2557157964517792E+16	-4.7046722661743904E+16	-3.05055238622266E+16	-1.97800597700145E+16	-1.28255710771123E+16	-8316217209471970	-5392311052844660	-3496423645444170	-2267112966840250	-1470016715993750	-953172240402067	-618045570859710	-400746383499331	-259847609938243	-168487561469329	-109248874405280	-70837971583734.094	-45931994980965.102	-29782737259660.398	-19311418365339.898	-12521730584520.4	-8119251865405.3896	-5264670339572.4902	-3413773460656.21	-2213696441288.96	-1435650240212.98	-931304007228.84204	-604506504552.82397	-392955324583.99402	-256319229613.138	-168549190518.44699	-112912261751.015	-78801523951.584396	-59713924099.419098	-52010498249.048103	-54222617710.041199	-66771996810.826401	-92051077667.013901	-134879107773.54601	-203420834957.491	-310742906299.65997	-477304554658.96301	-734857084648.11597	-1132494799804.25	-1746009108394.24	-2692324735560.1401	-4151759802044.96	-6402328733955.1504	-9872568677127.5098	-15222820210924.9	-23470124587364	-36179755841997.5	-55758019347788.602	-85897667134433.406	-132250245316584	-203428454980913	-312470348110347	-478905057365278	-731487795002817	-1111370029418850	-1674583870340110	-2490462003435220	-3627391337053480	-5106291223270670	-6781673399731130	-8078742712141240	-7483962845359180	-1694270486157200	1.55699655931993E+16	5.4921906898903696E+16	1.3268771014431901E+17	2.7262906598336899E+17	5.0902226231679398E+17	8.9242254880785306E+17	1.4993667815561101E+18	2.4474937781479501E+18	3.91854871484083E+18	6.1934576768204595E+18	9.7061407404247593E+18	1.0864	1.0975999999999999	1.1088	1.1200000000000001	









Bisection method (二分法): Continuous func（連続関数)

Solution of f(x) = 0 for (monotonic) continuous function f(x)
1. Start from a range [x0, x1] where f(x0) < 0 & f(x1) > 0 

(or f(x0) > 0 & f(x1) < 0)
* Solution exist in this range for a monotonic function

2. Solve the equation by the following iterative procedure  
Case f(x0) < 0 and f(x1) > 0: Judge by f(x0)･f(x1) < 0
1. x2 = (x0 + x1) / 2.0
2. If f(x2) > 0 (f(x0)･f(x2) < 0), x1 is replaced with x2

 If f(x2) < 0 (f(x1)･f(x2) < 0), x0 is replaced with x2
3. Solution x2 is obtained when |x1 – x0|, |f(x1) – f(x0)| becomes less than EPS.
4. Repeat 1 – 3

x0 x1
x2 => x1x3 

=> x0

x4 x5

x6



EF by bisection method: Convergence procedure

Initial range: [E1, E2] = [EV = 0, EC = Eg]
Find ∆Q = (NA

- + Ne) – (ND
+ + Nh) = 0
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After 30 times iterations

EF = [0.9985173589, 0.9985173599]
dQ = [-3×108, 8×108]



Program: EF-T-semiconductor.py
Program: EF-T-semiconductor.py
Usage: python EF-T-semiconductor.py EA NA ED ND Ec Nv Nc

Ex.: python EF-T-semiconductor.py 0.05 1.0e15 0.95 1.0e16 1.0 1.2e19 2.1e18
Ec = 0, Ec = 1.0 eV (= band gap)
EA = 0.05 eV, NA = 1015 cm-3

ED = 0.95 eV, ND = 1016 cm-3

Nc = 1.2x1019 cm-3

Nv = 2.1x1018 cm-3



Multi-values equation: Kronig-Penney model
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The determinant of the left matrix must be 0:
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Scan E in possible range to find all the solutions,
then use them for initial values 
to obtain accurate values by Newton-Raphson method



Program: Kronig-Penney model
Program: kronig_penney.py
Lattice parameter (Si) a  = 5.4064 Å   Effective mass  m* = 1.0me

Barrier width 0.5 Å Barrier height 10.0 eV

python kronig_penney.py python kronig_penney.py band
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Non-linear (NL) optimization
非線形最適化



Optimization
Objective: Find parameters xi to minimize or maximize 

an objective function F(xi)

Maximization problem for F(xi) 
is equivalent to minimization problem for –F(xi)

Focus on minimization problems

Examples:
• Linear least-squares method: A linear minimization problem for L2 norm of errors
• Curve fitting: A non-linear minimization problem for L2 norm of errors
• Structure relaxation: A non-linear minimization for total energy



