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Lecture presentation slides are found after the "Common python programs” section below.

Update News:

June 28, 8:24 Lecture materials on June 28 have been updateq (20240628FT Matrix2.zip)

June 27, 10:09 Lecture materials on June 28 have been uploaded (Z0Z400678F T Matrix.Zip)
June 27, 9:25 Lecture materials on June 25 have been updated (202406271 SQEquationOptimize.zip)

June 25, 12:51 Lecture materials on June 25 have been updated

June 24, 10:40 Lecture materials on June 25 have been updated

June 23, 10:12 Lecture materials on June 25 have been uploaded

June 23, 9:32 Lecture materials on June 21 have been updated (2024062 1InterporlateSmoothing.zip)
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Class Schedule

Lecture materials (Kamiya’s part): http://conf.msl.titech.ac.jp/Lecture/
http://conf.msl.titech.ac.jp/Lecture/ComputationalMaterialsScience/index-numericalanalysis.html
#01 June 11 (Tue) Kamiya (Fundamental of computer, Sources of errors (A E 1 —42 D EFE, I2E))
#02 June 14 (Fri)  Kamiya (Numerical differentiation/integration (4 {E# % /3&43))
#03 June 18 (Tue) Kamiya (Numerical integration (3{E#& %),
Differential equation (#1575 F2=X), Molecular dynamics (7 F &) 1 5i%))
#04 June 21 (Fri)  Kamiya (Interpolation (##R&), Smoothing (F;&1t), Linear least-squares method (#&f4 & /N = %))
#05 June 25 (Tue) Kamiya (Numerical solutions of equations (A2 D EIEREE),
Nonlinear optimization (JEfR #2858 1t))
#06 June 28 (Fri)  Kamiya (Nonlinear optimization (JE#R#28&i#1k)), Fourier transformation (7—') TZ#2) , Matrix (751))
July 2 (Tue) No lecture (fK58)
#07 July 5 (Fri) Kamiya, Review (184



Evaluation (Kamiya)

- Small quiz
Not evaluate correctness of the answers
but consider how you answered them

= Term-end assignment
Problems will be given at the end of Q2
from T2SCHOLAR



Explanation of the answers, June 25
REREORH



PROBLEM, June 25

Submit electronic file(s) via T2SCHOLAR in 2 days
(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM:

Solve 5cos(x) — x = 0.

(i) Plot the functions y = 5cos(x) and y = x in the range x = 0 — 3, find an initial x
for Newton-Raphson method.

(i) Solve 5cos(x) — x = 0 by Newton-Raphshon method at least with four
significant digits.

(i11) Optional: Propose if you have any other numerical analysis you want to learn
In Computational Materials Science

(iv) Optional: Propose if you have any python program (should be simple) you
want to learn



PROBLEM, June 25

« Submit electronic file(s) via T2SCHOLAR in 2 days
(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM:
Solve 5cos(x) —x = 0.

(1) Plot the functions y = 5cos(x) and y = x in the range x
=0 -3, find an initial x for Newton-Raphson method.

(i) Solve 5cos(x) —x = 0 by Newton-Raphshon method at
least with four significant digits.

Newton-Raphson method:
f(Xp+dx) = 1(Xg) + dx f7(X,) ~ 0
=> Xp = Xg+ X = Xo—1(Xp) / f7(Xo)
See equation_answer.xIsx



PROBLEM, June 25

(i)  Optional: Propose if you have any other numerical analysis you want to learn in Computational Materials Science
(i)  Optional: Propose if you have any python program (should be simple) you want to learn

o RBIEFEERITOVTHIEIDEREZLULIZFU-L., 8T THDOEEZTRY=L
« HERHZMARTLIELETOETTOHNDSEE
Textbooks
« BOTRIMNNODT—EE T4y T400$T5T0TSLEFECLTODIERESTTHDAE (scipy optimize ? )
T—A3: XRDE—J ., £DFHITLDBTIVP TRILF—/N\UR
How to make fitting program
o BIET—REMHMNTT 50T X x@IbZE A= 09 5 LZ%pythonDZ4 T 5 Doptunaz ALV THERL TLVET A,
Bayesian optimization
« tetrahedroniZICDWWT(EBREREFESIAU VM, EDQKIGIFE T RAEINSGD)
3D numerical integration
o EBUTHILREICEET H(FFICising modelG L)
Monte Carlo method: for integration, stochastic simulations, optimization

