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Class Schedule

Lecture materials (Kamiya’s part): http://d2mate.mdxes.iir.isct.ac.jp/D2MatE/D2MatE_programs.html?page=cms

#01 June 10 (Tue) Kamiya (Fundamentals of computer, Sources of errors (A E 21— DEKE, IRE))
#02 June 13 (Fr1) Kamiya (Numerical differentiation/integration (3UE#M 7 /3 7),
Differential equation ({53 A3 E X))
#03 June 17 (Tue) Kamiya (Differential equation (#8472 =(), Molecular dynamics (7 FE) hFi%),
Interpolation (##fE), Smoothing ((Fi&1E))
#04 June 20 (Fri) Kamiya (Linear least-squares method (¥fiz&/N=F&;%), Optimization (Fi#E1k),
Numerical solutions of equations (A2 D #fEf#%), Nonlinear optimization (JEFEFZExE L))

#05 June 24 (Tue) Kamiya (Nonlinear optimization (JE#R 2 &x5#E1k),
Fourier transformation (7—!) TZ #)

#06 June 27 (Fri) Kamiya, Matrix (1T7%1])
#07 July 1 (Tue) Kamiya, Review ({88



English textbooks

Search by ‘numerical analysis’, ‘numerical simulation’, ‘B{Ef#4T° etc.

1. Introduction to Applied Numerical Analysis
Richard W. Hamming
Dover publications, inc., New York (1989)
~340 pages

2. A First Course in Numerical Analysis
Anthony Ralston and Philip Rabinowitz
Dover publications, inc., New York (1978)
~600 pages

For practical programming: Numerical Recipes series
1. Numerical Recipes in C
2. Numerical Recipes Example Book (FORTRAN)
3. Numerical Recipes Source Code
Second Edition: C, Fortran77, Fortran 90
Third Edition: C++



Policy

Evaluation:
1. Assignment 1s given in each class
2. Term-end assignment

You can use Al like ChatGPT,

but your answers must include your own thought and improvements.

Absence of class
1. If you can’t join a class, let me know prior to the class.

Z.oom record
1. Classes will be recorded, used only for students who request watching it.



Python: A Light Weight Language (LWL)

Install: http://conf.msl.titech.ac.jp/Lecture/InstallPython/InstallPython.html

* Interpreter language (1> 47) 4255 - ZRER)
< Compiled language (@2 /XL E & - #HEERIR)

Slower execution, but faster development
* Only interpreter and editor are required
* Free or public domain versions available
* Grammar similar to C, C++, perl, php, ...
* Native Object-Oriented (7 x4 gM) language
» Efficient functions and libraries

Text processing: Regular expression (IEfR&KLR),

csv, html, xml, json etc
Science: numpy, scipy, scikit-learn etc
Network: ...

Graph plotting: matplotlib etc
GUI: tkinter, pygtk etc



Text editor vs Word processor

Startup time (R2E)EFM)  Shorter Longer

Processing speed (32817  Faster Slower

)

Memory Light Heavy

Text style / format Usually none Required

File format Basically text-based Application specific

Others Specialized for specific program  Print (WYSIWYG): What You
languages. See 1s What You Get

Macro (small program languages)

Examples Linux :vi, emax MS-Word
Windows: TeraPad, Sakura Edtior
Multi  : Visual Studio Code,
Sublime text, Atom

Recommendation:

Microsoft Visual Studio Code: https://code.visualstudio.com/
* Multiplatform (Windows, MacOS, Linux)

* Multilanguage

* Integrated Development Editor (IDE)



If interested in python and Al-based programming
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PROBLEM, June 10

* Submit electronic file(s) via LMS until the midnight of June 11

(If LMS doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

Choose one of the following PROBLEM 1 or PROBLEM 2
PROBLEM 1:

(1) Convert 101001, to base 10

(1) Convert4251,,to base 16

PROBLEM 2:

Choose one of the python programs given today (sum_error.py, sum.py, base.py).

- Explain what each block of the source code does,

or

* list up the source code parts that you cannot understand what they do or why they are needed.