NL optimization of crystal structure: 
Illustrative approach
安定構造: 図解による解法

Opt.
aC = 0.5472 nm
VR = 276.67 a.u.3

Exp.(RT)
aC = 0.5431 nm
VR = 270.5 a.u.3 (primitive cell)
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( )200min /2/1 VVBEE +=
B0 (GPa) = 87.57 GPa  (exp: 97.88 GPa)

Calculate total energy by quantum calculations by varying a lattice parameter
ex. Si
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Ex.: Deconvolution of powder XRD peak
Incorporate the intensity ratio from Kα1 and Kα2 at 2:1



Methods of non-linear (NL) optimization

To find a minimum (maximum) of target function F(x):

Direct search method (直接探索法)
Trial and errors to find a minimum,
but following a certain defined procedures

Gradient method (勾配法):
Use first differential to find the direction of minimum 



Global minimum (大域的最小値) vs local minimum (極小値)

Global minimum 

Local minimum 
×

How to avoid to be trapped by local minimum:
1. Employ a large initial search range
2. Not use a direct value of gradient

If start from here and
search minimum by gradient, …



Line search (直線探索法): Armijo condition
矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

𝛼𝛼𝒅𝒅𝒌𝒌

𝑦𝑦 = 𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛼𝛼𝒅𝒅𝒌𝒌)

tangent: y = 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌)

𝑦𝑦
𝑦𝑦 = 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌)

Armijo (アルミホ) condition (eq. (1)) and algorism:
1. Provide initial 𝒙𝒙𝒌𝒌, choose constant 𝜉𝜉 and 𝜏𝜏 (𝟎𝟎 < 𝜉𝜉 < 𝟏𝟏, 𝟎𝟎 < 𝜏𝜏 < 1)
2. Find search direction 𝒅𝒅𝒌𝒌 (e.g., by steepest descent method)
3. Find 𝛼𝛼 > 𝟎𝟎 so as to satisfy 𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛼𝛼𝒅𝒅𝒌𝒌) ≤ 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌) (1)

(i) 𝛽𝛽𝑘𝑘,0 = 1, 𝑖𝑖 = 0
(ii) if 𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛽𝛽𝑘𝑘,𝑖𝑖𝒅𝒅𝒌𝒌) ≤ 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛽𝛽𝑘𝑘,𝑖𝑖𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌) go to step 4, or go to (iii)
(iii) 𝛽𝛽𝑘𝑘,𝑖𝑖+1 = 𝜏𝜏𝛽𝛽𝑘𝑘,𝑖𝑖 and go to (ii)

4.  𝛼𝛼 = 𝛽𝛽𝑘𝑘,𝑖𝑖

Satisfy eq. (1)

Satisfy eq. (1)

𝜶𝜶(𝟎𝟎)



Line search (直線探索法): Armijo condition
矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

𝛼𝛼𝒅𝒅𝒌𝒌

𝑦𝑦 = 𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛼𝛼𝒅𝒅𝒌𝒌)

tangent: y = 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌)

𝑦𝑦
𝑦𝑦 = 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌)

Armijo (アルミホ) condition (eq. (1)) and algorism:
1. Provide initial 𝒙𝒙𝒌𝒌, choose constant 𝜉𝜉 and 𝜏𝜏 (𝟎𝟎 < 𝜉𝜉 < 𝟏𝟏, 𝟎𝟎 < 𝜏𝜏 < 1)
2. Find search direction 𝒅𝒅𝒌𝒌 (e.g., by steepest descent method)
3. Find 𝛼𝛼 > 0 so as to satisfy 𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛼𝛼𝒅𝒅𝒌𝒌) ≤ 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌) (1)

(i) 𝛽𝛽𝑘𝑘,0 = 1, 𝑖𝑖 = 0
(ii) if 𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛽𝛽𝑘𝑘,𝑖𝑖𝒅𝒅𝒌𝒌) ≤ 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛽𝛽𝑘𝑘,𝑖𝑖𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌) go to step 4, or go to (iii)
(iii) 𝛽𝛽𝑘𝑘,𝑖𝑖+1 = 𝜏𝜏𝛽𝛽𝑘𝑘,𝑖𝑖 and go to (ii)

4.  𝛼𝛼 = 𝛽𝛽𝑘𝑘,𝑖𝑖

Satisfy eq. (1)
Not satisfy eq. (1)

Satisfy eq. (1)

𝜶𝜶(𝟎𝟎)



Line search (直線探索法): Wolfe condition
矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

