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Class Schedule

#01 June 10 (Tue) Kamiya (Fundamentals of computer, Sources of errors (コンピュータの基礎、誤差)) 

#02 June 13 (Fri) Kamiya (Numerical differentiation/integration (数値微分/積分))

#03 June 17 (Tue) Kamiya (Differential equation  (微分方程式), Molecular dynamics (分子動力学法), 

Interpolation (補間), Smoothing (平滑化))

#04 June 20 (Fri) Kamiya (Smoothing (平滑化), Linear least-squares method (線形最小二乗法), Optimization (最適化),  

Numerical solutions of equations  (方程式の数値解法))

#05 June 24 (Tue) Canceled

#06 June 27 (Fri)  Kamiya (Nonlinear optimization (非線形最適化), Fourier transformation (フーリエ変換)

#07 July 1   (Tue) Kamiya, Matrix (行列)

#08 July 4   (Fri) Sasagawa (Review of quantum theory 1: 量子論おさらい1)

#09 July 8   (Tue) Sasagawa (Review of quantum theory 2: 量子論おさらい2)

#10 July 11 (Fri) Sasagawa (First principles calculations: basics 1 第一原理計算：基礎1)

#11 July 15 (Tue) Sasagawa (First principles calculations: basics 2 第一原理計算：基礎2)

#12 July 18 (Fri) Sasagawa (First principles calc.: applications 1 第一原理計算：応用1)

#13 July 22 (Tue) Sasagawa (First principles calc.: applications 2 第一原理計算：応用2)

#14 July 25 (Fri) Sasagawa (Classical and Quantum Computers 古典および量子コンピュータ)

Lecture materials (Kamiya’s part): http://d2mate.mdxes.iir.isct.ac.jp/D2MatE/D2MatE_programs.html?page=cms



Evaluation (Kamiya)

・ Small quiz

Do not evaluate correctness of the answers 

but consider how you think and answer them
Example of bad case: answering only resulting values in Excel

Good case: Answer with Excel equations / python program etc

so that I can check how you solve the assignments

・ Term-end assignment

Problems will be given at the end of Q2 from LMS



Explanation of the answers
課題解答の解説 



PROBLEM, June 17

PROBLEM: 

(i) By filling the dx/dt and the x(t) columns in diffeq.xlsx,

solve dx(t) / dt = –x(t)sin(πt) using the Euler method.

Conditions:

t starts from 0 and ends at 3.0 with the time step of 0.1.

x(0) = 1.0

Euler formula: 
𝑑𝑥 𝑡

𝑑𝑡
= 𝑓 𝑥(𝑡), 𝑡 = −𝑥 𝑡 sin(𝜋𝑡)

𝑥 𝑡 + 𝛥𝑡 = 𝑥 𝑡 + 𝛥𝑡 ⋅ 𝑓 𝒙(𝒕), 𝒕

Typical mistake:

𝑥 𝑡 + 𝛥𝑡 = 𝑥 𝑡 + 𝛥𝑡 ⋅ 𝑓 𝑥 𝒕 + 𝜟𝒕 , 𝒕 + 𝜟𝒕
This calculation is not possible if 𝑓 𝑥, 𝑡 includes x explicitly.

See diffeq2_answer.xlsx



PROBLEM, June 20

PROBLEM:

Smoothen the data DOS(E) in dos.xlsx  

by simple average method and polynomial fit method.

Add them and plot the raw DOS(E) and the smoothed data in an 

Excel file.

You can choose smoothing parameters as you like, but explicitly 

descrive them.

Submit the excel file.

• Submit electronic file(s) via LMS in 2 days  

(If LMS doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.

In this case, file name must include your STUDENT ID and FULL NAME)



Smoothing
平滑化



Smoothing
Simple moving average (2m+1 points)

𝑦𝑖,𝑠𝑚𝑜𝑜𝑡ℎ𝑒𝑑 =
1

2𝑚+1
σ𝑗=𝑖−𝑚
𝑖+𝑚 𝑦𝑗

i-i0 1p simple avg 7p 9p

-5 0 0 0

-4 0 0 1

-3 0 1 1

-2 0 1 1

-1 0 1 1

0 1 1 1

1 0 1 1

2 0 1 1

3 0 1 1

4 0 0 1

5 0 0 0

W 1 7 9

0

0.5

1

1.5

-10 -5 0 5 10

Weights of simple moving average

1p simple avg 7p 9p

Weight



Smoothing
Weighted moving average (2m+1 points)

𝑦𝑖,𝑠𝑚𝑜𝑜𝑡ℎ𝑒𝑑 = σ𝑗=𝑖−𝑚
𝑖+𝑚 𝑤𝑖𝑦𝑗 /σ𝑗=𝑖−𝑚

𝑖+𝑚 𝑤𝑖

wi

i-i0 triangle linear exp Gauss

-5 0 0 0.006738 1.39E-11

-4 0.2 0.2 0.018316 1.13E-07

-3 0.4 0.4 0.049787 0.000123

-2 0.6 0.6 0.135335 0.018316

-1 0.8 0.8 0.367879 0.367879

0 1 1 1 1

1 0.8 0 0.367879 0.367879

2 0.6 0 0.135335 0.018316

3 0.4 0 0.049787 0.000123

4 0.2 0 0.018316 1.13E-07

5 0 0 0.006738 1.39E-11

W 5 3 2.156111 1.772637

0

0.5

1

1.5

-6 -4 -2 0 2 4 6

Weights of weighted moving average

triangle linear exp Gauss



Weights of polynomial fit (Savizky-Golay method)
多項式適合法 (Savizky-Golay法) の重み

南茂夫, 科学計測のための波形データ処理, CQ出版社 (1986)

Weights for order 2 and 3 using (2m+1) points ((2m+1)点を用いた2,3次多項式適合の重み)

𝑤23(𝑗) = 3𝑚(𝑚 + 1) − 1 − 5𝑗2 j = -m, ･･･, -1, 0, 1, ･･･, m
𝑊23 = (4𝑚2 − 1)(2𝑚 + 3)/3 

Order 1: Simple moving average

Orders 2 and 3 have the same weights

# of points N 25 23 21 19 17 15 13 11 9 7 5

m=int(N/2) 12 11 10 9 8 7 6 5 4 3 2

-12 -253

-11 -138 -210

-10 -33 -105 -171

-9 62 -10 -76 -136

-8 147 75 9 -51 -105

-7 222 150 84 24 -30 -78

-6 287 215 149 89 35 -13 -55

-5 342 270 204 144 90 42 0 -36

-4 387 315 249 189 135 87 45 9 -21

-3 422 350 284 224 170 122 80 44 14 -10

-2 447 375 309 249 195 147 105 69 39 15 -3

-1 462 390 324 264 210 162 120 84 54 30 12

0 467 395 329 269 215 167 125 89 59 35 17

1 462 390 324 264 210 162 120 84 54 30 12

2 447 375 309 249 195 147 105 69 39 15 -3

3 422 350 284 224 170 122 80 44 14 -10

4 387 315 249 189 135 87 45 9 -21

5 342 270 204 144 90 42 0 -36

6 287 215 149 89 35 -13 -55

7 222 150 84 24 -30 -78

8 147 75 9 -51 -105

9 62 -10 -76 -136

10 -33 -105 -171

11 -138 -210

12 -253

Normalization factor 5175 4025 3059 2261 1615 1105 715 429 231 105 35

Table 5.1 Weights for 

order 2 and 3 polynomial fit



Smoothing
Order 2 and 3 polynomial fit using (2m+1) points

𝑤23(𝑗) = 3𝑚(𝑚 + 1) − 1 − 5𝑗2 j = -m, ･･･, -1, 0, 1, ･･･, m
𝑊23 = (4𝑚2 − 1)(2𝑚 + 3)/3 