S BEML-70% 5L (sum_error-plt.py, sum.py, base.py) M5 1 DEFE,
LUTONWITNHIEEAK

+)—ROA—FDENENDFH S MIZL TSN ZEHAT S
+Y—RI—FDOHFTEBTEGNES . HAWE GEEADDEMDOILLNER TR A&



Fundamentals of computer
OVEaA—3DER



Numeric representation

FEDERIR)
Base 10 1975 = 1x1000 +9x100 + 7x10 + 5x1
(decimal) = 1x10°> +9x10%2+ 7x10!' + 5x10°
(10)&&) the 1000’s place
(1000 1i1)

All data in computer are represented by 0 or 1 (binary) : bit (b)

Base 2 (11011), = 1x2%+ 1x23 + 0x22 + 1x2! + 1x20

(binary) = 1><(]6)10 + 1><(8)10 + OX(4)10 + 1X(2)1o + lx(l)lo
(HER =270

Baser N=ayg"+a,
(rEH) = (ana FEEREE a3a2a1a0)



Numeric representation
FEDERR)

Base 8 (octal) (83%h) (01234567)
2 digits: 0 ~ 82— 1 =63
00: 0x8! + 0x8°=0
53: 5x8! + 3x8" =43
77: 7x81 + 7x8° = 63

Base 16 (hexadecimal) 16#) (0123456789ABCDEF) = (0 ~ 15)
2 digits: 0 ~ 16— 1 =255
00: O0x16' + 0x16°=10
9F: 9x16!+ 15x16° =159
FF: 15x16! + 15x16° = 255

(ABCDEFGHIJKLMNOPQRSTUVWXYZ
abcdefghijklmnopqrstuvwxyz
0123456789+/) = (0~ 63)



Correspondence relations Gi it %)

Base 10 Base 2 Base 8 Base 16

0 0000 00 0
1 0001 01 1
2 0010 02 2
3 0011 03 3
4 0100 04 4
5 0101 05 5
6 0110 06 6
7 0111 07 7
8 1000 10 8
9 1001 11 9
10 1010 12 A
11 1011 13 B
12 1100 14 C
13 1101 15 D
14 1110 16 E
15 1111 17 F
16 10000 20 10



Convert Base (E# 0 Zi)

Base r to Base 10

N=(a,a,, """ a3a,a,4),

Nyg=ay’+ar'+ar?+ayp’+ - +a, " +arn
Ex. 1101, =1x20+0x2"+ 1 x22+1x2>=13,

Base 10 to Base r
Nyy=(b,b, """ b3b,b,by) o= (CpCppy™ ™t C>C1Cp),
=cg'terl o2+t e
=cotr(c,teyprt+-+ ¢ 12 +crmh)
=cytre tregteogr -+ ¢ +eym?)) =
1) 2
Ny N, @

(1) Njy@=N,, =N,V *r+¢, where 0 < ¢y <7
(2) Ny =N,,® * r+ ¢, where 0 < ¢y <7
... repeat until N,,"*D =0

== Nr= (cncn-l ..... CZCICO)r

Ex. Base 10 to Base 8
302,,=8x37+6
37,,=8x 4+5
4,=8x 0+4
302,,=4564



Python program: base.py

Program: base.py
Usage: python base.py value base source base target

Ex.
COMMAND:
python base.py FA 16 8
Convert FA in base 16 to base 8

OUTPUT:

Convert FA 1n base 16 to base 10

Ist digit =10: +10* 16Y =+ 10,,=> 104,
2nd digit=15: + 15 * 16! =>+240,,=> 250,

Convert 250 in base 10 to base &
250,,= 31 *8+ 2: base §=>2
31, = 3%8+ 7: base 8=>72
3.10= 0 * 8+ 3: base 8 => 372 result



Units of data processed in computers
QAYVEa1—3RDT—2Hifi)

bit (b): binary: 0 or 1

In computer: 8 bits data is treated as a fundamental unit
byte (B): 0 ~23—1 =255

1kB =21'B =1,024B
1 MB = 1024 kB = 1,048,576 B
1 TB =1024 GB = 10242 MB = 10243 kB = 10244 B



Numeric representation: Integer (B#H%E)

Integer type: Based on the CPU bit (CPUDDbitHIA ERK)

16bits for 16bit CPU
unsigned int (FSELEHE) 0~219—1=65,535
signed int  (FFESFEBHE) 32,768 —+32,767

32bits for 32bit CPU
unsigned int (FESELEHE) 0~4,294,967,295
signed iInt  (FFSFEBHE) —2,147,483,648 ~ +2,147,483,647