𝛼𝛼𝒅𝒅𝒌𝒌

𝑦𝑦 = 𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛼𝛼𝒅𝒅𝒌𝒌)

tangent:
𝑦𝑦 = 𝐹𝐹(𝒙𝒙𝒌𝒌) +𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌)

𝑦𝑦

𝑦𝑦 = 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌)

Wolfe (ウルフ) condition:
1. Find search direction 𝒅𝒅𝒌𝒌 (e.g., by steepest descent method)
2. Choose constants 𝜉𝜉1 and 𝜉𝜉2 that satisfy 𝟎𝟎 < 𝜉𝜉1 < 𝜉𝜉2 < 𝟏𝟏
3. Find 𝛼𝛼 > 0 so as to satisfy:

𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛼𝛼𝒅𝒅𝒌𝒌) ≤ 𝐹𝐹(𝒙𝒙𝒌𝒌) + 𝜉𝜉𝛼𝛼𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌) (1)
𝜉𝜉2𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌) ≤ 𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌 + 𝛼𝛼𝒅𝒅𝒌𝒌) (2)

Satisfy eq. (1)

Satisfy eq. (1)

gradient = 𝜉𝜉2𝒅𝒅𝒌𝒌 � 𝛁𝛁𝐹𝐹(𝒙𝒙𝒌𝒌)

Satisfy eq. (2)

Satisfy eq. (2)

𝜶𝜶(𝟎𝟎)



Bisection method (二分法) vs Golden-section search (黄金分割探索)
Bisection method： Find solution of f(x) = 0 for monotonous continuous function
   Unique solution exists in the range ［x0

(0), x2
(0)］ if f(x0

(0))f(x2
(0)) < 0

Add x1
(0) in ［x0

(0), x2
(0)］ (x0

(0) < x1
(0) < x2

(0))
Case 1: If f(x0

(0))f(x1
(0)) < 0, solution is in ［x0

(0), x1
(0)］

Next search range is reduced to x0
(1) := x0

(0), x1
(1) := x3

(0)= 𝑥𝑥0(0)+𝑥𝑥1(0)

2
, x2

(1) := x1
(0)

Case 2: If f(x1
(0))f(x2

(0)) < 0, solution is in ［x1
(0), x2

(0)］

Next search range is reduced to: x0
(1) := x1

(0), x1
(1) := x3

(0) = 𝑥𝑥1(0)+𝑥𝑥2(0)

2
, x2

(1) := x2
(0)

Golden-section search: Find minimum for single downward convex continuous func f(x)
 Unique solution exists in the range ［x0

(0), x3
(0)］ if f(x1

(0)) < f(x0
(0)), f(x3

(0)) for x0
(0) < x1

(0) < x3
(0)

Add x2
(0) in ［x0

(0), x3
(0)］ (x0

(0) < x1
(0) < x2

(0) < x3
(0))

Case 1: if f(x1
(0)) < f(x2

(0)), solution is in [x0
(0), x2

(0)]
Replace x2

(0) with x4
(0) in [x0

(0), x1
(0)]

Next search range is reduced to x0
(1) := x0

(0) < x1
(1) := x4

(0) < x2
(1) := x1

(0) < x3
(1) := x2

(0)

x0
(0) x1

(0) x2
(0) x3

(0)

f(x) β
γ

𝜏𝜏



Golden-section search (黄金分割探索)
For downward convex continuous function, unique solution exists 
in the range ［x0

(0), x3
(0)］ if f(x1

(0)), f(x2
(0)) < f(x0

(0)), f(x3
(0)) for x0

(0) < x1
(0) < x2

(0) < x3
(0)

Case 1: if f(x1
(0)) < f(x2

(0)), solution is in [x0
(0), x2

(0)]
Replace x2

(0) with x4
(0) in [x0

(0), x1
(0)]

Next search range is reduced to x0
(1) := x0

(0) < x1
(1) := x4

(0) < x2
(1) := x1

(0) < x3
(1) := x2

(0)

Case 2: if f(x1
(0)) > f(x2

(0)) , solution is in [x1
(0), x3

(0)]
Replace x0

(0) with x4
(0) in [x2

(0), x3
(0)]

Next search range is reduced to x0
(1) := x1

(0) < x1
(1) := x2

(0) < x2
(1) := x4

(0) < x3
(1) := x3

(0)

x0
(0) x1

(0) x2
(0) x3

(0)

f(x) 

x4
(0)

Strategy: keep the ratio of x0
(k), x1

(k), x2
(k), x3

(k) 
constant for iteration steps
β = x3

(k) – x0
(k)

γ = x2
(k) – x0

(k) = x3
(k) – x1

(k)

