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These academic materials, likely from a course on Computational Materials Science, provide a comprehensive overview of

fundamental numerical methods. The first document introduces computer basics and various sources of errors in

computation, such as round-off and truncation errors, emphasizing the imnnrtanca nf rarsful handlina Af flnatina-nnint

numbers. It also covers numeric representation in different bases. The NotebookLM Only allOWS a Single Output langu age tO be

foundation, explaining numerical differentiation and integration techr

well as more advanced methods like Gauss-Legendre and Romberg inte Set for all nOtebOOkS, SO the Output language may Val‘y
to functions with anomalies. Finally, the materials briefly touch upon mc between English and Japanese depending on the
techniques for data analysis. o R

situation.
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How do different numerical methods for differentiation and integration affect accuracy and error propagation in computational materials science? What fundame >
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How | can solve a differential equation with high precision?

To achieve high precision when solving a differential equation, you should consider the choice of numerical method, the step size used in

the calculation, and careful handling of floating-point errors 1

Here are key approaches based on the sources:

» Choose Higher-Order Numerical Methods Higher-order methods generally offer better accuracy for a given step size compared to

simpler methods 3

o Euler Formula (F - Z—3%): This is the simplest method, but its accuracy is "not good,” and it is "asymmetric" with respect to

time, which can lead to larger errors 2 .

> Heun Formula (7 >i%): This method improves upon the Euler formula by averaging approximations, leading to better accuracy.

It uses an estimate of the next step from the Euler formula to refine the calculation 2

6 .

> Runge-Kutta Formulas (JL >4 —%2 w2 R): These are highly recommended for achieving higher precision. The sources

specifically mention 3-stage 3-order and 4-stage 4-order Runge-Kutta formulas 3
demonstrate that Runge-Kutta methods, particularly the 3rd and 4th order, exhibit significantly higher accuracy and better
5.

convergence over time than Euler and Heun methods 4

... . Plots comparing various methods

= Methods for Second-Order Differential Equations: For second-order differential equations, which can be broken down into two

simultaneous first-order equations, methods like Verlet, velocity Verlet, and Leap Flog are discussed 9

#oanan 1 ey ~rr



Class Schedule

Lecture materials (Kamiya’s part): http://d2mate.mdxes.iir.isct.ac.jp/D2MatE/D2MatE_programs.html?page=cms

#01 June 10 (Tue) Kamiya (Fundamentals of computer, Sources of errors (A E 1 —2DEHE, I2E))

#02 June 13 (Fr1) Kamiya (Numerical differentiation/integration (B{E# 5 /F& 7))

#03 June 17 (Tue) Kamiya (Differential equation (57 *83(), Molecular dynamics (73 FB) 1%Fi%),
Interpolation (#8f&]), Smoothing (F;&1k))

#04 June 20 (Fr1) Kamiya (Smoothing (*FF;&1E), Linear least-squares method (¥#fs&x/NZF&%),
Numerical solutions of equations (A2 D HIELEE))

#05 June 24 (Tue) Canceled
#06 June 27 (Fri) Kamiya (Numerical solutions of equations (HFF2 = D £ fEf#;%), Nonlinear optimization (JE#EH; @ 1L))
#07 July 1 (Tue) Kamiya (Fourier transformation (7—!) TZ#2), Matrix (1T5), Applications (F&FA))
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PROBLEM, June 20

PROBLEM:

Smoothen the data DOS(E) in dos.xlsx
by simple average method and polynomial fit method.

Add them and plot the raw DOS(E) and the smoothed data in an Excel file.

You can choose smoothing parameters as you like, but explicitly descrive
them.

Submit the excel file.

See dos_smoothing answer.xlsx



Smoothing

Simple moving average (2m+1 points)

i+m
:Vi,smoothed T om+1 Z =i—m :V]
Weight

i-i0 1p simple avg 7p 9%
5 0 0 0 Weights of simple moving average
-4 0 0 1 2
-3 0 1 1 ——1psimpleavg —7p 9p
-2 0 1 1
-1 0 1 1
0 1 1 1 1
1 0 1 1
2 0 1 1
3 0 1 1
4 0 0 1 0
5 0 0 0 -10 -5 0 5

w 1 7 9

10



Sheet1

		i-i0		1p simple avg		7p		9p

		-5		0		0		0

		-4		0		0		1

		-3		0		1		1

		-2		0		1		1

		-1		0		1		1

		0		1		1		1

		1		0		1		1

		2		0		1		1

		3		0		1		1

		4		0		0		1

		5		0		0		0

		W		1		7		9



Weights of simple moving average



1p simple avg	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	0	0	0	1	0	0	0	0	0	7p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	1	1	1	1	1	1	1	0	0	9p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	1	1	1	1	1	1	1	1	1	0	










w3 (/)

i-i0

Smoothing

Order 2 and 3 polynomial fit using (2m+1) points
wy3(j) =3m(m+1)—1-5j% j=-m,---,-1,0,1, -, m
W,s = (4m? — 1)(2m + 3)/3

[ T B B
Ol & W N P O R N W & O

3p order 3
polynomial

o1 O O O O O o1 O O o o o

1 Qi+m

. = — ) "0 w ] .
:Vl,smoothed Wy s J=l—m 23(1)3’]

-10
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30
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Weights of polynomial fit smoothing

——3p order 3 polynomial ——5p 7p

—kﬁvﬁ—
-6 -4 -2 0 2 4 6



Sheet1

		i-i0		3p order 3 polynomial		5p		7p

		-5		0		0		0

		-4		0		0		0

		-3		0		0		-10

		-2		0		-3		15

		-1		0		12		30

		0		5		17		35

		1		0		12		30

		2		0		-3		15

		3		0		0		-10

		4		0		0		0

		5		0		0		0

		W		5		35		105

				1		2		3



Weights of polynomial fit smoothing



3p order 3 polynomial	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	0	0	0	5	0	0	0	0	0	5p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	0	-3	12	17	12	-3	0	0	0	7p	-5	-4	-3	-2	-1	0	1	2	3	4	5	0	0	-10	15	30	35	30	15	-10	0	0	










A smart answer by student

Use Excel matrix functions:
mmult(rangel, range?2):
Multiply matrixes (vectors) given in the ranges rangel and range?2
transpose(rangel)
Transpose the matrix (vector) given in the rangel

See “Tp(transpose+mmult)” column in dos_smoothing_answer.xIsx



PROBLEM, June 27

*  Submit electronic file(s) via LMS in 2 days
(If LMS doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.