For all CPUs:
int : depends on CPU bits
shortint  : 16 bits
long 1nt : 32 bits
long long int: 64 bits



Numeric representation: Floating point, Real

GFEIVN R E, E8)
Floating point type: Minimum 32bit (except half precision)

The range of available value depends on computer architectures,

rogramming language etc. -0101
programming languag ~1.011101, x 201012
C language (CE& S;fg:n 1 XP‘;B;{‘;B
float .32 bits  3.4E-38 — 3.4E+38 (%)  Fraction ~ (FEHAE)
double - 64 bits 1.7E-308 — 1.7E+308 _ (R #ER)

long double: 64 bits I

Sign Exponent Fraction
Fortran (1bit) (11bit) (52bit)

Single precision  (BE#5E) FP (REAL) . 32 bits
Double precision ({&f&E) FP(DOUBLE) : 64 bits, 16 digits (#7) in decimal
Quadruple precision (ME#5E) FP (REAL*16) : 128 bits

Definition of IEEE 754 (binary32, binary64):
Sign : 1 bit
Exponent: 8 bits (REAL, —128 ~+127) 11 bits (DOUBLE, —1024 ~+1023)
Fraction : 23 bits (REAL) 52 bits (DOUBLE)
8,388,608: 7 digits  4,503,599,627,370,495: 16 digits


http://ja.wikipedia.org/wiki/%E3%83%95%E3%82%A1%E3%82%A4%E3%83%AB:IEEE_754_Double_Floating_Point_Format.svg

Required variable sizes: Integer types

unsigned int (16 bits): 65,536

16bit CPU can handle only 64 kB of memory
(ZELR/INZAHV16bitIZE, 64 kKBD AE!)—LHMMRZELY)

unsigned int (32 bits): 4,294,967,295
32bit CPU can handle 4 GB memory
(FRLURINZAD32bitIEE, 4 GBD AT —FRA D)

GDP of Japan: ~5 trillion US$ = 500,000,000,000,000 JYen
(requires 16 digits)
cf. unsigned long long int (64 bit): ~1.8E+19 (18 digits)

The ratio of the circumference of a circle (A& *):
Significant figure: 50 trillion digits (as of Jan, 2020)
Need to use multi-fold calculation (Z2{EEHH)

Implemented based on software



Required sizes: FP types for quantum calculations

1s orbital energy level:
H atom : 13.6 eV
heavy atoms: >> keV

Energies related to physical properties
Thermal energy at room temperature: 26 meV
Magnetism: several meV

Quantum simulations of physical properties require
the precision for the meV — MeV range (over 9 digits precision)

Definition of standard FP: IEEE 754
Fraction: 23 bit (single) 8,388,608 7 digits
Fraction: 52bit (double) 4,503,599,627,370,495 16 digits



Required sizes: FP types for semiconductor simulation

Boltzmann factor: exp(-E, / kyT)

Eg =1.1eV
kyT= 0.026eV (I'=300K) =>exp(-42)~10-"

E,=4.0eV
keT= 0.026 eV (I'=300K) =>exp(-154) ~10°7
ksT=0.00026 eV (T'=3K) =>exp(-15400) ~ 105141

Double precision (64bit): Fraction: 16 digits

Exponent: —1024 ~ +1023 (271024 ~ 10-30%)
Quad precision : 128 bit
Octuple precision (8f£#5%E): 256 bit



Error of floating-point variables (ZEi/MiRE

Representation of floating point in computer:
—1.011101, x 2791510 (in binary)

Errors arise from converting Base 10 to Base 2.
* Some values do not have errors between Base 10 and Base 2
if fraction equals to 2"

1.0 = (1.0),%29

0.5 = (1.0),x2"!