𝜏𝜏 = 𝛽𝛽 − 𝛾𝛾
x4

(k) = x1
(k) +𝝉𝝉 

To keep the ratio for next step (k+1)
𝛽𝛽 ∶ 𝛾𝛾 = 𝑥𝑥3(𝑘𝑘+1) − 𝑥𝑥0 𝑘𝑘+1 ∶ 𝑥𝑥2 𝑘𝑘+1 − 𝑥𝑥0 𝑘𝑘+1

= 𝑥𝑥3(𝑘𝑘) − 𝑥𝑥1 𝑘𝑘 ∶ 𝑥𝑥4(𝑘𝑘) − 𝑥𝑥1 𝑘𝑘 = 𝛾𝛾 ∶ 𝜏𝜏
𝜏𝜏 = 𝛽𝛽 − 𝛾𝛾から

𝛽𝛽
𝛾𝛾

= 1+ 5
2

 Golden number

β
γ

𝜏𝜏
𝜏𝜏

γ

x0
(1) x1

(1) x2
(1) x3

(1)
x1

(0) x2
(0) x3

(0)



Golden-section search (黄金分割探索)
Minimum solution of downward convex continuous function f(x)

x0
(0) x1

(0) x2
(0) x3

(0)

f(x) 

x4
(0)

𝛽𝛽
𝛾𝛾

= 1+ 5
2

 

𝜼𝜼 = 𝝉𝝉
𝜷𝜷

= 𝜷𝜷−𝜸𝜸
𝜷𝜷

= 𝟏𝟏 − 𝟐𝟐
𝟓𝟓+𝟏𝟏

= 𝟓𝟓−𝟏𝟏
𝟓𝟓+𝟏𝟏

1. For x0
(0) < x1

(0) < x2
(0) < x3

(0), assign initial parameters as:
𝛽𝛽 0 = 𝑥𝑥3 0 − 𝑥𝑥0 0

𝜏𝜏 0 = 𝜂𝜂𝛽𝛽 0

𝑥𝑥1 0 = 𝑥𝑥0 0 + 𝜏𝜏 0

𝑥𝑥2 0 = 𝑥𝑥3 0 − 𝜏𝜏 0

2. Terminate if 𝛽𝛽 𝑘𝑘 < eps

3. 𝛽𝛽 𝑘𝑘+1 = 𝜏𝜏 𝑘𝑘

𝜏𝜏 𝑘𝑘+1 = 𝜂𝜂𝛽𝛽 𝑘𝑘+1

4. If f(x1
(k)) < f(x2

(k)), substitute x3
(k) for x4

(k) = x2
(k) −𝜏𝜏 𝑘𝑘 as:

x0
(k+1) = x0

(k), x1
(k+1) = x2

(k) −𝜏𝜏 𝑘𝑘 , x2
(k+1) = x1

(k), x3
(k+1) = x2

(k)

If f(x1
(k)) > f(x2

(k)), substitute x0
(k) for x4

(k) = x2
(k) +𝜏𝜏 𝑘𝑘 as:

x0
(k+1) = x1

(k), x1
(k+1) = x2

(k), x2
(k+1) = x1

(k)+𝜏𝜏 𝑘𝑘 , x3
(k+1) = x3

(k)

Go to step 1

β
γ

𝜏𝜏
𝜏𝜏

γ

x0
(1) x1

(1) x2
(1) x3

(1)
x1

(0) x2
(0) x3

(0)

𝜏𝜏



Methods of non-linear (NL) optimization
To find a minimum (maximum) of target function F(x):

Direct search method (直接探索法)
Trial and errors to find a minimum,
but following a certain defined procedures

Gradient method (勾配法):
Use first differential to find the direction of minimum 



Steepest descent method (SD, 最急降下法) 
Search minimum/maximum only by first derivatives

Objective function (multi-variable, xj): 𝑭𝑭(𝒙𝒙𝒋𝒋)
Concept: Minimum/Maximum may be found in the direction 𝝏𝝏𝝏𝝏(𝒙𝒙𝒋𝒋)/𝝏𝝏𝒙𝒙𝒊𝒊

𝑥𝑥𝑖𝑖(𝑘𝑘+1) = 𝑥𝑥𝑖𝑖(𝑘𝑘) − 𝜶𝜶𝜕𝜕𝜕𝜕(𝑥𝑥𝑗𝑗(𝑘𝑘))/𝜕𝜕𝑥𝑥𝑖𝑖

Need to choose/find an appropriate 𝜶𝜶 so as to take the minimum 𝐹𝐹(𝑥𝑥𝑗𝑗(𝑘𝑘))

Variations to choose α:
(i) Simple: Choose small α
(ii) Direct search (直接探索)