In this case, file name must include your STUDENT ID and FULL NAME)
PROBLEM:

Solve 5cos(x) —x = 0.

(i) Plot the functions y = Scos(x) and y = x in the range x = 0 — 3, find an initial x for
Newton-Raphson method.

(i) Solve 5cos(x) —x =0 by Newton-Raphshon method at least with four significant digits.

(iii) Mandatory: Tell your opinions or suggestions for improvements regarding
how the lectures are conducted,
particularly in relation to the use of Al tools like NotebookLM.

(iv) Optional: Propose if you have any other numerical analysis you want to learn in
Computational Materials Science

(v) Optional: Propose if you have any python program (should be simple) you want to
learn



How to solve equations?

More sophisticated algorithms



Newton-Raphson method
Solve fix) =0
Start from initial guess: x, y = f(x)

X, tdx is supposed to be a solution

Sxptdx) = flxy) + dx f7(x,) ~ 0
=> x; =X+t dx =xy— flxg) / f(x,)

2.5

Stabilize convergence:

X1 = %= S0 1f () 1 (1 + 2)
A: Dumping Factor

1.5

0/v«/l

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 be 2

— X, =
05 Xog—f(xp) / f7(xy)




Program: equation-newton-Raphson.py

Usage: python equation-newton-raphson.py x0 dump t

f(x) =exp(x) — 3.0x

python equation-newton-raphson.py -0.5 0

sleep

python equation-newton-raphson.py -0.5 3

. Figure 1 — _ b4 — O
T vasws | MmN ) ) ()
- A: Dumping Factor
Solve equation Solve equation
504\ 304
2.5 \ 2.5 ‘
2.0 A . 2.0 A .
E 1.5 E 1.5
]
1.0 1.0 “~.
AN \‘
0.5 - h 0.5 - . .
o p
0.0 / 0.0 \ /
-1.0 —05 0.0 0s -Z-L-.IO - 15 2.0 -1.0 —0.5 0.0 0s -Z-L-.IO 15 2.0
x X
x=-0.6125 y=1.25124 x=0.360887 y=1.13179

X




Newton-Raphson method

Solve f(x) =0

Start from initial guess: x,
repeat: x; =x,+dx =x,—f(x,) / f7(xy)

* f’(x,) can be analytical calculated for some
cases
* f’(x,) is more often approximated by finite

difference
f(xo+h)—f(xo—h)
2h
* f’(x,) can be approximated using already-

calculated values
[x1)=](*0)  §ocant method E$RE)

X1—X0

OJ

Secant method

EIERIE)

’
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Y N-R method

0.2 0.4

-0.5

016 018 1 112 x2114 x11i6

x,



Effect of dumping factor: Convergence process
f(x) =exp(x) —3x =0 (initial x = 0) Exact 0.619061

iteration

1.E+00 T T

5 6 11 16
1.E-01 - \\
1.E-02

iteration
1.E+00 |

4

1.E-01 -

1.E-02

—NR(df=0) \
HE T —NR(df=0.1) o |\ '\ —Eﬁi%
S 1eos | NR(df=1) \\ i \ \ \ —NR(df=0.1)~_
\
\

—NR(numerical diff.) \ N :ZZ |\ —NR(df=1)
1e05 —— Secant \ 1 E-09 \\ \\ —NR(num. diff.)
1.E-06 — Bisection 1.E-10 \ \— Secant —
\ LEA \ — Bisection
1.£-07 1.E12
, NR: Newton-Raphson method
Xper =X =S 1 (7 () + A) df: Dumping Factor

A: Dumping Factor



Case Newton method succeeds

f(x) = tan"!(10x)
initial x = 0.1

N

=
§ 1.5

[AEY

o
(6

A case to reach convergence

0
1
2
3
4

0.1
-0.05708
0.011686
—-0.00011
1.15E-10

f(x)
0.7854
-0.5187
0.11633
-0.0011
1.2E-09

df/ dx
5
7.54257
9.86527
9.99999
10

dx

-0.1571
0.06877
-0.0118
0.00011
-1E-10

(=)

o

U

FK
-

(0]

N

N

[AEY
(6]

[AEY

o
(4]

o

=
(4]

Y

=
(8]

N




Case Newton method fails

f(x) = tan"!(10x)
initial x = 0.15

(V9]

Diverged (1= 0)

~

=

§:< 5

1
Ao

[y

SOOI wWN—-=O

-1 -08 -0.6 -0.4

0.6

0.8

X f(x) df/dx

0.15 098279 3.07692
-0.16941 -1.0375 2.58404
0.232112 1.164 1.56553
-0.51141 -1.3777 0.36827
3.229546 153984 0.00958
-157.529 -1.5702 4E-06
389486.7 15708 1.1E-12

A: Dumping Factor

1 Stabilize convergence

ooo~NOOOGThA~hWDN—=O

X by choosing A(1=1)

X f(x)

0.15 0.98279
-0.09106 -0.7387
0.023161 0.2276
0.001466 0.01466 9.99785
0.000133 0.00133 9.99998
1.21E-05 0.00012 10

1.1E-06 1.1E-05 10
1E-07 1E-06 10
9.09E-09 9.1E-08 10
8.27E-10 8.3E-09 10

df/dx
3.07692
546675
9.49088

dx

-0.3194
0.40152
—-0.7435
3.74095
-160.76
389644
-1E+12

X1 =X =) 1 (P (x) + A)

dx
-0.2411
0.11422
-0.0217
-0.0013
-0.0001
-1E-05
-1E-06
-9E-08
-8E-09
-8E-10



Program: Electron density in metal

Issues for integrating /N(e)f(e)