0.125 = (1.0),x23

0.0390625 = 1.25x25 = (1.01),x2-

1.75 = 1x20 + 1x2-1 + 1x22 = (1.11),

0.65625 = 1x21+ 0x22 + 1x23+ 0x24 + 1x25 = (0.10101),
100.0 = 1.5625x64 = (1+2-1424)x26 = (1.1001),x2*

* Other values have errors
even if it is represented by a simple figure in Base 10:
0.1=(1.1001100110011001 - ), x 2-3



Program (roundoff error): SuUm_error.py

Usage: python sum_error.py 4 n iPrintStep
Summing up 4 for n times with different precision interger types. Output every iPrintStep steps.

python sum_error.py 0.1 100 20

exact: suml6 (error) sum3?2 (error) sumo64 (error)

0.1000: 0.099975585937500000 (+2.44e-05) 0.100000001490116119 (-1.49¢-09) 0.100000000000000006 (+0.00e+00)
2.1000: 2.095703125000000000 (+4.30e-03) 2.100000143051147461 (-1.43e-07) 2.100000000000000533 (-4.44¢-16)
4.1000: 4.089843750000000000 (+1.02e-02) 4.099998474121093750 (+1.53e-06) 4.100000000000001421 (-8.88e-16)
6.1000: 6.121093750000000000 (-2.11e-02) 6.099996566772460938 (+3.43e-06) 6.099999999999994316 (+6.22¢-15)
8.1000: 8.148437500000000000 (-4.84e-02) 8.099994659423828125 (+5.34e-06) 8.099999999999987210 (+1.24e-14)

python sum_error.py 0.125 100 20

exact: sumlo6 (error) sum32 (error) sum64 (error)

0.1250: 0.125000000000000000 (+0.00e+00) 0.125000000000000000 (+0.00e+00) 0.125000000000000000 (+0.00e+00)
2.6250: 2.625000000000000000 (+0.00e+00) 2.625000000000000000 (+0.00e+00) 2.625000000000000000 (+0.00e+00)
5.1250: 5.125000000000000000 (+0.00e+00) 5.125000000000000000 (+0.00e+00) 5.125000000000000000 (+0.00e+00)
7.6250: 7.625000000000000000 (+0.00e+00) 7.625000000000000000 (+0.00e+00) 7.625000000000000000 (+0.00e+00)
10.125: 10.12500000000000000 (+0.00e+00) 10.12500000000000000 (+0.00e+00) 10.12500000000000000 (+0.00e+00)

python sum_error.py 0.0390625 100 20

exact:  suml6 (error) sum32 (error) sum64 (error)

0.0391: 0.039062500000000000 (+0.00e+00) 0.039062500000000000 (+0.00e+00) 0.039062500000000000 (+0.00e+00)
0.8203: 0.820312500000000000 (+0.00e+00) 0.820312500000000000 (+0.00e+00) 0.820312500000000000 (+0.00e+00)
1.6016: 1.601562500000000000 (+0.00e+00) 1.601562500000000000 (+0.00e+00) 1.601562500000000000 (+0.00e+00)
2.3828:2.382812500000000000 (+0.00e+00) 2.382812500000000000 (+0.00e+00) 2.382812500000000000 (+0.00e+00)
3.1641:3.164062500000000000 (+0.00e+00) 3.164062500000000000 (+0.00e+00) 3.164062500000000000 (+0.00e+00)



Round-off error #i%&55E)

Summing small value / for many times /V

Calc by summation Calc by multiplication
x =0.0; x0=0.0;
for 1 in range(N) for 1 in range (N)
x=X+h x=x0+1%*h
Error 1s accumulated by each  Typically multiplication 1s slower than summation,
summation but the total error originates from

only one multiplication operation

Result of sum_error.py (compare different precision FP types): 2 =0.01, N=101

Program: sum_error.py
float16: half precision, 16 bit float32: single precision, 32 bit float64: half precision, 64 bit

Exact: float16 (error) float32 (error) float64 (error)

0.0100: 0.010002136230468750 (—2.14e—06) 0.009999999776482582 (+2.24e-10) 0.010000000000000000 (+0.00e+00)
0.1100: 0.110046386718750000 (—4.64e—05) 0.109999984502792358 (+1.55e-08) 0.109999999999999987 (+1.39¢-17)
0.2100: 0.210083007812500000 (—8.30e—05) 0.210000023245811462 (—2.32e-08) 0.210000000000000048 (-5.55e-17)
0.3100: 0.310058593750000000 (-5.86e—05) 0.309999972581863403 (+2.74e-08) 0.310000000000000109 (-1.11e-16)
0.4100: 0.410156250000000000 (-1.56e—04) 0.409999877214431763 (+1.23e—-07) 0.410000000000000198 (-1.67e-16)
0.5100: 0.509765625000000000 (+2.34e—04) 0.509999811649322510 (+1.88e—07) 0.510000000000000231 (-2.22¢-16)