« EFRTARAVWLONAIEAMEIZDWT(EREINEAR)
Machine learning regression / sparce modelling / parameter reduction
Will be explained on July 5th



PROBLEM, June 25: Textbooks

o RBIEFZEERICOVTHIRIDEREL LIZFEUV W, 8T ITOHDEEZMY-L
« HERMZMRILILETOETITONSEE

Search by ‘numerical analysis’, ‘numerical simulation’, ‘¥ {EfZ 4T’ etc.

1. Introductionto Applied Numerical Analysis, Richard W. Hamming
Dover publications, inc., New York (1989), ~340 pages

2. AFirst Course in Numerical Analysis, Anthony Ralston and Philip Rabinowitz
Dover publications, inc., New York (1978), ~600 pages

For practical programming: Numerical Recipes series
1. Numerical Recipesin C
2.  Numerical Recipes Example Book (FORTRAN)
3.  Numerical Recipes Source Code

Second Edition: C, Fortran77, Fortran 90

Third Edition: C++

Numerical analysis, Data analysis, Machine learning cover huge different areas.
No textbook satisfies you.

Go to big bookstores, and check the contents
Or ask me by specifying your interesting topics



A: Text books
Machine learning, data processing
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PROBLEM, June 25: Tetrahedron method

Used to perform the first Brillouin Zone integration for band calculations
« A method for 3D numerical integration for function E(X, v, 2)
- Divide 3D space to parallelepipeds (CE{T/<E#)
- Divide a parallelepiped to two triangular prisms (=& )
« Divide a triangular prisms to three tetrahedrons
* Normalize the vertexes to x, y and z to be in [0, 1]
* Liner interpolation by E(X, Y, z) = Eqyo + (E100— Egoo)X + (Egz0— Ego0)Y + (Ego1 — Egoo)Z
A general method for multi-dimensional numerical integration (Finite Element Method etc)
« Integrate E(X, Y, z) in the tetrahedron

tetrahedron.py:
How to divide a triangular prism to
three tetrahedrons




Tetrahedron method

1. Divide the first Brillouin zone to tetrahedrons

2. Choose one tetrahedron with the vertexes
(X0 Yor Zo)s (X1s Y11 Z1), (X201 Y2, Z), (X3, Y3, Z3)

. normalize the vertexes to
N 0.0, 1)

3. Interpolate by
E(k) = Eggo
+(E100 — Eo0)x
+(Eo10 — E000)Y

+(Eoo1 — Eooo)Z 0, 0, 0)
, where E; ;. 1S E(X, Y, z) at a verteX (1, ], k)

4. Integrate E(X, Yy, z) in the tetrahedron
0<x,y,z<land0<x+y+z<1

0, 1,

0,1, 0)



PROBLEM, June 25: Bayesian optimization

See (Japanese) tutorial course:
http://conf.msl.titech.ac.jp/D2MatE/2022Tutorial/tutorial2022.html
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http://conf.msl.titech.ac.jp/D2MatE/2022Tutorial/tutorial2022.html

PROBLEM, June 25: Monte Carlo simulation

Monte Carlo methods are used for various purposes: for integration,
stochastic simulations, optimization

Monte Carlo simulations:

» Based on random number
How to generate random numbers in computer?