𝑦𝑖,𝑠𝑚𝑜𝑜𝑡ℎ𝑒𝑑 =
1

𝑊23
σ𝑗=𝑖−𝑚
𝑖+𝑚 𝑤23(𝑗)𝑦𝑗

i-i0
3p order 3

polynomial
5p 7p

-5 0 0 0

-4 0 0 0

-3 0 0 -10

-2 0 -3 15

-1 0 12 30

0 5 17 35

1 0 12 30

2 0 -3 15

3 0 0 -10

4 0 0 0

5 0 0 0

W 5 35 105

0

10

20

30

40

50

-6 -4 -2 0 2 4 6

Weights of polynomial fit smoothing

3p order 3 polynomial 5p 7p

W23(j)



Program: smoothing.py
Usage: python smoothing.py



Fourier transformation (フーリエ変換)




−
= dttitfF )exp()()( 




−
−= 


dtiFtf )exp()(

2

1
)(

FT (フーリエ変換)

IFT (逆フーリエ変換)




−
= dtftitfF )2exp()()( 




−
−=  dftiFtf )2exp()()(

FT

IFT

Features of Fourier transformation

・ Convert time-dependent data to frequency data

・ Convert position-dependent data to wavenumber data

・ Origin of original data is converted to whole range of FT data

・ Whole range of original data is converted to origin of FT data

・ IFT of FTed data recovers the original data

Fourier変換したデータをFourier逆変換すると元のデータに戻る

Different definitions



Convolution (畳み込み)

(𝑓 ∗ 𝑔)(𝑥) = 𝑓∗(𝑥) = න
−∞

∞

𝑓(𝑥′)𝑔(𝑥 − 𝑥′)𝑑𝑥′

Observed peak has a finite width

originating from apparatus function g(x)

Even if the intrinsic peak has zero width

(delta function δ(x))
試料本来のデータは線幅ゼロ (δ関数) でも、
測定値は装置関数 g(x) の広がりを持つ

For a real case a sample has an intrinsic peak 

f(x), the observed peak will be a convolution

of f(x) and apparatus function g(x), f*(x). 
試料本来のデータは f(x) でも、測定されるのは
装置関数 g(x) の畳み込みをした f*(x)

 (x)g(x)

f(x)




−
−= ')'()'()(* dxxxgxfxf

1)( =


−
dxxg



Convolution: Matrix representation (行列表示)
南茂夫 編著、科学計測のための波形データ処理、CQ出版 (1986年)

𝑓∗(𝑥𝑖) = න
−∞

∞

𝑓(𝑥′)𝑔(𝑥𝑖 − 𝑥′)𝑑𝑥′ = 𝑁−1෍

𝑗=1

𝑁

𝑓(𝑥𝑗)𝑔(𝑥𝑖 − 𝑥𝑗)

𝑓∗
1

𝑓∗
2

𝑓∗
3

⋮
𝑓∗

𝑁−1

𝑓∗
𝑁

=

𝑔0 𝑔−1 ⋯ 𝑔−(𝑁−3) 𝑔−(𝑁−2) 𝑔− 𝑁−1

𝑔1 𝑔0 ⋯ 𝑔−(𝑁−4) 𝑔−(𝑁−3) 𝑔−(𝑁−2)
𝑔2 𝑔1 ⋱ ⋮ 𝑔−(𝑁−4) 𝑔−(𝑁−3)
⋮ ⋮ ⋯ 𝑔0 𝑔−1 ⋮

𝑔𝑁−2 𝑔𝑁−3 ⋯ 𝑔1 𝑔0 𝑔−1
𝑔𝑁−1 𝑔𝑁−2 ⋯ 𝑔2 𝑔1 𝑔0

𝑓1
𝑓2
𝑓3
⋮

𝑓𝑁−1
𝑓𝑁

𝑓∗ 𝑥
Observed signal

𝑓(𝑥)
Intrinsic signal𝑔 𝑥𝑖 − 𝑥𝑗

Apparatus function

Very often, matrix 𝒈𝒊𝒋 is band matrix with maxima at diagonal

(行列𝑔𝑖𝑗は対角要素に最大値を持つ帯行列になることが多い)



Smoothing by convolution (smearing)
畳み込みによる平滑化 (ぼかし)

Problem: Many noise, difficult to read

Add finite-width Gauss function to each data (それぞれのデータにGauss関数の広がり)

G(E) = exp(–[(E – E0)/w]2)  (w = 0.2 eV)

Density of state (DOS) function calculated by density functional theory 

密度汎関数計算で得たa-InGaZnO4の状態密度
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計算結果

畳込後

Note: Estimation of band, edge energies will have the errors originating from 

the smearing width w

Calced DOS

Convoluted



Program: convolution.py

Usage: python convolution.py width

width: width of Gaussian function to convolute

python convolution.py 0.05 python convolution.py 0.2



Convolution (畳み込み)




−
−== ')'()'()())(*( * dxxxgxfxfxgf

Intrinsic sample spectrum

S(E)

Apparatus function 

G(E) = G0exp(-[(E-E0)/aw]2) 

Fermi-Dirac distribution

f(E) = 1/(1+exp[(E-EF)/kBT])      eq. (1)

Observed spectrum

Assuming constant S(E) for Au reference,

G(E) is determined by fitting eq. (1) to I(x)

w = 0.12 eV

Example: UPS spectrum of Au Fermi edge

𝐼(𝑥) = න
−∞

∞

𝑆(𝐸′)𝐺(𝐸 − 𝐸′)𝑓(𝐸 − 𝐸′)𝑑𝐸′

S(E) for different sample is obtained by deconvolution using the G(E) obtained by 

the reference spectrum 
G(E)がわかると、他の実測スペクトルから 逆畳み込みでS(E) がわかる



Filter and convolution

First differential
𝑑𝑦

𝑑𝑥2
=

1

2ℎ
−1 0 1

𝑦1
𝑦2
𝑦3

Second differential
𝑑2𝑦

𝑑𝑥22
=

1

2ℎ2
1 −2 1

𝑦1
𝑦2
𝑦3

Simple moving average (3 points) 𝑦2,𝑠 =
1

3
1 1 1

𝑦1
𝑦2
𝑦3

Weighted moving average (3p one-side triangle) 𝑦2,𝑠 =
1

3
0 2 1

𝑦1
𝑦2
𝑦3

Weighted moving average (3p double-side triangle) 𝑦2,𝑠 =
1

4
1 2 1

𝑦1
𝑦2
𝑦3

Polynomial fit smoothing (2m+1 points) 𝑦3,𝑠 =
1

35
−3 12 17 12 −3

𝑦1
𝑦2
𝑦3
𝑦4
𝑦5

Differentiation, smoothing, convolution may be performed with 

the same convolution program by adopting appropriate filters.
微分、平滑化、コンボリューションは、 フィルターを変えるだけで 同じコンボリューションプロ
グラムを流用できる