0.8100: 0.802734375000000000 (+7.27e-03) 0.809999525547027588 (+4.74e—07) 0.810000000000000497 (-4.44e-16)
0.9100: 0.900390625000000000 (+9.61e-03) 0.909999430179595947 (+5.70e—07) 0.910000000000000586 (-5.55e—16)
1.0100: 0.998046875000000000 (+1.20e—02) 1.009999394416809082 (+6.06e—07) 1.010000000000000675 (—6.66e—16)



Sheet1

		N		x += h		i*h		誤差 ゴサ

		0		0.0000000000000		0.0000000000000		0

		50		5.0000000000000		5.0000000000000		-1.78E-15

		100		10.0000000000000		10.0000000000000		-1.95E-14

		150		15.0000000000000		15.0000000000000		-3.73E-14

		200		20.0000000000000		20.0000000000000		1.42E-14

		250		25.0000000000001		25.0000000000000		8.53E-14

		300		30.0000000000002		30.0000000000000		1.56E-13

		350		35.0000000000002		35.0000000000000		2.27E-13

		400		40.0000000000003		40.0000000000000		2.98E-13

		450		45.0000000000004		45.0000000000000		3.69E-13

		500		50.0000000000004		50.0000000000000		4.41E-13

		550		55.0000000000005		55.0000000000000		5.12E-13

		600		60.0000000000006		60.0000000000000		5.83E-13

		650		65.0000000000006		65.0000000000000		5.83E-13

		700		70.0000000000003		70.0000000000000		2.98E-13

		750		75.0000000000000		75.0000000000000		1.42E-14

		800		79.9999999999997		80.0000000000000		-2.70E-13

		850		84.9999999999994		85.0000000000000		-5.54E-13

		900		89.9999999999992		90.0000000000000		-8.38E-13

		950		94.9999999999989		95.0000000000000		-1.12E-12

		1000		99.9999999999986		100.0000000000000		-1.41E-12






Python program: sum.py

Program: sum.py
Usage: python sum.py h N
Summing small value h for many times N

Example command: python sum.py 0.1 10
OUTPUT:

:0.0+0.1=>0.1
:0.1+0.1=>0.2
:0.2+0.1=>0.30000000000000004
: 0.30000000000000004 + 0.1 =>0.4
:04+0.1=>0.5

;-Ikwl\)r—*O

: 0.7+ 0.1 =>0.7999999999999999

o

9: 0.8999999999999999 + 0.1 => 0.9999999999999999




Caution for conditional branch (F4 52 IZHIT5EE)

Calculation of integers does not produce errors.

=> Conditional judgement only using integers works properly
BHERDOHTOEGHIEXRENHZLO THRELZL
if1* 10 == 30:
print(“1==30") # executed if 1 == 30

Calculation of floating points can produce roundoff error.

=> Strict conditional judgement often does not work properly: Must not be used!!
RBEETIEIADORENREET DD T, BBEFEHIETIEE>TIEULFAL
if x * 10.0 == 30.0:

print(“x == 3.0") # expected to execute if x == 3.0, but may be not

[Important!!] Consider possible errors:

[EE K YS5ERE (epsilon: eps) =B EL-FHEHIEET 5

eps = 1.0e-30 # epsilon: small, but a bit larger value than possible error
if abs(x * 10.0 - 30.0) < eps:
print(“x == 3.0”) # executed 1f x 1s practically equal to 3.0

Luml




Program: bad_if.py

Usage: python bad if.py h n answer
Check the condition h * n == answer

python bad_if.py 0.1 1 0.1 Confirm Y, 0.1 ==0.1
Summing up 0.1 for I times: v=10.1

v==0.1?: True

lv—0.1| < 1e-10?: True

python bad_if.py 0.1 2 0.2 Confirm Y7, 0.1 == 0.2
Summing up 0.1 for 2 times: v=0.2

v==0.2?7: True

lv—0.2| <1e-107?: True

python bad_if.py 0.1 3 0.3 Confirm ¥3_, 0.1 == 0.3: Failed
Summing up 0.1 for 3 times: v =0.30000000000000004
v ==0.32: False > 10.1==0.3 CIXYHEEEZD

v—0.3]<1e-10?: True [Y;-;0.1—0.3| < eps (eps = 10'") TIXELLFIEFTES



How to use conditional branch, if

(S 15352 OD 1] )