* Wide integration range £ = 0 ~ E + akzT — several eV (accuracy at the order of exp(-a))

» Important range for accuracy is the range of akg7 ~ 0.1 eV around £y

* For numerical integration, £ mesh AE should be very small around Ep (if 0.01akg T, AE ~1 meV)
=> Not good to use the same AE for the whole integration range £ =0 ~ Ep + akgT

=> = Divide integration range (Analytical integration may be employed for 0 ~ E. — akgT)
* Better to employ accuracy-guaranteed library for integration
python integrate.quad() can accept accuracy as epsrel variable

Program: N-integration-metal.py

Ex.: python N-integration-metal.py 300 5.0 1E+21

At300K, E.=5.0 eV
Time 1s measured for 300 cycles calculation

1.5E+21 ) /4@)
8 digit accuracy (epsrel = 1e-8), o = 6:
range time (300 cycles) 1E+21 / N(e)fie)

(1) 0~ Eg + ak,T 0.109 s fle) X 104
2)0~E;—akyT 0.063 s
3) Ep— 0k, T~ Eg + ak,T 0.016's SE+20 2) )

(2) + (3) is faster by ~30 % than (1).

Employing analytical integration for (2) 0
is faster by a factor of 10 0 0.5 1 1.5

Energy e (eV)



Program: 7 dependence of £y, for metal

Ep(T) is determined by N, = [ N(e)f (e, Er)de for the given electron number N,
N(e)f(e, E) is integrated in the range E = 0 — oo (acutualy up to Eg + akgT)

The initial value of E(7) can be taken as the analytical form of E¢(0) at 0 K.
Since the variation of E(7) is small, the Newton method stability converges.

2
Compare with the approx. form E (T) = E.(0) — % (kgT)?N'(E(0))/N(E(0))

Program: EF-T-metal.py
Ex.: python EF-T-metal.py

T (K) E;(Newton, eV) Eg(approx.,eV)

0 4.948988
600 4.948554
1200 4.947248
1800 4.945069
2400 4.942013
3000 4.938075
3600 4.933247
4000 4.929529

4.948988
4.948544
4.947211
4.944990
4.941880
4.937882
4.932994
4.929243

. Figure 1

EF (eV)

A € > $Q =~

4.9500

4.9475

4.9450

4.9425

4.9400 -

4.9375 A

4.9350

4.9325 A

4.9300

—— EF({exact)

—— EF(approx)

T
0

T
500

T T T T T T T
1000 1500 2000 2500 3000 3500 4000
T(K)




Density of states, n_, and n, in semiconductor

Total density of states: D(E) = D,(E) + Dy (E) + Dp(E) + D4(E)

A E;
5 fe(E»EF) fh(E’EF)
-
S
Z
=
7]
= oK
Ey E, E, E, nergy
Valence band Conduction band
Dn(E) = DyoyEy — E D.(E) = Dcoy E — Ec
Dp(E) = Ny6(E — Ep) Dp(E) = Np6(E —1ED)
1 —
In(E ER) = GGyt Je(E. EBr) = o tpG—rmya
Free hole density Free electron density
ny = 2V fo(E, Ep)Dyp(E)dE ne = [;_fe(E)De(E)AE
Ionized acceptor density Ionized donor density

Ny~ = Ny(1 - fh(EAfEF)) NDJr = Np(1— fe(Ep, EF) )



How to determine E for semiconductors
A

)
=
S| D,(E)
>,
‘2 =DVO\/EV——E Ny DC(E):DCO\/E_EC
E Valence Conduction

band | band S

Ey E, EpE Energy

E,=E:.-Ey
Charge neutrality condltlon

Ny~ +N,=Np*+ N, ) E,

N, = °OD AE)f.(E,E,)dE
N, = Nfi— (. E, )



How to calculate E,.: Illustrative solution
N, = EOODC(E)fe(EaEF)dE N, = ;DV(E)fh(EaEF)dE

ND+:ND[1_fe(ED>EF)] N, = A[l_fh(EAaEF)]

fh(EaEF)zl_fe(EsEF)
Plot AQ = (N, + N,) — (Np* + N,) w.r.t. E; and find AQ =0

30
8.E+14 | T =300.0 Np=3.0el7 20
E,=1.12 Ep=1.02
3 E+14 Ne.= 1.0¢19 N, =1.0el3 10 Er=0.997 eV 4
' Ny = 1.0e21 E,=0.1 S
3 E 2
-2.E+140[8 "\ 0.9 h DI - O' 5 |
=-10 :
-7.E+14 /\
20 +~
-1.E+15 =30



Bisection method (Z4i%): Continuous func GE#ERE%)

Solution of f(x) = 0 for (monotonic) continuous function f{(x)
1. Start from a range [x,, x,] where f(x,) <0 & f(x,) >0
(or flxg) >0 & flx;) <0)
* Solution exist in this range for a monotonic function
2. Solve the equation by the following iterative procedure

Case f(x,) <0 and f(x,) > 0: Judge by f(x,) f(x,) <0
l.x,=(xy+x,)/2.0
2. If fixy) > 0 (f(x,) - fix,) <0), x, 1is replaced with x,
If f(x,) <0 (f(x,)fx,) <0), x, 1s replaced with x,
3. Solution x, 1s obtained when |x; — x|, |f(x;) —f(x,)| becomes less than EPS.
4. Repet 1 —3




E by bisection method: Convergence procedure

Initial range: [E,, E,| = [Ey =0, Ec = E]
Find AQ=(N,~+N,)—-(Np"+N,)=0

1.E+01 25
iteration
1.E+00 . . . . 20
— 1.E-02 @10 .
Q AN
1.E-03 ~ 5
~ 1.E-04 \\ 3’ 0 iteration
1.E-05 N 0.5 0 10 20 30
1.E-06 < o
-10
1.E-07 \\ .
1.E-08 N >
1.E-09 20
25