Filter

Convolution:

Matrix product of

data vector and filter



Smoothing by python library

Smoothing. py

Simple moving average

# make a constant filter with weight of 1/N

w = np.ones(nsmooth) / nsmooth             

# convolution

ys = np.convolve(y, w, mode = ‘same‘)   

Polynomial smoothing: Savizky-Golay filter

  ys = scipy.signal.savgol_filter(y, nsmooth, norder, deriv = 0)

nsmooth: number of smoothing points

         norder : order of polynomial

 deriv : order of differentiation

注意: savgol_filter() takes differentiation to specify deriv = 1,

but its absolute values are different from the first differentials

because savgol_filter() does not know x-axis values.

Divide the results by hderiv after smoothing if you need absolute values

Note: check the final results by yourself



Multi-dimensional filter, convolution, image processing

filter:

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

𝑦′22 = σ𝑖,𝑗=1,2,3𝑎𝑖𝑗𝑦𝑖𝑗

X differential filter (edge detection)
1

2ℎ

0 0 0
−1 0 1
0 0 0

Y differential filter (edge detection)
1

2ℎ

0 −1 0
0 0 0
0 1 0

Diagonal differential filter (edge detection)
1

2ℎ

0 1 0
−1 0 1
0 −1 0

Smoothing filter (smearing/blur)  sharpening can be done by deconvolution

1

9

1 1 1
1 1 1
1 1 1

Convoluted Neural Network (畳み込みニューラルネットワーク)

Insert a convolution layer in multilayer neural network to learn the elements of the filter

We may know how the filter works by analyzing the values of the filter elements

e.g., the convolution of y22 is given by 

a sum of each product of

data 

𝑦11 𝑦12 𝑦13
𝑦21 𝑦22 𝑦23
𝑦31 𝑦32 𝑦33

 and

filter 

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

NOTE: different from

convolution in mathematics



i-i0 1p simple avg 7p 9p triangle linear exp Gauss
3p order 3

polynomial
5p 7p

-5 0 0 0 0 0 0.006738 1.39E-11 0 0 0

-4 0 0 1 0.2 0.2 0.018316 1.13E-07 0 0 0

-3 0 1 1 0.4 0.4 0.049787 0.000123 0 0 -10

-2 0 1 1 0.6 0.6 0.135335 0.018316 0 -3 15

-1 0 1 1 0.8 0.8 0.367879 0.367879 0 12 30

0 1 1 1 1 1 1 1 5 17 35

1 0 1 1 0.8 0 0.367879 0.367879 0 12 30

2 0 1 1 0.6 0 0.135335 0.018316 0 -3 15

3 0 1 1 0.4 0 0.049787 0.000123 0 0 -10

4 0 0 1 0.2 0 0.018316 1.13E-07 0 0 0

5 0 0 0 0 0 0.006738 1.39E-11 0 0 0

W 1 7 9 5 3 2.15611 1.77264 5 35 105

m= 1 2 3

Weights for various smoothing

Equivalent to convolution 

using these functions

Weighted moving average (2m+1 points) 𝑦𝑖,𝑠𝑚𝑜𝑜𝑡ℎ𝑒𝑑 =
1

σ𝑗=𝑖−𝑚
𝑖+𝑚 𝑤𝑖

σ𝑗=𝑖−𝑚
𝑖+𝑚 𝑤𝑖𝑦𝑗

e.g., one-side triangle : 𝑤−1, 𝑤0, 𝑤1 =
1

3
(1,2,0)

triangle : 𝑤−1, 𝑤0, 𝑤1 =
1

4
(1,2,1)

Gaussian : 𝑤𝑖 =
1

σ 𝑒 𝑎𝑖 2
𝑒 𝑎𝑖 2

0

1

-5 -4 -3 -2 -1 0 1 2 3 4 5

1p simple avg

7p

9p

triangle

linear

exp

Gauss



Weights

Order 2 and 3 polynomial fit using (2m+1) points

i-i0
3p order 3

polynomial
5p 7p

-5 0 0 0

-4 0 0 0

-3 0 0 -10

-2 0 -3 15

-1 0 12 30

0 5 17 35

1 0 12 30

2 0 -3 15

3 0 0 -10

4 0 0 0

5 0 0 0

W 5 35 105

1 2 3

-10

0

10

20

30

-5 0 5

3p order 3 polynomial

5p

7p

Equivalent to

convolution using

these functions



Deconvolution (逆畳み込み)




−
−= dkikxkFxf )exp()()(Inverse Fourier

transformation (IFT) 


−
−= ')'exp()'()( dkxikkGxg

𝐹∗(𝑘) = න
−∞

∞

𝑓(𝑥)𝑔(𝑥 − 𝑥′) exp( 𝑖𝑘𝑥)𝑑𝑥𝑑𝑥′

= න
−∞

∞

𝑓(𝑥) න𝑔(𝑥 − 𝑥′) exp( 𝑖𝑘𝑥)𝑑𝑥 𝑑𝑥′

= න
−∞

∞

𝑓(𝑥) න𝑔(𝑥) exp( 𝑖𝑘(𝑥 + 𝑥′))𝑑𝑥 𝑑𝑥′

= න
−∞

∞

𝑓(𝑥)𝐺(𝑘) exp( 𝑖𝑘𝑥′)𝑑𝑥′

= 𝐹(𝑘)𝐺(𝑘)

Fourier transformation

(FT)

𝐹∗(𝑘) = න
−∞

∞

𝑓∗(𝑥) exp( 𝑖𝑘𝑥)𝑑𝑥




−
−== ')'()'()())(*( * dxxxgxfxfxgf

f(x) can be obtained by IFT of F(k) = F*(k) / G(k), but usually

is vulnerable against small perturbations like noise
F(k) = F*(k) / G(k)を計算して逆フーリエ変換で f(x) が得られる 

=> ノイズなどがあると不安定で解が発散しやすい



Convolution: Matrix representation (行列表示)
南茂夫 編著、科学計測のための波形データ処理、CQ出版 (1986年)

𝑓∗(𝑥𝑖) = න
−∞

∞

𝑓(𝑥′)𝑔(𝑥𝑖 − 𝑥′)𝑑𝑥′ = 𝑁−1෍

𝑗=1

𝑁

𝑓(𝑥𝑗)𝑔(𝑥𝑖 − 𝑥𝑗)