Armijo / Wolfe condition



Steepest Descend (SD) method (最急降下法)

Search minimum only by first derivatives. Simplest one among gradient methods
矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

・ SD: S2 would decrease in the vector –(df / dxi)dxi
xi 

(k+1) = xi 
(k) – α(df / dxi)

αk may be a small constant step
or determined by a line search method

ex. in right figure: 
   S2 = f(xi) = 5x1

2 + x2
2,  initial x1 = 0.7, x2 = 1.5

・ SD method
α = 0.3: Diverged (not shown in the graph)

 0.2， 0.15: Converged, but oscillated
 0.1: Reach final solution by one cycle calculation
 0.01: Not oscillated, but slowly converged

・ Newton method
One cycle calculation provides the final solution
for quadratic problems

        楕円問題の場合は一度目の計算で最適値に到達

Problem: If S2 is highly anisotropic, the SD direction
would be different largely from the minimization 
direction S2 が大きく非対称な場合、最急勾配方向は最小値方向とは

大きく異なることがある

=>  Conjugate Gradient (CG) method (共役勾配法)
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Steepest descend method
Without direct search:
use fixed step parameter
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SD method in Deep Learning
・ All batch data are divided to mini batches,

and apply SD to each mini batch

Example: 
S2 = f(a, b; x1, x2) = ax1

2 + bx2
2, a = 5, b = 1

1000 batch data (x1i, x2i, f(xi)) are generated at random
(note: the data were re-generated for different runs)

Speculate a and b
Initial a = 0, b = 0

SD (Convergence iterations with all batch data)
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Line search

a = 0.01

a = 0.1

a = 0.1, nMB = 10

DL: SD method

k=0.05, nMB = 10
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a = 0.05, nMB = 100

k = 0.1 nMB = 100



Multiple variable Newton-Raphson method
Extend to multiple variable optimization: Minimize F(xj)
𝒇𝒇𝒌𝒌 𝒙𝒙𝒋𝒋 = 𝝏𝝏𝑭𝑭 𝒙𝒙𝒋𝒋 /𝝏𝝏𝒙𝒙𝒌𝒌 = 0

To solve 𝒇𝒇𝒌𝒌 𝒙𝒙𝒋𝒋 = 𝟎𝟎 (𝒌𝒌, 𝒋𝒋 = 𝟏𝟏,𝟐𝟐,⋯𝑵𝑵)
𝒇𝒇𝒌𝒌 𝒙𝒙𝒋𝒋 + 𝜹𝜹𝒙𝒙𝒋𝒋 ~𝒇𝒇𝒌𝒌 𝒙𝒙𝒋𝒋 + ∑𝒌𝒌′ 𝜹𝜹𝒙𝒙𝒌𝒌𝒌𝝏𝝏𝒇𝒇𝒌𝒌 𝒙𝒙𝒋𝒋 /𝝏𝝏𝒙𝒙𝒌𝒌𝒌= 0

=> xj,1 = xj,0 – (𝝏𝝏𝒇𝒇𝒌𝒌 𝒙𝒙𝒋𝒋 /𝝏𝝏𝒙𝒙𝒌𝒌𝒌)-1(fk) = xl,0 – (F’’kk’)-1(F’k)

𝑭𝑭𝑭′𝒌𝒌𝒌𝒌𝒌 = 𝝏𝝏𝟐𝟐𝑭𝑭(𝒙𝒙𝒋𝒋)
𝝏𝝏𝒙𝒙𝒌𝒌𝝏𝝏𝒙𝒙𝒌𝒌𝒌

 

Convert F’’ to positive definite and suppress divergence
xl,1 = xl,0 – (F’’kk’ + λI)-1(F’k)

λ: Dumping Factor

Hessian matrix (ヘッセ行列)
   (ヘッセ行列の固有値をヘッシアンと呼ぶ)

Hessian matrix is not always positive definite (正定値であるとは限らない)
 (Maximum, Saddle point 極大値、鞍点)

=> F’’ dose not always give decreasing direction



SD vs. Newton-Raphson methods
Steepest direction ≠ Optimization direction
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Improve SD method to follow optimization directions



Program: optimize-newton-raphson2d.py 
Usage: python optimize-newton-raphson2d.py x0 y0

From (-1.0 -1.0)From (0.0 0.0) Newton

From (-2.0 -1.0) From (-2.0 -2.0)

maximum maximum

Local
minimum

global minimum

F(x,y) = –3.0 – 10x – 30x2 + 1.5x3 + 3x4 + 30y –30y2 + 3y4 + 3xy2



Quasi-Newton method (準Newton法)
矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