After 30 times iterations
E;=10.9985173589, 0.9985173599]
dO = [-3x108, 8x109]



Program: EF-T-semiconductor.py

Program: EF-T-semiconductor.py
Usage: python EF-T-semiconductor.py EA NA ED ND Ec Nv Nc¢

Ex.: python EF-T-semiconductor.py 0.05 1.0e15 0.95 1.0e16 1.0 1.2¢19 2.1el8
E.=0,E, =1.0eV (=band gap)

E,=0.05eV,N, =10 cm?, X figure 1 - O
Ep=0.95¢V, N, =10 cm A €9 % Q
N, =1.2x10" cm™
N, =2.1x10!¥ cm™3

it
R
i

—— EF 1018 3
1.0 E
1015 3 \
0.8 A 1014 —
— 1013
— m
= 0.6 4 ¢
=~ £
W S 10
o =
= ]
0.4 S 1011 5
107 5 — Ne
0.2 1 5 Nh
107 3 —— NA-
] — ND+
0.0 T T :LOB T T
0 500 1000 0 10 20

T(K) 1000/T (K™-1)




Multi-values equation: Kronig-Penney model

Solution of (—%;—; + V(x)) b = E¢ e d — _ _
P (x) = exp(ikx)u(x), u(x+a) = u(x) w,,

In well: o(x)=Aexp(iax)+ Bexp(—iax) oa=~2mE/h -b 0
In barrier:4(x) = Cexp(fx)+ Dexp(—fx) B=+2m(V,—E)/h

Boundary condition: ¢, (x) and ¢;'(x) are continuous at x = 0 and -b
Bloch’s theorem : ¢ (x + a) = A¢,(x), 1 = exp(ika)

1 1 —1 —1
i —ix - p p
exp(iaw,) exp(—iaw,) —Aexp(—pb) —Aexp(pb)
iaexp(iaw,) —iaexp(—iaw,) —plexp(—pb) pPAexp(Lb)
The determinant of the left matrix must be 0:
B(E)* — a(E)*
2a(E)B(E)

o o o O

O O W

coska = < sin a(E)w,, sinh B(E)b + cos a(E)w,, cosh ﬁ(E)b)

Scan E in possible range to find all the solutions,
then use them for initial values

to obtain accurate values by Newton-Raphson method



Program: Kronig-Penney model

Program: Kronig penney.py

Lattice parameter (Si) a =5.4064 A Effective mass m* = 1.0m,
Barrier width 0.5 A Barrier height 10.0 eV

__python kronig penney.py python Kkronig penney.py band

[3e]
L

}

E (eV)

sinaw,, sinhf b+ cosaw,,coshf b

2ap

BZ_aZ
I
=

coska—(
|
%]

delta




Non-linear (NL) optimization
JEHRTZ Bz 1L




Optimization
Objective: Find parameters x; to minimize or maximize
a objective function F(x,)

Maximization problem for F(x,)
is equivalent to minimization problem for —F(x;,)

Examples:

* Linear least-squares method: A linear minimization problem for L2 norm of errors
* Curve fitting: A non-linear minimization problem for L2 norm of errors

* Structure relaxation: A non-linear minimization for total energy

Focus on minimization problem



NL optimization of crystal structure:

Illustrative approach
REREE: MRICKSfEE

Calculate total energy by quantum calculations by varying a lattice parameter
ex. Si
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-1160.138F  Exp.(RT)
ac=0.5431 nm
Vi =270.5 a.u.? (primitive cell)
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-1160.1417 ac =0.5472 nm
, Vp=276.67au’
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-1160.143

-1160.144
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Volume / a.u.?

E=E_ +1/2B,(V/V,)
B, (GPa) =87.57 GPa (exp: 97.88 GPa)



Profile models used for spectroscopy

Lorentz function
1

I, (x) = - [(x_xo) p W]2 w: half width at half maximum

Gauss function
1

I5(x)= a4 wr' exp{— [(x_xo)/(aww)]2 J '
W —(In2)? = 0.832554611 0.

Voigt function:

E.g., observed is convolution of sample
spectrum /; (x) and apparatus function /;5(x) 7

[V(x)zj:[G(x')]L(x—x')dx' / .

_ay ¢ exp(=x")
- 7ZV L‘O aV2 +(x—x") o //

Pseudo-Voigt function:
Simplified Voigt function
Loy (%)= fol o (0) + (1= I, (x)

fc: Gauss fraction

o




Ex.: Deconvolution of powder XRD peak

Incorporate the intensity ratio from Ko, and Ko, at 2:1

L= ZnS Powder(original ). TXT - CurveFit - B
Jr{ME) $REE(E) FR(V) Option A" (H)

D[ %| & | B[ 8] [Bocafor[cur i mm| %@u Br|

hput | ¥Samples¥ZnS Powder(original) THT w ﬂ D' Programs'CurveFit CurveFit2013'\Samples'ZnS Pow der(nng

PEC: |Samp|es¥2n5 Powder{or iginali#0 pfc wﬂ 100000

Output: | D¥Programs¥CurveF it¥CuryaFit 2017 Hﬂ

Optimize Regior: |‘“S - |‘1EI ViewRne| |

Output Fegion: |‘“S - |‘*EI WiewRreg| | 80000

Hidd Peal |Qe|ete F'eak| Clear F'eaks| Peak Search |

| 474657 83924 00963 0.388 1.000 |

[0 Position [474687 /v OPT| Gurve FitGo | o 60000 I~

C{Total) 889238 W OPT  save PFG z

Gauss Fraction |0.387785 : W CPT Setup LSQ § 40000 I

FWHM Ratio 1 : [ OPT ol Gt e

ClGauss) 3448330456 : I OPTM Redraw

FitHM(Gauss) |00963853  —= /v OPT Delta Mag. 20000 B

i Larentz) B444054543 < 7 OPT T -

FWWHM(Lorentz) 00963358 =T OPT

Aoy mmetric l':'i: [ OPT

Backeround =~ Others 0 | I

= Gal || | Ligat: [T58056 A

bl |1?I].2?2 ¥ OPT | | Likas: [T54438 4 468 47 472 474 476 478 48

bTo.71438 |_ OFT | gkaoi/iKan s Diffraction angle 2Theta / deg.

b2]0 Crange |57 <
N7 ‘iﬁzﬂ'g”ﬁle_lat [Fl] L T(EEN.