𝑓∗
1

𝑓∗
2

𝑓∗
3

⋮
𝑓∗

𝑁−1

𝑓∗
𝑁

=

𝑔0 𝑔−1 ⋯ 𝑔−(𝑁−3) 𝑔−(𝑁−2) 𝑔− 𝑁−1

𝑔1 𝑔0 ⋯ 𝑔−(𝑁−4) 𝑔−(𝑁−3) 𝑔−(𝑁−2)
𝑔2 𝑔1 ⋱ ⋮ 𝑔−(𝑁−4) 𝑔−(𝑁−3)
⋮ ⋮ ⋯ 𝑔0 𝑔−1 ⋮

𝑔𝑁−2 𝑔𝑁−3 ⋯ 𝑔1 𝑔0 𝑔−1
𝑔𝑁−1 𝑔𝑁−2 ⋯ 𝑔2 𝑔1 𝑔0

𝑓1
𝑓2
𝑓3
⋮

𝑓𝑁−1
𝑓𝑁

𝑓∗ 𝑥
Observed signal

𝑓(𝑥)
Intrinsic signal𝑔 𝑥𝑖 − 𝑥𝑗

Apparatus function

Very often, matrix 𝒈𝒊𝒋 is band matrix with maxima at diagonal

(行列𝑔𝑖𝑗は対角要素に最大値を持つ帯行列になることが多い)



Deconvolution (逆畳み込み)


=

− −=
N

j

jiji xxgxfNxf
1

1* )()()(

Deconvolution is carried out by solving the linear simultaneous equations,

𝑓∗
1

𝑓∗
2

⋮
𝑓∗

𝑁

=

𝑔0 𝑔−1 𝑔−(𝑁−1)
𝑔1 𝑔0
⋮ ⋱ ⋮

𝑔𝑁−1 ⋯ 𝑔0

𝑓1
𝑓2
⋮
𝑓𝑁

However, similar to the FFT method, usually vulnerable against noise
(フーリエ変換法と同様、ノイズなどがあると不安定で解が発散しやすい)

Better way:

1. Remove noise effects (smoothing etc) before deconvolution

2. Use an iterative method (e.g., Jacobi method and Gauss-Seidel method) to 

solve the simultaneous equation, where noise-compensation process is 

included during the iteration process.

南茂夫 編著、科学計測のための波形データ処理、CQ出版 (1986年)



Jacobi / Gauss-Seidel method
Solve large-size simultaneous linear equations: 

𝑎11 𝑎12 𝑎1𝑁
𝑎21 𝑎22
⋮ ⋱ ⋮

𝑎𝑁1 ⋯ 𝑎𝑁𝑁

𝑥1
𝑥2
⋮
𝑥𝑁

=

𝑏1
𝑏2
⋮
𝑏𝑁

For (k+1)-th iteration, 𝒙𝒊
(𝒌+𝟏) is estimated from 𝒙𝒊

(𝒌)

(initial data may be chosen as 𝑥𝑖
(0) = 𝑏𝑖, uniform value 𝑥𝑖

(0) = 1, etc):

(i) Jacobi method: 𝒙𝒊
(𝒌+𝟏) = 𝒃𝒊 − σ𝒋≠𝒊

𝑵 𝒂𝒊𝒋𝒙𝒋
𝒌 /𝒂𝒊𝒊

𝑥1
(𝑘+1) = 𝑏1 − 𝑎12𝑥2

𝑘 − 𝑎13𝑥3
𝑘 −⋯− 𝑎1𝑁𝑥𝑁

𝑘 /𝑎11
𝑥2

(𝑘+1) = 𝑏2 − 𝑎21𝑥1
𝑘 − 𝑎23𝑥3

𝑘 −⋯− 𝑎2𝑁𝑥𝑁
𝑘 /𝑎22

(ii) Gauss-Seidel method: 𝒙𝒊
(𝒌+𝟏) = 𝒃𝒊 − σ𝒋=𝟏

𝒊−𝟏𝒂𝒊𝒋𝒙𝒋
𝒌+𝟏 − σ𝒋=𝒊+𝟏

𝑵 𝒂𝒊𝒋𝒙𝒋
𝒌 /𝒂𝒊𝒊

Using the known 𝒙𝒋
𝒌+𝟏 values enhances convergence.

𝑥1
(𝑘+1) = 𝑏1 − 𝑎12𝑥2

𝑘 − 𝑎13𝑥3
𝑘 −⋯− 𝑎1𝑁𝑥𝑁

𝑘 /𝑎11
𝑥2

(𝑘+1) = 𝑏2 − 𝑎21𝑥1
𝑘+1 − 𝑎23𝑥3

𝑘 −⋯− 𝑎2𝑁𝑥𝑁
𝑘 /𝑎22

Convergence is better for the Gauss-Seidel method,

While parallelization is more easy for the Jacobi method.



Program: deconvolution.py
Usage: python deconvolution.py file mode convmode smoothmode xmin xmax Wa Grange kzero klin

see usage of the program output

python deconvolution.py pes.csv fft full convolve+extend -4.5 2.0 0.12 2.0 5 5

Use FFT and iFFT without smoothing

Gaussian function to convolute

Compare the raw data

and the convoluted data of the deconvoluted data.

Should be the same

Compare the raw data (blue)

and the deconvoluted data (orange)

Convolution is unstable 

unless noise-compensation is applied



Deconvolution: Gauss-Seidel method w/o smooting

Usage: python deconvolution.py file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc

see usage of the program output

python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-4 1 0

Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.

No smoothing is applied for each iteration.

Gaussian function to convolute

Compare the raw data

and the convoluted data of the deconvoluted data.

Should be the same

Compare the raw data (blue)

and the deconvoluted data (orange)



Program: Gauss-Seidel method with smoothing
Usage: python deconvolution.py file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc

see usage of the program output

python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-4 5 0

Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.

5-point polynomial-fit average is applied for each iteration.

Gaussian function to convolute

Compare the raw data

and the convoluted data of the deconvoluted data.