Bad (&L l):
if x * 10.0 ==30.0:
DO NOT use the strict comparison ‘==* for floating values

GRRV/PNARDLLEICIE, BEG LR == [ EHELY)

Good (BL f):
eps = 1.0e-30 # epsilon:
A value satisfactory smaller than minimum expected value
(BESNSGBRELYELTHKRELH,
IFHNRIPSIMEZEETET D)

if abs(x * 10.0 - 30.0) < eps



Program: bad_int.py

Usage: python bad int.py % n
Check interger conversion of the summation of / for n times

python bad_int.py 0.1 100

Summing up 0.1 for 100 times: v = 9.99999999999998

int(9.99999999999998) = 9 10 TR IFALIELMFAZLY

int(9.99999999999998 + 1e-10) = 10 eps (1019 ZMMZ THD int() ZENAHZETIELLVER

python bad_int.py 0.4 20

Summing up 0.4 for 20 times: v = 8.000000000000002

int(8.000000000000002) = 8 IELWEZA v ICIFRRENH DI LITEE
int(8.000000000000002 + 1e-10) = 8 eps (1019 ZMZ THD int() ZEX>THIELL VEE

python bad_int.py 1.2 20

Summing up 1.2 for 20 times: v = 23.999999999999993

int(23.999999999999993) = 23 24 THEIFALIELMFZLN

int(23.999999999999993 + 1e-10) = 24 eps (1019 ZMNZ THS int() ZENAHZETIELLVER

Case for floating point to integer conversion GEBI/MNER = BHZE#):
Bad (=L \Hl):
n = int(v)
Good (BL l):
eps = 1.0e-6
n = int(v + eps)



Typical cases for FP calculations with care

Evaluate possible errors every time for FP floating point calculations
* Error originates from the limited length of FP type: underflow, overflow
Representation range of 64bit FP (IEEE 754 standard)
Exponent: 11 bit -1024 ~ +1023
Fraction : 23 bit 4,503,599,627,370,495: 16 digits
= FP type in computer cannot represent accurate values for most of integers
100.0,, =1.5625x64 = (1+2-142-%) x 26 = (1.1001),x24
= Most of FP values in computer include errors
1.0/3.0 = 0.3333...333 (16 digits) Error ~ 10716 should be included

Conditional branch:
Bad: ifx * 10.0==30.0: No guarantee to get the correct judge ‘true’ even if x = 3.0
Good: eps = 1.0e-30 # epsilon: A value satisfactory smaller than expected values
if abs(x * 10.0 - 30.0) < eps: Gives the correct judge within the error of eps

FP => integer conversion:
How to calculate the number of division in the range xmin — xmax at xstep step
Bad: n = int( (xmax — xmin) / xstep): The value in int() can include error.
Even if the correct value is n = 3.0,
you will get n =2 if int() becomes 2.99999... due to error,.
Good:
eps = 1.0e-6
n = int( (xmax — xmin) / xstep + eps)
Even if (xmax — xmin) / xstep becomes smaller than the expected integer due to erro,
you can receive the correct value as long as the error is smaller than eps.



RERETOJTSLO—BHGER

FE/MAREOREETIE., BICREXZERTLHL
- ZHRDFIRIZLSHEEZE: underflow, overflow
IEEE 754MIEXE T, 64bit;FE/N S D EEHE (&
FEERER: 11 bit-1024 ~ +1023
R ERER: 23 bit 4,503,599,627,370,495: 1647
- FEI/MIATIE, B ZE <IEREIC R TEGL
100.0,, = 1.5625x64 = (1+2142-4) x 26 = (1.1001),x24
- EROHHOZEN/NMADORBIL, FXITRTOBEICREEZSD
1.0/3.0 = 0.3333...333 (/DM RLIT16HT) 10 REEDERENKLETD

& 14 4215 O ) B -
EBULMA: ifx * 10.0==30.0: x=3.0 THOTH. true EHIEFENHEIEIZAL
BUMA: eps = 1.0e-30  # epsilon: BEINDRELYET D REVD, LERINSWMEZEERTET D,
if abs(x * 10.0 - 30.0) < eps: FRZE eps LATRLT RTINS