Methods of non-linear (NL) optimization

To find a minimum (maximum) of target function F(x):

Direct search method (EIEEER %)
Trial and errors to find a minimum,
but following a certain defined procedures

Gradient method (& E2;%):

Use first differential to find the direction of minimum



Global minimum (X#&/ME) vs local minimum (1&//vE)

If start from here and
search minimum by gradient, ...

Local minimum

Global minimum
>

How to avoid to be trapped by local minimum:
1. Employ a large initial search range
2. Not use a direct value of gradient



Line search (E#f#F%;%): Armijo condition
KERE, THER SoBb &2 OISR, BEET 4 (2006)
Armijo (7/L37) condition (eq. (1)) and algorism:
1. Provide initial x;, choose constant{ and 7 (0 < ¢ < 1,0 <1< 1)
2. Find search direction d;, (e.g., by steepest descent method)
3. Find o > 0 so as to satisfy F(x;, + ady) < F(x,) + ady - VF(xy,) (1)
(1) fro=1i=0
(11) if F(xg + Pridy) < F(xg) + P idy - VE(xy) go to step 4, or go to (ii1)
(i11) Bk,i+1 = TPk, and go to (i)
4. a = ,Bk,i
X
y = F(xg) +Sady - VF(xy)

Satisfy eq. (1) /

y = F(xp + ady)
Satisfy eq. (1)

\ ~—> ad
tangent: y = F(xy) + ady - VF(xi) a'®



Line search (E#f#F%;%): Armijo condition
KERE, THER SoBb &2 OISR, BEET 4 (2006)
Armijo (7/L37) condition (eq. (1)) and algorism:
1. Provide initial x;, choose constant{ and 7 (0 < ¢ < 1,0 <1< 1)
2. Find search direction d;, (e.g., by steepest descent method)
3. Find o > 0 so as to satisfy F(x;, + ad;) < F(xy) + éady - VF(xy) (1)
(1) fro=1i=0
(11) if F(xg + Pridy) < F(xg) + P idy - VE(xy) go to step 4, or go to (ii1)
(i11) Bk,i+1 = TPk, and go to (i)
4. a = :Bk,i
X
y = F(xg) +Sady - VF(xy)
Satisfy eq. (1) /
y = F(x + ady)

Satisfy eq. (1)

\ ~—> ad
tangent: y = F(xy) + ady - VF(xi) a'®



Line search (B###%i%): Wolfe condition

KEME, T2EE ELEZ DA, BB IS4 (2006)

Wolfe (9,1 2) condition:

1. Find search direction d;, (e.g., by steepest descent method)
2. Choose constants ¢; and ¢, thatsatisfy 0 < ¢; <&, <1
3. Find a > 0 so as to satisfy:

X

F(xk + adk) < F(xk) + fadk . VF(xk) (1)
gde . VF(xk) < dk . VF(xk + Ode) (2)

gradient — 52 dk . VF(xk)

Satisfy eq. (1)

> adk

tangent: ,
y = F(xy) +ady, - VF (x;) y = F(xp) +Sady - VF(xy)



Bisection method (Z4%%) vs Golden-section search (Z2£ 5 Z1E%H)

Bisection method: Find solution of f(x) = 0 for monotonous continuous function
Unique solution exists in the range [x,®, x,(O] if fix,@)f(x,®) < 0
Add x,© in [x,©, x, @] (x,©@ < x,© < x,©)
Case 1: If fixyO)f(x,®) < 0, solution is in [x,©, x,(]

. (0) 4. (0)
Next search range is reduced to x,(V) := x,(0), x,() = x,(0= %, x, D= x,©
Case 2: If flx; O)f(x,(¥) < 0, solution is in [x,©), x,(]
X1 (0) -|-x2 (0)

Next search range is reduced to: x,(V ;= x,(0, x,() 1= x,(0 = , X, 1= x,(0)

2

Golden-section search: Find minimum for single downward convex continuous func f{x)
Unique solution exists in the range [x,®, x;O] if fix;®) < f(x,®), fx;®) for x,@ < x,® < x,©
Add 6,© in [x©@, 1,07 (x,© < x,© < x,© < x,©)
Case 1: if f{x,@) < fix,(V), solution is in [x,©, x,]
Replace x, with x, @ in [x,9, x,(9]
Next search range is reduced to x,(V := x,(© < x,(D := x,(0 < x, (D := x (0 < x, (D) = x,(0)

Sf(x) \ B J/

«— Y >

/4—‘[—»

2O 0 @ 5,0




Golden-section search (E£ 9 EHERHK)

For downward convex continuous function, unique solution exists
in the range [x,©, x;@] if fix; @), fix, @) < flx, @), fx;®) for x,@ < x,@ < x,© < x,©
Case 1: if f{x,) < Ax,), solution is in [x, ), x,©]
Replace x,© with x,@ in [x,©), x,]
Next search range is reduced to x,(1) := x,(©) <x,() 1= x,0 <x,( 1= x, (0 < x, (D := x,0)
Case 2: if f{x,@) > fix,(9) , solution is in [x,(), x;(V]
Replace x,(¥ with x,9 in [x,(?), x,]
Next search range is reduced to x,(V) := x, (O <x, (D := x, (0 < x, (D 1= x, (0 < 5 (D) 1= 5, O)