Should be the same

Compare the raw data (blue)

and the deconvoluted data (orange)



Linear least squares method (lLSQ)
線形最小自乗法



Approximation of many sample points:

Minimization (Optimization)
(多数の標本点の近似: 最小化問題)

How to determine most plausible parameters a and b 

if observed data (x1, y1), ・・・ (xn, yn) follow f(x) = a + bx,

※ Error i should be considered: yi = f(xi) + i 

Fundamental idea: Determine a and b so as to minimize (maximize)

a target function S (e.g., error residual function (残差関数))

Mini max approximation: minimize max
𝑎≤𝑥≤𝑏

𝑓 𝑥𝑖 − 𝑦𝑖

Minimize 𝑳𝟏 norm : S = Σ|f(xi) – yi |

Least-squares (LSQ) method (最小自乗法) (𝑳𝟐 norm) : S = Σ(f(xi) – yi)
2

S = Σ(a + bxi – yi)
2

dS/da = 2Σ(a + bxi – yi)    = 2an + 2bΣxi – 2Σyi = 0

dS/db = 2Σxi(a + bxi – yi) = 2aΣxi + 2bΣxi
2 – 2Σxiyi = 0   

𝑛 ෍𝑥𝑖

෍𝑥𝑖 ෍𝑥𝑖
2

𝑎

𝑏
=

σ𝑦𝑖
σ𝑥𝑖𝑦𝑖

Even for f(x) = a + bx + cx2 +・・・, only one matrix operation can 

give a final solution

𝑳𝒏 norm:

𝑺𝒏 = σ𝒊 𝒇 𝒙𝒊 − 𝒚𝒊
𝒏

  𝑳𝟎 norm: 𝑺𝟎 = 𝟎



Mini-max approximation
入門 数値計算

Minimize max
𝑎≤𝑥≤𝑏

𝑓 𝑥𝑖 − 𝑦𝑖



lLSQ: Polynomial
線形最小二乗法: 多項式

𝑓 𝑥 = σ𝑘=0
𝑛 𝑎𝑘𝑥

𝑘 𝑆 = σ𝑖=1
𝑁 𝑦𝑖 − σ𝑘=0

𝑛 𝑎𝑘𝑥𝑖
𝑘 2

𝑑𝑆

𝑑𝑎𝑙
= −2σ𝑖=1

𝑁 𝑥𝑖
𝑙 𝑦𝑖 − σ𝑘=0

𝑛 𝑎𝑘𝑥𝑖
𝑘 = 0

𝑛 ෍𝑥𝑖 ෍𝑥𝑖
2 ⋯ ෍𝑥𝑖

𝑁

෍𝑥𝑖 ෍𝑥𝑖
2 ෍𝑥𝑖

3 ෍𝑥𝑖
𝑁+1

෍𝑥𝑖
2 ෍𝑥𝑖

3 ෍𝑥𝑖
4 ෍𝑥𝑖

𝑁+2

⋮ ⋱

෍𝑥𝑖
𝑁 ෍𝑥𝑖

𝑁+1 ෍𝑥𝑖
𝑁+2 ෍𝑥𝑖

2𝑁

𝑎0
𝑎1
𝑎2
⋮
𝑎𝑁

=

෍𝑦𝑖

෍𝑦𝑖𝑥𝑖

෍𝑦𝑖𝑥𝑖
2

⋮

෍𝑦𝑖𝑥𝑖
𝑁

σ𝑘=0
𝑛 σ𝑖=1

𝑁 𝑎𝑘𝑥𝑖
𝑘+𝑙 = σ𝑖=1

𝑁 𝑦𝑖𝑥𝑖
𝑙 (l = 0, 1,･･･, N)

|xi| > 1 might cause overflow,

|xi| < 1 might cause underflow errors.

=> Normalize the x range e.g. to [-1, 1] : 𝑥𝑖
′ = 2

𝑥𝑖−𝑥mid

𝑥max−𝑥min

by average and standard deviation: 𝑥𝑖′ = 2
𝑥𝑖−𝑥average

σ𝑥



Program: lsq-polynomial.py

Usage: python lsq-polynomial.py norder

python lsq-polynomial.py 3 python lsq-polynomial.py 6

Overfitting (過適合)

Overlearning (過学習)



lLSQ: General functions
線形最小二乗法: 一般関数の場合

𝑓 𝑥 = ෍

𝑘=1

𝑛

𝑎𝑘𝑓𝑘(𝑥)

෍𝑓1(𝑥𝑖)𝑓1(𝑥𝑖) ෍𝑓1(𝑥𝑖)𝑓2(𝑥𝑖) ෍𝑓1(𝑥𝑖)𝑓3(𝑥𝑖) ⋯ ෍𝑓1(𝑥𝑖)𝑓𝑁(𝑥𝑖)

෍𝑓2(𝑥𝑖)𝑓1(𝑥𝑖) ෍𝑓2(𝑥𝑖)𝑓2(𝑥𝑖) ෍𝑓2(𝑥𝑖)𝑓3(𝑥𝑖) ෍𝑓2(𝑥𝑖)𝑓𝑁(𝑥𝑖)

෍𝑓3(𝑥𝑖)𝑓1(𝑥𝑖) ෍𝑓3(𝑥𝑖)𝑓2(𝑥𝑖) ෍𝑓3(𝑥𝑖)𝑓3(𝑥𝑖) ෍𝑓3(𝑥𝑖)𝑓𝑁(𝑥𝑖)

⋮ ⋱

෍𝑓𝑁(𝑥𝑖)𝑓1(𝑥𝑖) ෍𝑓𝑁(𝑥𝑖)𝑓2(𝑥𝑖) ෍𝑓𝑁(𝑥𝑖)𝑓3(𝑥𝑖) ෍𝑓𝑁(𝑥𝑖)𝑓𝑁(𝑥𝑖)

𝑎1
𝑎2
𝑎3
⋮
𝑎𝑁

=

෍𝑦𝑖𝑓1(𝑥𝑖)

෍𝑦𝑖𝑓2(𝑥𝑖)

෍𝑦𝑖𝑓3(𝑥𝑖)

⋮

෍𝑦𝑖𝑓𝑁(𝑥𝑖)

𝑆 =෍

𝑖=1

𝑁

𝑦𝑖 −෍

𝑘=1

𝑛

𝑎𝑘𝑓𝑘(𝑥𝑖)

2

𝑑𝑆

𝑑𝑎𝑙
= −2෍

𝑖=1

𝑁

𝑓𝑙(𝑥𝑖) 𝑦𝑖 −෍

𝑘=1

𝑛

𝑎𝑘𝑓𝑘(𝑥𝑖) = 0

If f(x) is linear with respect to fitting parameters,

final solution is  obtained by one matrix operation
係数に関して線形であれば、１度の行列計算で最終解が得られる

         ex. ( ) xcxbaxf /log ++=

( ) xcybxyayxf /, ++=



Program: lsq-general.py

Usage: python lsq-general.py nfunc

fit to 𝒚 = 𝒄𝟎 + 𝒄𝟏 𝐬𝐢𝐧 𝒙 +𝒄𝟐 𝐜𝐨𝐬 𝒙 + 𝒄𝟑 𝐬𝐢𝐧𝟐𝒙 + 𝒄𝟒 𝐜𝐨𝐬𝟐𝒙
+𝒄𝟓 𝐬𝐢𝐧 𝟑𝒙 +𝒄𝟔 𝐜𝐨𝐬 𝟑𝒙

python lsq-general.py 2
y = 0.740 + 0.000432 sin(x)

python lsq-polynomial.py 6
y = 0.753 + 0.0064 sin(x) + 0.00358 cos(x) 

+ 0.125 sin(2x) + 0.303cos(2x) + 0.0119sin(3x)

Underfitting (未適合)

Underlearning (未学習)



Ex of lLSQ: Lattice spacing of triclinic lattice
(三斜晶結晶の面間隔)

lhSklShkSlSkShS
dhkl

312312

2

33

2

22

2

112
222

1
+++++=  

 

2222**

11 /sin VcbS == aa  

2222

22 /sin VacS =  

2222

33 /sin VacS =  

( ) 22**

12 /coscoscos VabcS  −== ba  

( ) 22

23 /coscoscos VbcaS  −=  

( ) 22

31 /coscoscos VcabS  −=  

 coscoscos2coscoscos1 222 +−−−= cabV  

𝑑ℎ𝑘𝑙
−2 = 𝐆ℎ𝑘𝑙

2 = ℎ𝐚∗ + 𝑘𝐛∗ + 𝑙𝐜∗ 2

The form of dhkl
-2 is a linear function with respect to Sij.