» Application to multi-dimensional integration
Hit-and-miss Monte Carlo method
Crude Monte Carlo method

* Application to materials simulation
Metropolis Monte Carlo simulation



Uniform random and Pseudorandom numbers

It is not easy to generate “random” phenomenon
= > Generate pseudorandom numbers by algorism

* Product congruence method (EFE & [EE): a, b, L are positive integers
N, =a
N, =bN,; mod L N mod L is the remainder of N divided by L
N; = bN, mod L

produces pseudorandom numbers NiIn0O<N<L-1

- Mixed congruence method (GB& & Rli&): a, b, L are positive integers
N, =a
N, =bN;+c mod L
N; = bN,+c mod L

* NOTE: N, = N, results in periodicity in the generated numbers



Hit-or-miss (B {T#EE=RY) Monte Carlo method

1. Generate random numbers (x, y) N times
2. Count the number that satisfies (x2 + y2)/2 < 1.0 => n/N approaches the area of a quarter circle

(0.1)

N numbers distributes over the square
n drops in the quarter circle

0.03
0.025
(0,0) (1,0)
N N2 4S lerror]| - 0.02
100 0.1 3.12 0.021593 o
200 0.070711 316 0018407 t
400 0.05 312 0021593 L] 0.015

800 0.035355 3.145 0.003407
1600 0.025 3.145 0.003407
3200 0.017678 3.16875 0.027157 0.01
6400  0.0125 3.12375 0.017843
12800 0.008839 3.130625 0.010968
25600 0.00625  3.1375 0.004093 0.005
51200 0.004419 3.137188 0.004405

102400 0.003125 3.133984 0.007608

204800 0.00221 3.139961 0.001632

409600 0.001563 3.139854 0.001739 0

819200 0.001105 3.14063 0.000963 1
1638400 0.000781 3.141702 0.000109 0 00?/2 0.
3276800 0.000552 3.14045 0.001142 N_

6553600 0.000391 3.141 0.000593



Crude (E#EBY) Monte Carlo method
f (X)=4+1-x°

Generate random numbers 0 <r <1 N times

S = folf(x)dx ~ %Z?’zlf(xi) IS approximated

Numerical integration by random numbers
Good for multi-dimensional integration
Ex: Discrete Variational Xa method

N
100
200
400
800
1600
3200
6400
12800
25600
91200
102400
204800
409600
819200
1638400
3276800
6553600

2.18E-01
1.99E-03
1.84E-02
3.41E-03
2.16E-02
9.66E-03
1.15E-02
9.41E-03
3.47E-03
1.69E-03
2.57E-03
9.48E-03
2.93E-03
2.50E-03
4.83E-04
1.62E-05
1.03E-03

Hit—or—mis: crude

1.23E-01
1.31E-02
9.53E-02
2.41E-02
1.91E-02
1.70E-02
2.69E-03
1.11E-03
1.68E-03
1.83E-03
1.95E-03
2.52E-03
9.56E-04
1.10E-04
4.01E-04
8.08E-04
3.59E-04



Integ_montecarlo3d.py
Calculate the volume of radius 1.0 sphere: Exact value 4.188790205

Python integ_montecarlo3d.py

Output:

Hit-or-miss Monte-Carlo method

i \% lerror|

100 4.3200000000 0.13120979521360976

200 4.2000000000 0.011209795213609652
400 4.0200000000 0.16879020478639095

800 4.2000000000 0.011209795213609652
1600 4.2450000000 0.05620979521360958
3200 4.2025000000 0.013709795213609155
6400 4.1537500000 0.035040204786390916
12800  4.1868750000 0.001915204786390845
25600  4.1618750000 0.026915204786390312
51200  4.1620312500 0.026758954786390454
102400  4.1902343750 0.0014441702136096524
204800  4.1915625000 0.0027722952136093326
409600 4.1894921875 0.0007019827136094392
819200 4.1852148437 0.0035753610363906674

1638400 4.1913476562 0.002557451463609084
3276800 4.1906274414 0.0018372366198597945
6553600 4.1887829590 7.245802015276581e-06 Error o< 1/N



Random numbers that follows exponential distribution

http://www.sat.t.u-tokyo.ac.jp/~omi/random_variables_generation.html#Gauss

p(X; A) = Aexp(— Ax) (T 1A, 58 LAY

Ty =exp(-x) &ERSHE. THREBEDOEESFEAMIT
P(y)=P(x)|dx/dy|
Ll b. —RELH y oW EHL

X =—log(y)
[CEY. A= 1DFBEHIHICHEOEENEOND,
FED L IZHLTIE
X>=x/A

b (N E A



Ranaom numbers that 1ollows exponential

distribution
15
— B — B HEA%K — e
—N=100 —N=1600 —N=51200
1 |
\
) \\\
0 x i 12a ‘ ‘ ‘ ‘
1 2 1 2 3 4 1 2