BB/ R = BEZEH: xmin ~ xmax O % xstep EDIETHEILI=LESDLRADE
E{RYV R
n = int( (Xmax — xmin) / xstep):
(xmax — xmin) / xstepMEIRZE(ZELY 2.99999... Lo 1-15 4.
ARE[Lint() =3 EXEH>TARLLDIZ, 2 £EGHTLFD
B U .
eps = 1.0e-6
n = int( (xmax — xmin) / xstep + eps):
(xmax — xmin) / xstepAFREIZKYEAFF T HABEHIELY /NG HTEH.
REMepskWUNETNIX REHFLTLESERENEOND



Precision and errors in computer

Data bit width (¥—4£): Determine the upper limit of precision
=> Roundoff (rounding) error (iLshiRE)

Other error sources

* Overflow E#ELRE, HfidHSh):
e.g. by summation between large integers (Bt x B 2 2B D F-18)
<~ underflow
(overflow and underflow can be detected by CPU / software
but may deteriorate calculation speed)

* Roundoff error (##%5#%R%): By subtracting very similar values
ex: for 4 digits calculation:
5N41 — 32 ~ 5%6.403 — 32.00 = 32.015 — 32.00 = 32.02 — 32.00 = 0.02
The given values have 4 significant digits
but the result has only 1 significant digits
Avoid subtraction between similar large values

= Loss of trailing digits ({§#%%5):
by summing / subtracting between largely-different values
ex: 1000 + 1.456 = 1001 (The initial significant value of .456 is lost)



Errors in calculation process

* Overflow (summing large values)

* Underflow (huge numbers of summing up small values)
* Rounding off error

* Information buried (f5#E:%)

* Truncation error (THJViRE)

To sum up values slowly approaching to zero:

= Tailor expansion (+—>—EB)

* Summation of Coulomb energy (CoulombT R )LF—DF)
Need to terminate the summation if calculation time has
limitation or the result reaches the required precision

GtERBEDEGBEICILCT, ECHTHEZITEUD)

= Convergence error (IUHRE)

The required precision (often expressed EPS) 1s given to judge
the termination of iterative convergence calculations

* Errors originating from physical model #EETILDRE)



Information buried ({§&18;:%)

Program: python information buried.py

e.g., calculate exp(-40) by exp(x) = ).,,—ox"/n!
Exact value 4.24835425529159x10-18

N: nooX™/nl 1.0/ %N _o(—x0)"/n!
Summing up large values with 0: 1 1
opposite signs results in l: -39 0.024390244
significant errors (E&N%ET 3 2: 761 0.0011890606
AELHBOMERB=OICBENKEC 18 7.3620174e+12 5.290335e-14
5) 19 : -1.5234693¢+13 2.4096905¢-14
‘ 20: 2.9958728¢+13 1.153502¢-14
21: -5.6123978e+13 5.7878667¢-15
iy 22: 1.0039003e+14 3.0368438¢-15
flflt;er to add positive values 23 : -1.7180825¢+14 1.6625449¢-15

N n , Sum up large +/- values
A = 2n=o(=X)"/nt (fx<0) 79 : -1.3651644¢+09 4.2483543¢-18
, and take - = exp(—40) 115: 5.8811462 4.2483543¢-18
116: 5.8811665 4.2483543¢-18
Well converged,

but 18 digits of error!!



Supplementary materials



Structure of typical computer
EXWEETERDIER)

KA, BB EFEE. ZHHR

Control unit

F=="""" <oy /2 r === |
| -4 CPU/APU I e
| ;‘ | y Display
: | | I : Printer
? : { ¢ Speaker
: ! Memory ,
Input unit —f—-- DRAM/SRAM —1 Output unit
|
Keyboard |
Mouse : 1
Camera |
Microphone l — Flow of information

Process unit

'

——-+ Flow of control
signals




Computer architectures

4bit CPU: Intel 4004 (1971) data 4bit, address 12bit
8bit CPU: 8008 (1972) data 8bit, address 14bit
16bit CPU: 8086 (1978) data 16bit, address 20bit
32bit CPU: 80386SX (1985) External data/address 32bit
Internal data 16bit, address 24bit
80486 (1989) data 32bit, address 32bit
Pentium,,,
64bit CPU: Pentium Pro(?), Itanium, Core 1i,, ...