1. Sij is obtained by lLSQ

2. Sij => Reciprocal lattice parameters (a*, b*, c*, *, *, *)

3.       => Lattice parameters (a, b, c, , , )



How to solve equations?

Self-consistent method

自己無撞着法



Final unique solution is obtained just by one step calculation 

・ Linear least-squares method

・ Up to 4th order polynomical eq.

Five or higher order polynomial,

Transcendental equation (超越方程式)

・ Difficult to have an analytical solution

・ Even numerical analysis cannot give final solution by one-cycle calculation

＝＞ Iterative calculation (反復計算)



Simplest method: Self-consistent (SC) method

A simple case:  Solve g(x) = 0

SC method is applicable by converting to x = g(x) + x = f(x) 

Note: not efficient nor stable for many cases

Simple procedure:

Initial value x0

1st iteration : x1 = f(x0)

2nd iteration: x2 = f(x1) ….

Difficult to converge: Diverge, Oscillation

(収束しにくい： 発散、振動)

Mixing factor (混合係数) kmix: Stabilize convergence

Initial value x0

1st iteration : x1 = f(x0)      =>      x1’ = (1 – kmix) x0 + kmixx1

2nd iteration: x2 = f(x1’) ….



-2

-1

0

1

2

3

-2 0 2

y = f(x)
y = x

Illustrative explanation of SC

Solve x = f(x)

f(x) = 1/4(-x3 + x2 – 2)
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SC: Convergence process

Converge

Stable solution

Diverge

Unstable

solution

f’(x) < 1 must be satisfied for convergence



Example of SC: Diode with series resistance

( ) 







−







−= 1exp0 RIV

nkT

e
II

( ) 







−







−= − 1exp 10 ii RIV

nkT

e
II

Repeat

until abs(Ii – Ii-1) < EPS is achieved

・ E.g., initial voltages would be chosen 

    as V/2 for the diode and the R

・ This SC is not so stable;

mixing factor k should be adjusted

i I Ical |error| I0= 1.E-12 A
0 2 -1E-12 2 n= 1
1 1.8 -1E-12 1.8 T= 300 K
2 1.62 -1E-12 1.62 R= 1 ohm
3 1.458 -1E-12 1.458 V= 1
4 1.3122 -1E-12 1.3122
5 1.18098 -1E-12 1.18098 k= 0.1
6 1.062882 -9.1E-13 1.06288
7 0.956594 4.31E-12 0.95659
8 0.860934 2.09E-10 0.86093
9 0.774841 5.77E-09 0.77484
10 0.697357 1.14E-07 0.69736
11 0.627621 1.66E-06 0.62762
12 0.564859 1.86E-05 0.56484
13 0.508375 0.000163 0.50821
14 0.457554 0.00115 0.4564
15 0.411914 0.006655 0.40526
16 0.371388 0.031631 0.33976
17 0.337412 0.116849 0.22056
18 0.315356 0.272927 0.04243
19 0.311113 0.321305 0.01019
20 0.312132 0.308953 0.00318
21 0.311814 0.312754 0.00094
22 0.311908 0.311626 0.00028
23 0.31188 0.311965 8.5E-05
24 0.311888 0.311863 2.5E-05
25 0.311886 0.311893 7.6E-06
26 0.311887 0.311884 2.3E-06
27 0.311886 0.311887 6.8E-07
28 0.311886 0.311886 2E-07
29 0.311886 0.311887 6.1E-08
30 0.311886 0.311886 1.8E-08

For sequential calculations of I – V

characteristic, e.g., V from 0.0 to 1.0,

using a preconverged result for the 

initial value of the next V will enhance 

convergence.
例えばVを順次変えてI-V特性を計算するような
場合、すでに収束した値を次のVにおける初期値
として利用すると早く収束できる。

SC-Diode.xlsx



First-principles calculation：
Self-consistent field (SCF,自己無撞着) calculation

( )
( ) ( ) ( )llllllXl
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・ Hamiltonian of one-electron quantum equation includes wave functions

・ First-step calculation requires electron density guessed / assumed ini： 

e.g,. by uniform density, sum of atomic electron density,,,

・ Electron density fin is calculated the solved wave functions, but 

 fin would be different from ini

・ More appropriate new is guessed from fin and ini,

and repete the above calculations

ex.： new = ini + kmix(fin + ini)

 kmix： Mixing factor 

A parameter to suppress divergence of the SCF calculation

close to 1 would be easily diverged, close to 0 causes slow convergence

ini must be equal to fin, otherwise

these loss physical meaning

SCF cycle

Repeat until fin = ini



Example: SCF/structure relaxation by VASP



Typical iteration of SC calculation

Find the solution of f(x, (x)) = 0:

Case this is easily done if (x) is provided

1.  Assume (x) and solve f(x, (x)) = 0 to get approximate xi

2.  Calculate (xi) with the obtained xi, solve f(x, (xi)) = 0, and

get improved approximation xi+1

3.  Repeat 1 – 2 so as to decrease |(xi+1) – (xi)|, |xi+1 – xi| to required 

accuracy

Self-consistent approach (自己無動着計算)

May be diverged if the obtained xi
’ is used for xi+1

=> Stabilize convergece using mixing factor (混合係数) kmix

Initial x0

First iteration: x1 = f(x0)      =>      x1’ = (1 – kmix) x0 + kmixx1

Next iteration: x2 = f(x1’) ….



Problems of SC calculations

・ Some solutions would not be obtained (収束しない解があり得る)

f’(x) < 1 must be satisfied at the solution to obtain the solution of x = f(x)

=> Conversion of the equation may help, but not always

・ Convergence is not stable

mixing factor may improve

 For many cases, use another method such as Newton method

・ Cases SC method is effective

Initial values close to the solution

Effect of SC parameters is small to the equation
(自己無撞着変数の方程式への影響が小さい)

SC parameters have good convergence
(自己無撞着変数の収束特性が良く、予測できる場合)



How to solve equations?