Random numbers that follows normal distribution
(Box-Muller method)

http://www.sat.t.u-tokyo.ac.jp/~omi/random_variables_generation.html#Gauss

000 5o | ep[%] (T8 p, 8 0 DERS)
—HRELM X, y B4EY RS

P(X,y) = P(X)P(y) = P(r, ) = (Zijr exp(— rzj

T

EHE S r2IZEZD  P(r2) =P(r)|dx/dy|= P(r)/(2r)

P(r*,0) = (ij exp[— er

—FREL¥ r, 0 A
X =1 c0s(0), y =rsin(0)
AIER T AICHESEHELGSD T,

2 =(-2.0*log(x)}"* *sin(2zy)
TEHETES, T8 p, P o ITTBHIZIE

Z=u+oz

e (A= ¥ A



Random numbers that follows normal distribution

—IERSH —IEH 5 — RS
—N=100 —N=800 —N=51200
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Monte Carlo simulation for statistical physics

How to collect an ensemble that follows
canonical statistics P; «< exp(—E;/kgT)

Metropolis Monte Carlo method

HOYIBIREEZEZEZ, CORTUIUFILIRILEF—EHEL U, £ET 5,
ELBEFE->TRHIOYIBIREZEY ., CORTUIYILIRILF—F U, T D,

1. AU= U,- U, <0 THNIL. BEHICTZDIREFIRIRT S
2. AU>0 ThHIL, exp(- AUKST) DIEERTIRIRT S

2. [ZBWWT, B 0<r<1 A r<exp(- AUKST) THILERIR,
ZOTRITNIETEAL, KRKRE1FEYBET

ELSFmICKYELN=ERIX. e NDFOEERICT—HIT S

COBERICOVWTYEEDEHZEENITHETTHELTD
MEENFOND,



PROBLEM, June 28

« Submit electronic file(s) via T2SCHOLAR in 2 days
(If T2SCHOLAR doesn’t work, send the files to kamiya.t.aa@m.titech.ac.jp.
In this case, file name must include your STUDENT ID and FULL NAME)

PROBLEM: Answer can be in Japanese or English
(i) Find (X, y) to minimize exp(-x4) * sin(x+y) by your-chosen algorisms
hint: use SD method with fixed alpha
If df/dx and df/dy are approximated, use central differences

(1) Optional: Propose if you have any other numerical analysis you want to
learn in Computational Materials Science

(1) Optional: Propose if you have any python program (should be simple)
you want to learn



Non-linear (NL) optimization
JEFRTZ AL




Quasi-Newton method (#:Newton;)

] _ _ o FEE, TEEM B LT, BEIET F 41 (2006)
Objective function to minimize: F(x;)
i : : -1
Iteration: x; (V) = x;() — (8%F/dx,,0xy,) ~(OF/9xy)
F' 1, = 0°F/0x,0xy,: Hessian (™wt) matrix

Issues of Newton method:
(1) Calculation of Hessian matrix is very high cost as it is a 2D matrix

(2) Eigen value of Hessian matrix can be negative => lead to maximum
(3) Easy to diverge

Quasi-Newton method:
(1,2) Hessian matrix is approximated from 15t differentials

(3) Line search algorism is applied along the search direction
—(GZF/axkaxk,)_l(aF/axk)



Davidon-Fletcher-Powell (DFP) method

KEME, T2EE REEEZ DA, BB T ¥ 4t (2006)
F(x;® + ad) = F(x;®) + aVF(x;)Td + %aszB(k)d ~0

Search direction d is determined from B®d = —VF(x;(k)

DFP method: The first formulation of quasi-Newton method
sU0 = 3t _ 300 (0 = gF(3,(k+D) = YF (2,0
(y®) — B (1)), (OT 1y, () _ g ) sCk)Y"
sGOT .y,
SUOT. (5 (0 _ (k) 500
C (sWT >