Target function to minimize: 𝑭𝑭(𝒙𝒙𝒋𝒋)

Iteration: 𝒙𝒙𝒋𝒋(𝒊𝒊+𝟏𝟏) = 𝒙𝒙𝒋𝒋(𝒊𝒊) − 𝝏𝝏𝟐𝟐𝑭𝑭/𝝏𝝏𝒙𝒙𝒌𝒌𝝏𝝏𝒙𝒙𝒌𝒌𝒌
−𝟏𝟏 𝝏𝝏𝑭𝑭/𝝏𝝏𝒙𝒙𝒌𝒌

𝑭𝑭𝑭𝑭𝒌𝒌𝒌𝒌𝒌 = 𝝏𝝏𝟐𝟐𝑭𝑭/𝝏𝝏𝒙𝒙𝒌𝒌𝝏𝝏𝒙𝒙𝒌𝒌𝒌: Hessian (ヘッセ) matrix

Issues of Newton method：
(1) Calculation of Hessian matrix is very high cost as it is a 2D matrix
(2) Eigen value of Hessian matrix can be negative => lead to maximum
(3) Easy to diverge

Quasi-Newton method:
(1,2) Hessian matrix is approximated from 1st differentials
(3)   Line search algorism is applied along the search direction

− 𝜕𝜕2𝐹𝐹/𝜕𝜕𝑥𝑥𝑘𝑘𝜕𝜕𝑥𝑥𝑘𝑘𝑘 −1 𝜕𝜕𝐹𝐹/𝜕𝜕𝑥𝑥𝑘𝑘



Davidon-Fletcher-Powell (DFP) method
矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

𝑭𝑭 𝒙𝒙𝒋𝒋 𝒌𝒌 + 𝜶𝜶𝒅𝒅 = 𝑭𝑭 𝒙𝒙𝒋𝒋 𝒌𝒌 + 𝜶𝜶𝛁𝛁𝑭𝑭(𝒙𝒙𝒋𝒋(𝒌𝒌))𝑻𝑻𝒅𝒅 + 𝟏𝟏
𝟐𝟐
𝜶𝜶𝟐𝟐𝒅𝒅𝑻𝑻𝑩𝑩(𝒌𝒌)𝒅𝒅 ~ 𝟎𝟎

 Search direction d is determined from 𝑩𝑩(𝒌𝒌)𝒅𝒅 = −𝛁𝛁𝑭𝑭(𝒙𝒙𝒋𝒋 𝒌𝒌 )

DFP method: The first formulation of quasi-Newton method
𝒔𝒔 𝒌𝒌 = 𝒙𝒙 𝒌𝒌+𝟏𝟏 − 𝒙𝒙 𝒌𝒌 ,      𝒚𝒚 𝒌𝒌 = 𝛁𝛁𝑭𝑭 𝒙𝒙𝒋𝒋 𝒌𝒌+𝟏𝟏 − 𝛁𝛁𝑭𝑭(𝒙𝒙𝒋𝒋 𝒌𝒌 )

𝑩𝑩(𝒌𝒌+𝟏𝟏) = 𝑩𝑩(𝒌𝒌) + 𝒚𝒚(𝒌𝒌)−𝑩𝑩(𝒌𝒌)𝒔𝒔 𝒌𝒌 �𝒚𝒚 𝒌𝒌 𝑻𝑻+𝒚𝒚(𝒌𝒌)� 𝒚𝒚(𝒌𝒌)−𝑩𝑩(𝒌𝒌)𝒔𝒔 𝒌𝒌 𝑻𝑻

𝒔𝒔 𝒌𝒌 𝑻𝑻�𝒚𝒚(𝒌𝒌)