Jx) \‘ v P , ] Strategy: kee-p th§ ratio of x,(, x, 0, x,(0_ x, ()
< T constant for iteration steps
\ — T —»/ B =x09 — x,®
- T
. / v = 0,09 — x, 09 = 00— x (0
—— T=F~-Y
x, 0 = x,® +7

5% x© x| xO

To keep the ratio for next step (k+1)

xl(o) xz(o)x4(0) x3(0) B:y= x3(k+1) _ xo(k+1) . xz(k+1) _ xo(k+1)

XD x, (D x, (D x, (D =3 — x, () ¢y, () () = ¢
T=F—yHb

B 1+V5

Y 2

Golden number




Golden-section search (E£ 9 EHERHK)

Minimum solution of downward convex continuous function f(x)
f(x) < B > E 1+v5
\4— Y > Y 2
Y T _ By _ 2 V5-1
% 4—1'—»/ n= E_T_ _\/_+1_\/_+1
- T 1. For x,@ <x,0<x,0<x,© assign initial parameters as:
T~ / BO = (0 _ x (0)

: : . ) = ©
X0 @ @ x,© x,© = x,© 4 7O
2, © = x,© _ 1©

A

[~ —

(0 0  (0) ., (0)
A Xy X , 1 (k)
xoM o, (Dx, (D x, (D 2. Terminate 1f|,B | < eps

3 ,B(k+1) — 70
T(k+1) — 77’B(k+1)
4. If fix, M) < fix,®), substitute x,® for x,0 = x,0 —7 &) ag;
xo(k+1) _ xo(k), x, (D = x (0 _T(k), x, D = x (0, x3(k+1) = x,
If f{x, ) > f(x,®), substitute x,& for x,0 = x,0 +70) a5:
xo(k+1) — xl(k), xl(kﬂ) _ xz(k), xz(kﬂ) _ xl(k)+T(k), x3(k+1) _ x3(k)

Go to step 1



Methods of non-linear (NL) optimization

To find a minimum (maximum) of target function F(x):

Direct search method (EIEEER %)
Trial and errors to find a minimum,
but following a certain defined procedures

Gradient method (& E2;%):

Use first differential to find the direction of minimum




Steepest descent method (SD, B2 T%)

Search minimum/maximum only by first derivatives
Objective function (multi-variable, x;): F(x;)
Concept: Minimum/Maximum may be found in the direction (9F (xj)/ ax;)
x; KD = 5, () — qdF (x; 1) /0x;

Need to choose/find an appropriate a so as to take the minimum F (x; ()

Variations to choose a:
(i) Simple: Choose small o
(ii) Direct search (EZIER)
Armijo / Wolfe condition




Steepest Descend (SD) method (R2ET %)
REME, THEM SoEb & T OISR, BIETF4E (2006)
Search minimum only by first derivatives. Simplest one among gradient methods

* SD: §? would decrease in the vector —(df / dx;,)dx;
x; (D =2, 0 — o(df'/ dx;)
o, may be a small constant step
or determined by a line search method
ex. in right figure:
$? = f{x,) = 5x,2 + x,?, initial x, = 0.7, x, = 1.5
* SD method
o = 0.3: Diverged (not shown in the graph)
0.2, 0.15: Converged, but oscillated
0.1: Reach final solution by one cycle calculation
0.01: Not oscillated, but slowly converged a=0.2
= Newton method

One cycle calculation provides the final solution

for quadratic problems
BAREDOHESE—E B D E TREEICE:E 0's

2.5

Problem: If S? is highly anisotropic, the SD direction | :
would be different largely from the minimization == =

. . ai 0.5 0 0.5 I
direction s sBx=EGERHLIBE. RAARAMAGR/MESREF
REKEBDHEDDHD

=> Conjugate Gradient (CG) method (F1&BELX)

-0:5



Steepest descend method

Without direct search:
use fixed step parameter With direct search

2.5

Newton

ITRRDZAM D)



SD method in Deep Learning

= All batch data are divided to mini batches, | DL: SD method

and apply SD to each mini batch 5
_ a=0.1, ny, =10
Example: - e
§? = fla, b; x| x,) = ax*+bx,’, a=5,b=1 2

1000 batch data (x,;, x,;, f(x;)) are generated at random
(note: the data were re-generated for different runs)

Speculate a and b !

Initiala=0,5=0

1.5

0.5

SD (Convergence iterations with all batch data)
3

2.5

= a=0.1

2

Line search 2 a=0.05, nygz =100

15 1.5

1

k=0.1ny; =100

0.5
0.5



Multiple variable Newton-Raphson method
Extend to multiple variable optimization: Minimize F(x;)

fr(x;) = 0F(x;)/0x;, =0
To solve f(x;) =0 (k,j =1,2,---N)

fr(xj + 6x;)~fr(x;) + Zi) 6x1,0f 1 (x;)/0%1,= 0

=> X;; =Xj0— (0f & (xj)/axk/)'l(fk) =X;0— (F”) ' (F7))
y 9%F (x)) Hessian matrix (~y+1751)
F kwr = (A EFFIDEHBEAYS T EE )

6xkaxk,

Hessian matrix is not always positive definite (EEETHDEIZES%ELY)

(Maximum, Saddle point & X{#. $5)
=> [’ dose not always give decreasing direction

Convert F”’ to positive definite and suppress divergence

X1 =Xy~ (F7 e+ A '(F7))
A: Dumping Factor



SD vs. Newton-Raphson methods

Steepest direction = Optimization direction

1.5
Newton
a=02 . :
0%
!
| \ iSK \@/ /0.5 1
o

Improve SD method to follow optimization directions



Program: optimize-newton-raphson2d.py
F(x,y)=-3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3x)?
Usage: python optimize-newton-raphson2d.py x, y,
From (0.0 0.0) Newton From (-1.0 -1.0)

UUUUUUUU R —
‘ 4 ‘

T T T T T
-4 -3 -2 -1 0 1 2 3 4 —4 T T T T
-4 -3 -2 -1 0 2 3 4

From (-2.0 -1.0) From (-2.0 -2. 0)