) B (1., (0T 15,0, p(K) g1 SUOT g (k) (10
= B*" — s(OT 5 (k) +{1+ s(OT (k)

BU+1) — glo 4

y(k) . y(k)T




Broyden-Fletcher-Goldfarb-Shanno @res) method

KEME, T2EE REEEZ DA, BB T ¥ 4t (2006)

BFGS method: Regarded as most efficient among quasi-Newton methods

T
B (pWsW)T 00T
S(k)TB(k)S(k) S(k)T.y(k)

gk+1) — g

Algorism:
STEP 0: Provide initial values x(© and initial matrix B© (can be unit matrix)
STEP 1: Search direction d® is determined from B®d = —VF(x;(®)

STEP 2: Step width a® is determined by direct search algorism
STEP 3: Calculate x&*1) = x®) + gkd*)
STEP 4: End if self-consistency is achieve.
If not, goto STEP 5
STEP 5: Calculated s® and y®, and then B&*1), and go to STEP 1



Conjugate Gradient method (& #& 4 %)
KEME, T2EE REEEZ DA, BB T ¥ 4t (2006)
Vectors u and v satisfy utAv = 0 for a matrix A: u and v and conjugate with each other
= For quadratic function, repetition of the conjugate direction will find

the minimum in finite cycles if exact line search is employed
HEGREFRARITR>TEEGERERZEIT > AREO RET2REROR/NEIZEE

Case contour is a circle, one cycle 1. Give initial value x, _
calculation reaches the minimum 2. Initial direction d is determined by SD
SEEMRHSAORE, —EORRTR/IMEISTIETES d=-Vf
/////i"f-_-:‘_::;:?\ N ~ — 3. Find x,,, using appropriately chosen o,
// /// \ \\ Xis1 = X + oy dy
y /f /s \ a,, may be a small constant step
L or determined by a line search method
W\ -~ | . Search direction is updated by
N\ Vi = VE (%) =V (6,

Onjug Vf X T
conversion  uTPTPv=uTAv=0 d_,=-VIi(X.,)+ Xca) Vi d,

d T

c Yk

5. Repeat 3 — 4 to reach convergence

As the freedom of cg directions is the number of parameters
(Noaram), NEEd to go back to 2 to reset d at some interval
(typically npsram, NEcessary for np,am = 2).



PROBLEM, June 25

BATRINLODT—3F T4 TA0 T T 5TAT I LEZECLETDEEREST T HD AL (scipy optimize ?)
T—43H: XRDE—9 . EDFiHIZKDTVP TRIILF—IDF

Non-linear fitting is sensitive to initial parameters.
Fitting program is better to have following functions
1. Simulation
sim()
read_file(): read input file and return xin and yin
cal_ylist(): calculate ysim values for xin
Plot xin vs. yin and ysim
2. Fitting
fit()
addition to sim(), perform scipy.optimize.minimize() for fitting
better to plot and show fitting processes (using callback)
3. Specify input file, optimization algorithm, and initial parameters

See peakfit.py



PROBLEM, June 25

Optimization algorithms available in scipy.optimize.minimize()

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.htm
#nelder-mead  Downhill simplex <= Simples, Easiest, but Slow

#powell Modified Powell

#cg conjugate gradient (Polak-Ribiere method) <= Major gradient method
#bfgs BFGS:% <= Major gradient method

#newton-cg Newton-CG

#trust-ncg {E8E5E1E Newton-CG i%

#dogleg {E%8%E1 dog-leg ;%

#L-BFGS-B’ (see here)
#TNC’ (see here)
#COBYLA’ (see here)
#SLSQP’ (see here)
#trust-constr’(see here)
#dogleg’ (see here)
#trust-exact’ (see here)
#trust-krylov’ (see here)


https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.htm

EX.: Curve fit
Usage: python peakfit.py mode input_file method 10 X0 w

python peakfit.py sim peak.xlsx  (initial values: 10 = 1.3, x0 = 0.6, w = 0.1)