More sophisticated algorithms
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Newton-Raphson method
Solve f(x) = 0

y = f(x)Start from initial guess: x0

x0+dx is supposed to be a solution

f(x0+dx) = f(x0) + dx f’(x0) ~ 0

=> x1 = x0 + dx = x0 – f(x0) / f’(x0)

Stabilize convergence:

xk+1 = xk – f(xk) / f’ (xk) / (1 + )

: Dumping Factor

x0

f’(x0)

x1 = 

x0 – f(x0) / f’(x0)

f(x0)



Usage: python equation-newton-raphson.py x0 dump tsleep

f(x) = exp(x) – 3.0x

Program: equation-newton-Raphson.py

python equation-newton-raphson.py -0.5 0 python equation-newton-raphson.py -0.5 3

xk+1 = xk – f(xk) / f’ (xk) / (1 + )

: Dumping Factor



Newton-Raphson (Dumping factor = 0)

Iter. x |xi – xi-1|

1 0.5

2 0.610059654958962 0.110059654958962

3 0.61899677974154 0.00893712478257794

4 0.619061283355313 6.4503613773092e-005

5 0.619061286735945 3.38063244722622e-009

6 0.619061286735945 -1.94296000199483e-016

Newton-Raphson (Dumping factor = 0.1)

1 0.476190476190476

2 0.597901649246081 0.121711173055605

3 0.617090542717403 0.0191888934713221

4 0.618900291486661 0.00180974876925825

5 0.619048316423879 0.000148024937217564

6 0.619060243007723 1.19265838440254e-005

7 0.619061202754359 9.59746635487409e-007

8 0.619061279978579 7.72242198569211e-008

9 0.619061286192231 6.21365241490959e-009

10 0.619061286692197 4.99965669237101e-010

11 0.619061286732425 4.0228535713285e-011

Newton-Raphson (Dumping factor = 1.0)

1 0.333333333333333

2 0.485235618882813 0.15190228554948

3 0.556317491275292 0.0710818723924794

4 0.589692022113926 0.0333745308386341

5 0.605333177012923 0.0156411548989961

6 0.612649553494255 0.00731637648133212

7 0.616067929129785 0.00341837563553035

8 0.617664103982484 0.00159617485269905

9 0.618409199563502 0.00074509558101794

10 0.618756961315507 0.000347761752005284

11 0.618919262817103 0.000162301501596124

12 0.618995007056658 7.57442395542543e-005

f(x) = exp(x) – 3x = 0 (initial x = 0) Exact 0.619061

Effect of dumping factor (収束過程の比較)
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二分法

f(x) = exp(x) – 3x = 0 (initial x = 0) Exact 0.619061

Effect of dumping factor: Convergence process

iteration iteration

d
x

NR: Newton-Raphson method

df: Dumping Factor

(numerical diff.)

(num. diff.)Secant

Bisection
Secant

Bisection

xk+1 = xk – f(xk) / (f’ (xk) + )

: Dumping Factor
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Case Newton method succeeds
f(x) = tan-1(10x)

initial x = 0.1

x
f(

x
)

i x f(x) df/dx dx
0 0.1 0.7854 5 -0.1571
1 -0.05708 -0.5187 7.54257 0.06877
2 0.011686 0.11633 9.86527 -0.0118
3 -0.00011 -0.0011 9.99999 0.00011
4 1.15E-10 1.2E-09 10 -1E-10

A case to reach convergence

x0

x1

x2
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x

f(
x
)

x0

x1

x0

x1

x2

x3

xk+1 = xk – f(xk) / (f’ (xk) + )

: Dumping Factor

i x f (x) df/dx dx
0 0.15 0.98279 3.07692 -0.3194
1 -0.16941 -1.0375 2.58404 0.40152
2 0.232112 1.164 1.56553 -0.7435
3 -0.51141 -1.3777 0.36827 3.74095
4 3.229546 1.53984 0.00958 -160.76
5 -157.529 -1.5702 4E-06 389644
6 389486.7 1.5708 1.1E-12 -1E+12

Diverged ( = 0)

Stabilize convergence

by choosing ( = 1)
i x f (x) df/dx dx
0 0.15 0.98279 3.07692 -0.2411
1 -0.09106 -0.7387 5.46675 0.11422
2 0.023161 0.2276 9.49088 -0.0217
3 0.001466 0.01466 9.99785 -0.0013
4 0.000133 0.00133 9.99998 -0.0001
5 1.21E-05 0.00012 10 -1E-05
6 1.1E-06 1.1E-05 10 -1E-06
7 1E-07 1E-06 10 -9E-08
8 9.09E-09 9.1E-08 10 -8E-09
9 8.27E-10 8.3E-09 10 -8E-10

Case Newton method fails
f(x) = tan-1(10x)

initial x = 0.15
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Program: Electron density in metal

N(e)

f(e)×1021

N(e)f(e)

Energy e (eV)

(1)

(2) (3) 

Issues for integrating N(e)f(e)
・ Wide integration range E = 0 ~ EF + αkBT – several eV (accuracy at the order of exp(-α))

・ Important range for accuracy is the range of αkBT ~ 0.1 eV around EF

・ For numerical integration, E mesh ΔE should be very small around EF (if 0.01αkBT, ΔE ~1 meV)

=> Not good to use the same ΔE for the whole integration range E = 0 ~ EF + αkBT

=> ・ Divide integration range (Analytical integration may be employed for 0 ~ EF – αkBT)

・ Better to employ accuracy-guaranteed library for integration

python integrate.quad() can accept accuracy as epsrel variable

Program: N-integration-metal.py

Ex.: python N-integration-metal.py 300 5.0

At 300 K, EF = 5.0 eV

Time is measured for 300 cycles calculation

8 digit accuracy (epsrel = 1e-8), α = 6:

     range time (300 cycles)

(1) 0 ~ EF + αkBT 0.109 s

(2) 0 ~ EF – αkBT 0.063 s

(3) EF – αkBT ~ EF + αkBT 0.016 s

(2) + (3) is faster by ~30 % than (1).

Employing analytical integration for (2)

is faster by a factor of 10



Program: T dependence of EF for metal
𝑬𝑭(𝑻) is determined by 𝑵𝒆 = 𝑵׬ 𝒆 𝒇 𝒆, 𝑬𝑭 𝒅𝒆 for the given electron number 𝑵𝒆

N(e)f(e, EF) is integrated in the range E = 0 – ∞ (acutualy up to EF + αkBT)

The initial value of EF(T) can be taken as the analytical form of EF(0) at 0 K.

Since the variation of EF(T) is small, the Newton method stability converges.