Pentium Pro:
Processor 32bit: Operation (&%) Process (7—448) in CPU

External data bus B &87—%/3X)

64bit: Data transfer with memory / external units
Floating point operation 2B/ A ER)

80bit



Logical operations (bitwise operations)
EREREHE, EYNRR)

Logical NOT (Bitwise inversion) GREEE, £v kR iE)
NOTO0 =1;NOT1 =0

Logical AND (GREE#)
0OANDO0=0;1AND 0=0
0AND1=0;1AND1=1

Logical OR (&)
0 OR 0=0;1 OR 0
0 OR 1=1;1 OR 1

Logical Exclusive OR (#thagsREE)
0XOR0=0;1X0OR0=1
0XOR1=1;1XOR1=0

1
1



Required data size: Character type

Alphanumeric CE$FXF):

0~9, A~Z, a~z,

Control chars (#l#13X5F) etc

ASCII code: 7 bit (0 ~127)

Extended ASCII code

Add non-English chars,

symbols etc: 8 bit
Japanese

ASClII+half-width Kana (#&47): 8bit

Kanji= Kana (Full-width Kana, £ 35): 16 bit
Shift-JIS (SJIS), JIS, EUC-JP

Universal character codes
(R LEXFI—F)

Unicode: Started from 2 Bytes (Ver1.0.0)

g‘;: 0# 168 XF 3—F| |10# w# XF| |08 vl XF| oM eM xF
~@ | 0 |00 NUL 3z |20 64 |40 | @ 96 | &0 |
~a | 1 |01 soH | [33 |21 | Y 65 |41 | A 97 |61 | @
~g | 2 |02 st | [34 |22 | = 66 |42 | B e |52 | b
~c | 3 |o3 eTx | |35 |23 | M 67 |43 | C 93 |63 | C
~p | &4 |04 eoT | |36 |24 | $ 68 |44 | D 100 |64 | d
g | 5 |os ENQ | [37 |25 | % 69 |45 | F 101 |65 | @
| & |06 ack | [38 |26 | & 70 |46 | F 102 |66 | f
g | 7 |o7 BEL | (39 |27 | ° 71 |47 | G 103 |67 | O
AH | 8 |o8 BS a |28 | 72 |48 | H 104 68 | h
~1 | 9 |o9 HT 41 |29 | ) 73 |49 | I 105 [69 |1
~1 |10 |oa LF 42 |an | = 74 |aa | J 106 |64 | ]
Ak |11 | o8B VT 43 |28 | + 75 a8 | K 107 |68 | k
AL |12 |oc FF 44 |2c | * 76 |ac | L 108 [ec | 1
~m |13 | oD CR 45 |2p | — 77 |40 | H 109 |60 | m
AN | 14 | 0E s0 4 |26 | * 7 |4 | N 110 |6 | N
~0 | 15 | oF s1 a7 |2 | / 75 |aF | 0 111 |[6F | O
Ap |16 | 10 DLE a8 |30 | 0 so |so0 | P 112 |70 | P
AQ |17 | 11 DC1 45 31 1 81 51 0 113 | 71 q
AR |18 |12 pcz2 | |50 |32 | 2 g2 |52 | R 114 |72 | r
~s |19 |13 pc3 | (51 |33 | 3 83 |53 | S 115 |73 | S
AT |20 | 14 pDca | [52 |34 | & 84 [s54 [T 116 |74 | t
Ay |21 |15 mak | |53 |35 | D g5 |55 | U 117 |75 | U
~y |22 |16 syn | [54 |38 | 6 86 |56 |V 118 |76 | W
aw | 23 |17 eTe | [ss |37 | 7 87 |57 | W 119 |77 | w
ax | 24 |18 can | [se |38 | 8 g8 |s8 | X 120 |78 | X
ay |25 |19 EM 57 |38 | 9 gs |so | Y 121 |79 |y
nZ 26 1A sSuUB 58 38 . 90 54 Z 122 | 7A Z
Al |27 | 18 ESC 59 | 3B ; 91 |s8 | [ 123 |78 | {
~y |28 |1cC FS 60 |3c | < 92 |sc |\ 124 7¢ | }
A1 |29 | 1D GS 61 |3D | = 93 |so | ] 125 |70 | }
an |30 |1E RS 62 |3E | » 94 |58 | = 126 |7 | =~
A |31 | 1F us 63 [3F | 7 95 |sF | _ 127 |7¢ | 0O

Extended to 1 — 4 Bytes (UCS, Unicode / UTF-7/8/16 etc)
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