− 𝒔𝒔 𝒌𝒌 𝑻𝑻� 𝒚𝒚 𝒌𝒌 −𝑩𝑩 𝒌𝒌 𝒔𝒔 𝒌𝒌

𝒔𝒔 𝒌𝒌 𝑻𝑻�𝒚𝒚 𝒌𝒌 𝟐𝟐 𝒚𝒚 𝒌𝒌 � 𝒚𝒚 𝒌𝒌 𝑻𝑻

= 𝑩𝑩(𝒌𝒌) − 𝑩𝑩 𝒌𝒌 𝒔𝒔 𝒌𝒌 �𝒚𝒚 𝒌𝒌 𝑻𝑻+𝒚𝒚 𝒌𝒌 � 𝑩𝑩 𝒌𝒌 𝒔𝒔 𝒌𝒌 𝑻𝑻

𝒔𝒔 𝒌𝒌 𝑻𝑻�𝒚𝒚 𝒌𝒌 + 𝟏𝟏 + 𝒔𝒔 𝒌𝒌 𝑻𝑻𝑩𝑩(𝒌𝒌)𝒔𝒔 𝒌𝒌

𝒔𝒔 𝒌𝒌 𝑻𝑻�𝒚𝒚 𝒌𝒌



Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

BFGS method： Regarded as most efficient among quasi-Newton methods
𝒔𝒔 𝒌𝒌 = 𝒙𝒙 𝒌𝒌+𝟏𝟏 − 𝒙𝒙 𝒌𝒌 ,    𝒚𝒚 𝒌𝒌 = 𝛁𝛁𝑭𝑭 𝒙𝒙𝒋𝒋 𝒌𝒌+𝟏𝟏 − 𝛁𝛁𝑭𝑭(𝒙𝒙𝒋𝒋 𝒌𝒌 )

𝑩𝑩(𝒌𝒌+𝟏𝟏) = 𝑩𝑩(𝒌𝒌) − 𝑩𝑩 𝒌𝒌 𝒔𝒔 𝒌𝒌 𝑩𝑩 𝒌𝒌 𝒔𝒔 𝒌𝒌 𝑻𝑻

𝒔𝒔 𝒌𝒌 𝑻𝑻𝑩𝑩 𝒌𝒌 𝒔𝒔 𝒌𝒌 + 𝒚𝒚 𝒌𝒌 𝒚𝒚 𝒌𝒌 𝑻𝑻

𝒔𝒔 𝒌𝒌 𝑻𝑻�𝒚𝒚 𝒌𝒌

Algorism：

STEP 0: Provide initial values x(0) and initial matrix B(0) (can be unit matrix)
STEP 1: Search direction d(k) is determined from 𝑩𝑩(𝒌𝒌)𝒅𝒅 = −𝛁𝛁𝑭𝑭(𝒙𝒙𝒍𝒍 𝒌𝒌 )
STEP 2: Step width α(k) is determined by line search algorism
STEP 3: Calculate x(k+1) = x(k) + α(k)d(k)

STEP 4: End if self-consistency is achieved; or, go to STEP 5
STEP 5: Calculated s(k) and y(k), and then B(k+1), and go to STEP 1 



Conjugate Gradient method (共役勾配法)

Vectors u and v satisfy utAv = 0 for a matrix A: u and v and conjugate with each other
・ For quadratic function, repetition of the conjugate direction will find 

the minimum in finite cycles if exact line search is employed
共役な探索方向に沿って正確な直線探索を実行 => 有限回の反復で2次関数の最小解に到達

矢部博, 工学基礎 最適化とその応用, 数理工学社 (2006)

Conjugate vectors and ellipsoido – circle 
conversion         uTPTPv = uTAv = 0

Case contour is a circle, one cycle 
calculation reaches the minimum
等高線が円の場合、一回の探索で最小値に到達できる

1. Give initial value x0
2. Initial direction d is determined by SD

3. Find xk+1 using appropriately chosen αk
xk+1 = xk + αkdk

αk may be a small constant step
or determined by a line search method

4. Search direction is updated by

5. Repeat 3 – 4 to reach convergence
As the freedom of cg directions is the number of parameters 
(nparam), need to go back to 2 to reset dk at some interval 
(typically nparam, necessary for nparam = 2).
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Ex.: Curve fit
Usage: python peakfit.py mode input_file method I0 x0 w
python peakfit.py fit peak.xlsx     (initial values: method = cg, I0 = 1.3, x0 = 0.6, w = 0.1)



Not optimized
python peakfit.py fit peak.xlsx cg 1.3 2.0 0.1 

method: cg
initial values: I0 = 1.3, x0 = 2.0, w = 0.1 



Converged
python peakfit.py fit peak.xlsx cg 1.3 2.0 1.0 

method: cg
initial values: I0 = 1.3, x0 = 2.0, w = 1.0

The result may be converged if w is wide enough to cover some region of the curve,
even if the initial peak position is out of the FWHM of the target peak¥



Converged
python peakfit.py fit peak.xlsx nelder-mead 1.3 2.0 1.0 

method: nelder-mead (SIMPLEX)
initial values: I0 = 1.3, x0 = 2.0, w = 1.0



Marquart method (マーカート法)
Minimize a square sum of m functions fj(xi) with N parameters

Gauss-Newton method
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Levenberg-Marquart method