Quasi-Newton method (#Newtoni%)

KEME, T2EE ELEZ DA, BB IS4 (2006)
Target function to minimize: F(x;)

. ) ) -1
Iteration: x;(*1) = x;( — (8%F/dx,0x;,) ~(9F/dxy)
F' 1, = 0°F/0x,0xy,: Hessian (N\v1) matrix

Issues of Newton method:
(1) Calculation of Hessian matrix is very high cost as it 1s a 2D matrix

(2) Eigen value of Hessian matrix can be negative => lead to maximum
(3) Easy to diverge

Quasi-Newton method:
(1,2) Hessian matrix 1s approximated from 15 differentials

(3) Line search algorism is applied along the search direction
—(azF/axkaxk,)_l(aF/axk)



Davidon-Fletcher-Powell (DFP) method

KEME, T2EE ELEZ DA, BB IS4 (2006)
F(xj® + ad) = F(x;®) + aVF(x;®)Td + %aszB(k)d ~0

Search direction d is determined from B®d = —VF (x;j (k)

DFP method: The first formulation of quasi-Newton method

T
Y0 B (). (T 1.3,k ( (k) _ g(R) 500
SUOT 5, (K)
ST (k) _p () 5(K))
(s(OT.y(k))?

B® B(k)s<k>.y(k>r+y(k).(B(k)sac))"+( S(k)TB(loS(k))

Bk+D — k) 4 |

y(k) . y(k)T

STOT (0 STOT (10



Broyden-Fletcher-Goldfarb-Shanno BrGs) method

KEME, T2EE ELEZ DA, BB IS4 (2006)

BFGS method: Regarded as most efficient among quasi-Newton methods

S(k) — x(k+1) — x(k), y(k) — VF(x](k+1)) — VF(x](k))

ORGIEIORON N OO

(k+1) — p(k) _
B B S(k)TB(k)S(k) S(k)T.y(k)

Algorism:
STEP 0: Provide initial values x(¥ and initial matrix B® (can be unit matrix)
STEP 1: Search direction d® is determined from B®d = —VF(x;(®)
STEP 2: Step width a® is determined by line search algorism
STEP 3: Calculate x*D = x® + &gk
STEP 4: End if self-consistency is achieve.
If not, go to STEP §
STEP 5: Calculated s and y®, and then B**), and go to STEP 1



Conjugate Gradient method (#%& AE%)
KEME, T2EE ELEZ DA, BB IS4 (2006)
Vectors u and v satisfy u’Av = 0 for a matrix A: u and v and conjugate with each other
" For quadratic function, repetition of the conjugate direction will find

the minimum in finite cycles if exact line search is employed
HRGERTEIC>TERGERIERERIT = AREORET2REAMRO R/ EIZEE

Case contour is a circle, one cycle 1. Give initial value x,
calculation reaches the minimum 2. Initial direction d is determined by SD
EERVSADBE, —EORRTE d=-Vf

. Find x,; using appropriately chosen o,
X1 = X T Oy
o, may be a small constant step
or determined by a line search method

/ o RN
T

//; SRR\

il 7 SN\\\\

V)

__..// / f ),/ ;JI f';’_.-“; \ \\\ — S h d- t- . d t d b
~ 0 / A . Dearc 1recton 1S upaate Yy

\ —if//// ==

%\ N — / —

N—— Vi =V (X)) = VA(x,)
onjugate vectors and ellipsoido — circle Vf(x )T y
. TDT — ., T _ - k+1 k
conversion u"™PTPy = u"Av =0 d. . =-Vfx, )+ q Ty d,
k Jk
S. Repeat 3 — 4 to reach convergence
As the freedom of cg directions is the number of parameters

(M param)> N€Ed to go back to 2 to reset dy at some interval
(typically 7., necessary for n =2).

param



Ex.: Curve fit

Usage: python peakfit.py mode input file method 10 x0 w
python peakfit.py sim peak.xlsx  (initial values: method = cg, 10 =1.3, x0=0.6, w =0.1)

1.2 o0 |
.

1.0 +
0.8 1

0.6 1

0.4

101 4
0.2 1

0.0 - W’y m




Not optimized

python peakfit.py fit peak.xIsx cg 1.3 2.0 0.1
method: cg
initial values: 10 = 1.3, x0=2.0, w=0.1

!
H 1
121 | 2.6 x 10
)ﬁ : :i 1
% | 2.5 x 10
1.0 |
X% H P4 x 10! 1
) x® i
| x 1
0.8 M % ?.3x 10
™
* x 2.2 x 10!
0.6 1 x *
® x
x * 2.1 x 107 -
x
0.4 - ;
x
x 2x 10!
’i( x
. x
0.2 *
2 1.9 % 101 -
s
0.0 W :
T T T T T —1.8 x lﬂl 1

T T T T T T T
=2 -1 0 1 2 3 0.00 0.25 050 075 L00 1.25 150 1.75 2.00



Converged
python peakfit.py fit peak.xlsx cg 1.3 2.0 1.0

method: cg
initial values: [0 =1.3,x0=2.0,w=1.0

1.2 7 101 4
1.0 1
0.8
107 +
0.6 1

0.4 1

0.2 1
1071 +

0.0

T T T T T T T T T T T T
=2 -1 0 1 2 3 0] 5 10 15 20 25 30

The result may be converged if w is wide enough to cover some region of the curve,
even if the initial peak position is out of the FWHM of the target peak¥



Converged

python peakfit.py fit peak.xlsx nelder-mead 1.3 2.0 1.0

method: nelder-mead (SIMPLEX)
initial values: 10 =1.3, x0=2.0, w=1.0

1.2

1.0

0.8

0.6 +

0.4 1

0.2

0.0 +

T T T T T T T T
-2 -1 0 1 2 3 0 20 40 60 80 100



Marquart method (v—hH—Fk%)