r
"%.' Figure 1 - o X

_ Y
1.2 — ysim

1.0~

0.8 1

0.6

0.4 1

o |

0.0




EX.: Curve fit
python peakfit.py fit peak.xlsx

method: cg
initial values: 10=1.3, x0=0.6, w=0.1

—
"%.' Figure 1

1.2 1 I 109 1 \
2 ||

1.0
0.8 -
0.6 -
0.4 -

1071 4
0.2 -

0.0 4




Converging range
python peakfit.py fit peak.xlsx cg 1.3 2.0 0.1
method: cg

initial values: 10=1.3, x0=2.0,w=0.1

"%.' Figure 1

1.2

1.0

0.8

0.6 1

0.4 1

0.2 1

0.0

2.6 x 101 -

2.5 x 101! -

2.4 x 101! -

2.3 x 101 -

2.2 x 101

2.1 x 10! -

2 x 10 1

1.9 x 107 -

—1.8 x 10! 1

T T T T T T T
0.00 0.25 050 073 1.00 1.25 150 175 2.00



Converged
python peakfit.py fit peak.xlsx cg 1.3 2.0 1.0

method: cg
initial values: 10=1.3,x0=2.0,w=1.0

1.2 7 101 -
1.0 -
0.8 1
107
0.6 1 1

0.4

0.2

r.-..." lo_l ]
M; e x ]

T T T T T T T T T T T T
—2 -1 0 1 2 3 0] 5 10 15 20 25 30

If w Is wide to cover the curve region, it can be converged
even if the initial peak position is out of the FWHM of the target peak



- Conve rged
python peakfit.py fit peak.xlsx nelder-mead 1.3 2.0 1.0

method: nelder-mead (SIMPLEX)
Initial values: 10 =1.3, x0=2.0,w=1.0

1.2

1.0 +

0.8 1

0.6

0.4 +

0.2

0.0

T T T T T T T T
-2 -1 ] 1 2 3 0 20 40 60 80 100




PROBLEM, June 25

BRTRMNLODT—2F 7474079 5TAT S LEESLETDEREREST T HD A (scipy optimize ?)

T—541:XRDE—J ., XDFHILHIIL D, THRILF

INUKR

pythonic & 3B/ _%i% - BR{cRE 2

feuIzOdSEY

LSQ+GUI python programming: |
http://conf.msl.titech.ac.jp/Lecture/python/tutorial-
optimize/index-python-optimize-gui.html |

¢ Second-order polynomial Isq — ] X
Fi.lt
Ini file path: ‘ ‘ path
Data file path: IF:_rtutonal-optlmlze,/daza.csv ’ path
Save path: 'F:/’zutorial-optimizex'data-ﬁt.cs‘.r J save
X range: |0.0 | [°O l
x label:| rho(ochm) ,
y label:| T(K) |
fit order: (2 ] |
Isq exit
Font size! ;247|
05V data:
header: [“rhofohm}’, "T(K}']

x: [0.0, 1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0]
y: [1.0, 2.0, 5.0, 8.0, 15.0, 20.0, 30.0, 50.0, 80.0]

polynomial fit by sclpy.optimize() start:
|sq result: ai=[ 1.70862771 -4.94502165 4.56363636]
residual=3.870100877711246]

E3iEWeb

2T 7 ILDZIPF—Hh- T tutorial-
optimize.zip

python®E#*

1. by Fri—

2. python@A & b—)LAE
Install python

3. PythonEAZr R

4. pythonitg & MEE— |

pythonlC & 3RBILGUIZT OIS
e

a) &%

1. CSVI 7 AIDZEHAFHETS T
;_‘D\\ t
01-readcsv.py_

02-plotcsv.py

b) numpy.polyfit()

1. ZIERE/N"FE
03-polynomial-lsqg.py:

-Y

2. 4527 70v

04-polynomial-lsq-plot.py

| c) scipy.optimize.leastsq()

1. ZEREN_FFEFTWV, TS5
= iﬂju t

pythonlCKI|/MN_FiZE - RIBLEE GU 1’055

T7AI

o 27 )LOZIPF—H-( ' tutorial-optimize.zip
1. RNCFEERBBAS P BE- 0P A -SUESTE019E pptx

pythonZ OS5 I

a) &%

1. AhF—4 (CSVI7 L)
data.csv

2. CSVOMRFHLFH
01-readcsv.py

3. COVA'BRMAARLT —&%JS J(EHE) - TOy -
02+ plotcsv Ry

‘il(--b Q= B

w4

b) numpy.polyfit() ZEEo>=SHEAR/N_F

1. SERBN_FEEEITD
03-polynomial-lsg.py

2. ZERBITEERTV. TJC70Ov
04-polynomial-lsg-plot.py

c) scipy.optimize.leastsq() &> TSHEARY —HE

1. ZERBN_FEFTV. JS5T7ICTOV

N5-laacten-nlat v

—
e
-....'