𝛅𝛅𝒙𝒙 = − 𝐀𝐀𝐭𝐭𝐀𝐀 + 𝜆𝜆diag(𝐀𝐀𝐭𝐭𝐀𝐀) −1𝐀𝐀𝐭𝐭 𝑓𝑓𝑗𝑗

λ: dumping factor
e.g. chosen proportional 
to diagonal sum of AtA
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Simplex method (単体法, Amoeba法)
(Nelder-Mead algorithm)

Simplex: Polyhedron formed by (n+1) vertexes in n-dimension space
(単体: n次元空間で (n+1) 個の頂点が作る多面体)

Minimize F(xi)
1. (n+1) initial values xi (i = 1, 2,･･･, n+1) => Sort F(xi) so that F(xi) > F(xi’) (i < i’)

xh = x1, xl = xn+1
2. Average except the maximum vertex xi

3. New x will be examined along the line x1 – xG by the following selections
(i) Reflection (鏡映)       : xR   = (1+ α)xG – αx1 (α > 0, ex. 1.0)
(ii) Expansion (拡大)       : xE   = γxr + (1 – γ)xG (γ > 0, ex. 2.0)
(iii)  Contraction (収縮)  : xC   = βx1 + (1 – β)xG (0 < β < 1, ex. 0.5)
(iv) Reduction (縮小) : xRD = (x1 + xl) / 2

4. Replace x1 with the x in (i) – (iv) that firstly satisfies
F(x) < F(x1)

5. Repeat 2 - 4
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服部力、名取亮、小国力 監修、Fortranによる数値計算ソフトウェア、丸善株式会社 （１９８９年）



Comparison
Programs: optimize-sd-cg2d-linesearch.py, optimize-newton-raphson2d.py

From (0.0 0.0) cg simple

From (-1.0 -1.0) cg simple From (0.0 1.0) SD armijo

From (0.0 0.0) Newton

F(x,y) = –3.0 – 10x – 30x2 + 1.5x3 + 3x4 + 30y –30y2 + 3y4 + 3xy2

e.g.,
python optimize-sd-cg2d-linesearch.py -1.0 -1.0 sd armijo



Optimize.py for Simplex method (not working without tklib)

From (0.0 0.0) Newton From (-1.0 -1.0) DFP golden

From (0.0 1.0) SimplexFrom (0.0 0.0) BFGS golden

Main algorism:
newton, sd, cg, broyden, dfp, bfgs
simplex

Direct search:
exact, one, simple
armijo, golden

F(x,y) = –3.0 – 10x – 30x2 + 1.5x3 + 3x4 + 30y –30y2 + 3y4 + 3xy2

e.g.: python optimize.py 0.0 1.0 simplex 



Notes for NL optimization
・ Solutions may be more than one
・ Final solution  is not obtained by one step calculation
・ Convergence must be confirmed
・ Confirm the solution is the global minimum (大域最小値)

 Often fall in a local minimum (局所極小値)
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Features of NL optimization algorisms
Convergence A B
Speed × ○

Stability ○ ×

Global convergence ○ ×

For: Initial cycles Later cycles for fast 
convergence

A    : Simplex (単体法)
A,B: with line search algorism:

Conjugate Gradient (CG, 共役勾配法)
Steepest Descent (SD, 最急降下法)
Quasi Newton methods

     ・ Davidson-Fletcher-Powell (DFP)
     ・ Broyden-Fletcher-Goldfarb-Shanno (BFGS)

B    : Newton-Raphson method



Summary of non-linear (NL) optimization
Gradient method (勾配法): Use first differential to find the direction of minimum 
• Steepest Descent method (最急降下法): 

Only 1st differentials are used to search minimum 
Simple program, Slower convergence than NR and CG

• Newton-Raphson method: Gradient method
Use 1st and 2nd differentials (Hessian matrix) to efficiently find minimum
Fast convergence, easily diverged, complex program

May reach to a maximum if Hessian matrix is not positive definite.

• Marquart method
For least-squares fitting of  fj(xi), 2nd differential matrix is build from 1st

differentials of fj(xi)
Simple program, Slower convergence than NR



Summary of non-linear (NL) optimization
Gradient method (勾配法): Use first differential to find the direction of minimum 
• Quasi Newton method (準Newton法): DFP, BFGS, Broyden etc

2nd differential matrix (Hessian matrix) is iteratively approximated from 1st differentials.
Line search method is combined to improve global convergence.
Better convergence by combining with linear search algorisms.

• Conjugate Gradient method (共役勾配法): 
Search direction is corrected by conjugate gradient of 1st differentials for efficient 

search
Better convergence than NR, faster than SD, complex program

Direct search method (直接探索法)
• Simplex method (単体法)

Trial and error with a pre-defined procedure to select next candidate parameters
Very slow but good convergence
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