Minimize a square sum of m functions f;(x;) with /V parameters

F(’xi): ifj(xi)z

Approximate by
g, o,
£+ @)~ f)+| L (@)= £,00) + Ady, Ay =25
k

Ox,

F(x; + 6x;)~F(x;) + sz] ikOxy + z AjAigi8xy Sxy,
J, k. k1

OF (x,)
85xk 22( A, f, +ZAZkAJk5xj 0

J

= —(A'A)"'A'(f;) Gauss-Newton method

Levenberg-Marquart method
5x = —(A'A + AD1AY(f)) A: dumping factor

e.g. chosen proportional

_ t . t -1t .
= —(A'A + Adiag(A*A))""A (fj) to diagonal sum of AtA



Simplex method (B {&;%, Amoebai%)
(Nelder-Mead algorithm)
ARER A, BELSE. /MNES BEIE . Fortranl SR AREF E Y Iz 7 AERK S+ (19894F)

Simplex: Polyhedron formed by (n+1) vertexes in n-dimension space
(B n KITTZERTT (n+1) 1EDIBEMHTES B EIE)

Minimize F(x;)

1. (n+1) initial valuesx; (i=1, 2, -, n+1) => Sort F(x;) so that F(x;) > F(x;,) (i <i’)
Xh = X15 X1 = Xpq

2. Average except the maximum vertex Xx; X, = Z x./n

3. New x will be examined along the line x; — xGlBZy the following selections
(1) Reflection (&) :xg = (1 a)xg—ox; (>0, ex. 1.0)
(1) Expansion #5X) :xg =yx,+t (1 —y)xg (y >0,ex. 2.0)
(i11) Contraction (i) :xc =Px;+(1-Plxg (0<P<l,ex. 0.5)

: C o
(iv) Reduction (&)  :xgp = (x; +x) /2 =

4. Replace x; with the x in (1) — (1v) that firstly satisfies
F(x) < F(xy)
5. Repeat 2 - 4



Comparison

F(x,y) =-3.0 — 10x — 30x% + 1.5x3 + 3x* + 30y —30y? + 3p* + 3x)?
Programs: optimize-sd-cg2d-linesearch.py, optimize-newton-raphson2d.py

Wl From (0.0 0.0) Newton From (0.0 0.0) cg simple
A A~ Tl PE—— .
| 4 || : [ 70 ] | R
1 VA s {7600 31
R A
: () \\1‘ \‘;g\\';__._-_ "ﬂ'f a N
A 04
gi:gt’ —200
R 7 ]
.‘,. 4 . B
—4 -3 -3
0 \ -

T T
-4 -3 -2 -1 o 4 -3 -2 -1 0

From (-1.0 -1.0) cg simple From (0.0 1.0) SD armijo
v 7

4

e.g.,
optimize-sd-cg2d-linesearch.py -1.0 -1.0 sd armijo

T T T T T
-4 -3 -2 -1 0 1 2 3 4



Optimize.py for Simplex method (not working without tklib)

F(x,y)=-3.0 — 10x — 30x% + 1.5x3 + 3x* + 30y —30y? + 3)* + 3x)?

e.g.: python optimize.py 0.0 1.0 simplex

From (0.0 0.0) Newton From (-1.0 -1.0) DFP golden
4 e 4 ‘

| t800

T s*:u'"m"f e :
A («%\‘g‘@ *mmfmmmnf - 200 J

:mnmff.';

‘\

From (0.0 0.0) BFGS golden From (0.0 1.0) Simplex

Main algorism: . 1] R
newton, sd, cg, broyden, dfp, bfgs 2- ).
simplex 1] N
Direct search: °] o]
exact, one, simple 7 -11

armijo, golden




Notes for NL optimization
* Solutions may be more than one
* Final solution 1s not obtained by one step calculation
- Convergence must be confirmed
* Confirm the solution is the global minimum (X &/ME)
& Oftenﬂfall in a local minimum ({%Fﬂ@l\fﬁ)

Residual error

>parameter



Features of NL optimization algorisms

Convergence A B

Speed X O

Stability O X

Global convergence O X

For: Initial cycles Later cycles for fast
convergence

A : Simplex (B{K%)
A,B: with line search algorism:
Conjugate Gradient (CG, & G E)
Steepest Descent (SD, T2 T %)
Quasi Newton methods
= Davidson-Fletcher-Powell (DFP)
* Broyden-Fletcher-Goldfarb-Shanno (BFGS)
B : Newton-Raphson method



Methods of non-linear (NL) optimization

To find a minimum (maximum) of target function F(x):

Gradient method (&) fid;%): Use first differential to find the direction of minimum
* Newton-Raphson method:

Use 15t and 2" differentials to efficiently find minimum
* Quasi-Newton method (#ENewton;%):

2nd differential matrix is approximated from 1%t differentials.

Line search method is combined to improve global convergence.
* Steepest Descent method (2 & Ti%):

Only 1%t differentials are used to search minimum
* Conjugate Gradient method (3% G & ;%):

Search direction 1s corrected by conjugate gradient of 15 differentials
* Marquart method

For least-squares fitting of f;(x)), 2nd differential matrix is build from 15t
differentials of f(x;)

Direct search method (EE% %)
* Simplex method (E/Xi%)
Search minimum by trial-and-error with a defined procedure



Features of NL optimization

Newton-Raphson method: Gradient method

Use second derivatives (Hessian matrix)

Fast convergence, easily diverged, complex program

May reach to a maximum if Hessian matrix is not positive definite.
Quasi Newton method: DFP, BFGS, Broyden etc
Hessian matrix is iteratively approximated from 1st differentials.
Better convergence by combining with linear search algorisms.
Steepest Descent:

Use first derivatives only

Simple program, Slower convergence than NR and CG
Conjugate Gradient:

Use conjugate direction for efficient search

Better convergence than NR, faster than SD, complex program
Marquart:

Use first derivatives of f;(x;)

Simple program, Slower convergence than NR
Simplex: Direct search

Trial and error with a pre-determined selections of

next candidate parameters

Very slow but good convergence
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