>,


http://conf.msl.titech.ac.jp/Lecture/python/tutorial-optimize/index-python-optimize-gui.html
http://conf.msl.titech.ac.jp/Lecture/python/tutorial-optimize/index-python-optimize-gui.html

PROBLEM, June 25

Desirable functions for non-linear fitting:

1. Scaling / standardization of fitting parameters
e.g., if a parameter x, ranges from 10-1° to 1029, better to take logarithm
new fitting parameter x’; = log(X,)
2. Option to choose fixed parameters
For many parameters fitting, convergence becomes difficult.
Better to fix some parameters, and perform step-by-step optimization
with small number of fitting parameters,
and then finally optimize all parameters.
3. Constraints
Some parameters may have limited range.
Constraints can be introduced by the method of Lagrange multiplier)
or by introducing Barrier function / Penalty function.
E.g., additional penalty can be
If x1 < 1.0: penalty += kpenalty * (x1 — 1.0)**2
elif x1 > 3.0: penalty += kpenalty * (x1 — 3.0)**3
to limit the X1 range to 1.0 <= x1 <= 3.0.



Marquart method (v—h—k%)

Minimize a square sum of m functions f;(x;) with N parameters
F(x)=2 1;(x)°
j=1

Approximate by of
j

of. P
f (6 +0%) ~ f.(x)+] == P Li(sx )= f,(x)+ AdX T

F(x; + 6x;)~F(x;) + ZZfJ Ajj 8y + z ik Ak 8xy 6y,
J,k,kr

OF (x
Mk) ZZ(A f +ZAKAJK5Xj 0
= —(A'A)"'AY(f;) Gauss-Newton method

Levenberg-Marquart method

8x = —(A*A + AI)"1AY(f;) A. dumping factor

e.g. chosen proportional

8x = —(A'A + Adiag(AtA))_lAt(ff) to diagonal sum of AtA



Simplex method (B {K;%, Amoebaj%)
(Nelder-Mead algorithm)
ARER S . BERSE. /NES B, Fortranl Sk S HIEFHE Y IRz 7 A EHK K1 (19895F)

Simplex: Polyhedron formed by (n+1) vertexes in n-dimension space
(B n LT ZERTT (n+1) [EDIEEZL1ES ZEH)

Minimize F(x;)

1. (n+1) initial values x; (i =1, 2,---, n+1) => Sort F(x;) so that F(x;) > F(X;,) (i <1’)
Xp = Xy X1 = Xnag

2. Average except the maximum vertex Xx; X = Z X. /N

3. New x will be examined along the line x,; — xGiBZy the following selections
() Reflection (#&f) Xz =1+ a)Xg—ax; (a>0,ex. 1.0)
(i) Expansion@ik) :Xg =7yX.+(1-v)Xs (y >0,ex. 2.0)

(iii) Contra(_:tion g i Xe =P+ (L-B)xg (0<B< 1’;2#’);(%%5’3);#;;:
(iv) Reduction (#&/N)  : Xgp = (X; + X)) /2 _—