Compare with the approx. form 𝑬𝑭(𝑻) = 𝑬𝑭(𝟎) −
𝝅𝟐

𝟔
𝒌𝑩𝑻

𝟐𝑵′ 𝑬𝑭(𝟎) /𝑵 𝑬𝑭(𝟎)

Program: EF-T-metal.py

Ex.: python EF-T-metal.py

T (K)  EF (Newton, eV)   EF (approx., eV) 

      0         4.948988        4.948988

  600         4.948554        4.948544

1200         4.947248        4.947211

1800         4.945069        4.944990

2400         4.942013        4.941880

3000         4.938075        4.937882

3600         4.933247        4.932994

4000         4.929529        4.929243



Density of states, ne, and nh in semiconductor

EV ECEDEA

NA ND

EF

( )Fe EEf ,

エネルギー

状
態
密
度

( )Fh EEf ,

Conduction band

𝐷𝑒 𝐸 = 𝐷𝐶0 𝐸 − 𝐸𝐶
𝐷𝐷 𝐸 = 𝑁𝐷𝛿(𝐸 − 𝐸𝐷) 

𝑓𝑒(𝐸, 𝐸𝐹) =
1

exp(𝛽 𝐸−𝐸𝐹 )+1

Free electron density

𝑛𝑒 = 𝐸𝐶׬
∞
𝑓𝑒 𝐸 𝐷𝑒 𝐸 𝑑𝐸

Ionized donor density

𝑵𝑫
+ = 𝑁𝐷 1 − 𝑓𝑒(𝐸𝐷 , 𝐸𝐹)

Valence band

𝐷ℎ 𝐸 = 𝐷𝑉0 𝐸𝑉 − 𝐸

𝐷𝐴 𝐸 = 𝑁𝐴𝛿(𝐸 − 𝐸𝐴) 

𝑓ℎ(𝐸, 𝐸𝐹) =
1

exp(𝛽 𝐸𝐹−𝐸 )+1

Free hole density

𝑛ℎ = ∞−׬
𝐸𝑉 𝑓ℎ 𝐸, 𝐸𝐹 𝐷ℎ 𝐸 𝑑𝐸

Ionized acceptor density

𝑁𝐴
− = 𝑁𝐴 1 − 𝑓ℎ(𝐸𝐴, 𝐸𝐹)

Total density of states：𝑫 𝑬 = 𝑫𝒆 𝑬 + 𝑫𝒉 𝑬 + 𝑫𝑫 𝑬 + 𝑫𝑨 𝑬



How to determine EF for semiconductors

EV EC

Eg = EC – EV

( ) CCC EEDED −= 0

( )

EED

ED

VV

V

−= 0

EDEA

NA ND

EF

NA
– + Ne = ND

+ + Nh

( ) ( )


=
CE

FeCe dEEEfEDN ,

( ) FDeDD EEfNN ,1−=
+

EF

( )Fe EEf ,

Valence 

band

Conduction

band

Charge neutrality condition

Energy

D
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a
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How to calculate EF: Illustrative solution

Plot Q = (NA
- + Ne) – (ND

+ + Nh) w.r.t. EF and find Q = 0

( ) ( )


=
CE

FeCe dEEEfEDN ,

( ) FDeDD EEfNN ,1−=
+

( ) ( )


=
CE

FhVh dEEEfEDN ,

( ) FAhAA EEfNN ,1−=
−

( ) ( )FeFh EEfEEf ,1, −=
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ND = 3.0e17

ED = 1.02

NA = 1.0e13

EA = 0.1

T = 300.0

Eg = 1.12

NC = 1.0e19

NV = 1.0e21

EF = 0.997 eV

E



Bisection method (二分法): Continuous func（連続関数)

Solution of f(x) = 0 for (monotonic) continuous function f(x)

1. Start from a range [x0, x1] where f(x0) < 0 & f(x1) > 0 

(or f(x0) > 0 & f(x1) < 0)

* Solution exist in this range for a monotonic function

2. Solve the equation by the following iterative procedure  

Case f(x0) < 0 and f(x1) > 0: Judge by f(x0)･f(x1) < 0

1. x2 = (x0 + x1) / 2.0

2. If f(x2) > 0 (f(x0)･f(x2) < 0), x1 is replaced with x2

 If f(x2) < 0 (f(x1)･f(x2) < 0), x0 is replaced with x2

3. Solution x2 is obtained when |x1 – x0|, |f(x1) – f(x0)| becomes less than EPS.

4. Repet 1 – 3

x0 x1
x2 => x1x3 

=> x0

x4
x5

x6



EF by bisection method: Convergence procedure

Initial range: [E1, E2] = [EV = 0, EC = Eg]

Find Q = (NA
- + Ne) – (ND

+ + Nh) = 0
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Q
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After 30 times iterations

EF = [0.9985173589, 0.9985173599]

dQ = [-3108, 8108]



Program: EF-T-semiconductor.py
Program: EF-T-semiconductor.py

Usage: python EF-T-semiconductor.py EA NA ED ND Ec Nv Nc

Ex.: python EF-T-semiconductor.py 0.05 1.0e15 0.95 1.0e16 1.0 1.2e19 2.1e18

Ec = 0, Ec = 1.0 eV (= band gap)

EA = 0.05 eV, NA = 1015 cm-3, 

ED = 0.95 eV, ND = 1016 cm-3

Nc = 1.2x1019 cm-3

Nv = 2.1x1018 cm-3



Multi-values equation: Kronig-Penney model
V0 a

b

ww

Solution of −
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+ 𝑉(𝑥) 𝜙 = 𝐸𝜙

)exp()exp()( xiBxiAx  −+= /2mE=

𝝓𝒌 𝒙 = exp(ikx)𝒖(𝒙), u(x+a) = u(x)

)exp()exp()( xDxCx  −+= ( ) /2 0 EVm −=

In well:

In barrier:

Boundary condition: 𝝓𝒌 𝒙 and 𝝓𝒌′ 𝒙  are continuous at x = 0 and -b

Bloch’s theorem      : 𝝓𝒌 𝒙 + 𝒂 = 𝝀𝝓𝒌 𝒙 , 𝝀 = 𝐞𝐱𝐩(𝒊𝒌𝒂)
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The determinant of the left matrix must be 0:

𝐜𝐨𝐬𝒌𝒂 =
𝜷(𝑬)𝟐 − 𝜶(𝑬)𝟐

𝟐𝜶(𝑬)𝜷(𝑬)
𝐬𝐢𝐧𝜶(𝑬)𝒘𝒘 𝐬𝐢𝐧𝐡𝜷 𝑬 𝒃 + 𝐜𝐨𝐬𝜶(𝑬)𝒘𝒘 𝐜𝐨𝐬𝐡𝜷 𝑬 𝒃

0-b

Scan E in possible range to find all the solutions,

then use them for initial values 

to obtain accurate values by Newton-Raphson method



Program: Kronig-Penney model
Program: kronig_penney.py

Lattice parameter (Si) a  = 5.4064 Å   Effective mass  m* = 1.0me

Barrier width 0.5 Å Barrier height 10.0 eV

python kronig_penney.py python kronig_penney.py band
𝐝
𝐞
𝐥𝐭
𝐚
=
𝐜𝐨
𝐬
𝒌
𝒂
−

𝜷
𝟐
−
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𝟐
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𝜷
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𝐧
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𝒘
𝒘
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𝒃
+
𝐜𝐨
𝐬
𝜶
𝒘
𝒘
𝐜𝐨
𝐬𝐡

𝜷
𝒃
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