N\
N\
\ \:\\\

W

A\

4. Replace x; with the x in (i) — (iv) that firstly satisfies
F(X) < F(x,) ! // x

5. Repeat 2 - 4 \



Comparison

F(x,y) = 3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3xy?
Programs: optimize-sd-cg2d-linesearch.py, optimize-newton-raphson2d.py

fiE | From (0.0 0.0) Newton From (0.0 0.0) cg simple

(] ’ [ 1800 h
V| \\\\\\\‘\.‘c,',’,’,’,’nllllml,l,’,’,,l;’ i :zz 1

\\\\\ \\\\\ ¢ 'ml,l, ,’,’,’,’i

~

-4 -3 -2 -1 4 -3 2 -1

From (-1.0 1, 0) cg swple From (0. 0 1 O) SD armuo

‘

e.g.,
optimize-sd-cg2d-linesearch.py -1.0 -1.0 sd armijo




Comparison
F(x,y) = —3.0 — 10x — 30x? + 1.5x3 + 3x* + 30y —30y? + 3y* + 3xy?
Program not distributed

From (0.0 0.0) Newton From (-1.0 -1.0) DFP golden
Al ~| : : =
| \ "aoo >
& \\\\\\\\:\\.""I”II[!”"II"II’,’{,& 1| :Z:J) |

\\\\ é 'lulllllll;

llll v

From (0.0 0.0) BFGS golden From (0.0 1.0) Simplex

Main algorism: . h
Newton, DFP, BFGS ]
SD, CG N
Simplex N
Direct search:
Golden, Armijo >




Notes for NL optimization

- Solutions may be more than one

 Final solution 1s not obtained by one step calculation

- Convergence must be confirmed

= Confirm the solution is the global minimum (k=i &/ ME)
& Often“fall In a local minimum (;%FE@ME)

Residual error

>parameter



Features of NL optimization algorisms

Convergence A B

Speed X O

Stability O X

Global convergence O X

For: Initial cycles Later cycles for fast
convergence

A Simplex (&%)
A,B: with line search algorism:
Conjugate Gradient (CG, & A &g%)
Steepest Descent (SD, & & T %)
Quasi Newton methods
= Davidson-Fletcher-Powell (DFP)
- Broyden-Fletcher-Goldfarb-Shanno (BFGS)
B : Newton-Raphson method



Methods of non-linear (NL) optimization

To find a minimum (maximum) of target function F(x):

Gradient method (&JEgi%): Use first differential to find the direction of minimum
« Newton-Raphson method:

Use 15t and 29 differentials to efficiently find minimum
* Quasi-Newton method (#:Newtoni%) :

2nd differential matrix is approximated from 1st differentials.

Line search method is combined to improve global convergence.
» Steepest Descent method (R&& T:%):

Only 15t differentials are used to search minimum
« Conjugate Gradient method (& #& A& %):

Search direction is corrected by conjugate gradient of 15t differentials
 Marquart method

For least-squares fitting of fj(x;), 2nd differential matrix is build from 1%t

differentials of f;(x;)

Direct search method (E##E%%)
« Simplex method (& &%)
Search minimum by trial-and-error with a defined procedure



Features of NL optimization

Newton-Raphson method: Gradient method

Use second derivatives (Hessian matrix)

Fast convergence, easily diverged, complex program

May reach to a maximum if Hessian matrix is not positive definite.
Quasi Newton method: DFP, BFGS, Broyden etc
Hessian matrix is iteratively approximated from 1st differentials.
Better convergence by combining with linear search algorisms.
Steepest Descent:

Use first derivatives only

Simple program, Slower convergence than NR and CG
Conjugate Gradient:

Use conjugate direction for efficient search

Better convergence than NR, faster than SD, complex program
Marquart:

Use first derivatives of f;(x;)

Simple program, Slower convergence than NR
Simplex: Direct search

Trial and error with a pre-determined selections of

next candidate parameters

Very slow but good convergence



Fouriler transformation
I TEi



Fourier series expansion (Fourier#k k&

Period: T
21N 21N
x(t) = + 2 (an cos—t + by, smTt>

a, = ;fo x(t) cos—tdt

2Tn

b, = %f x(t) sin=—— tdt

X(t) = Yime—oo Cy EXP (i ZnTn t)

1 (7 2nn
cnz?f x(t) exp —LTt dt
0

Riemann—Lebesgug lemma i ¢, =0
()= )LR—J D#HRE). n—oo




Fourier transformation
Take limit to T => oo for Fourier series expansion

CFT F(o)=[_ f®expiet)dt
IFT f(t)= iro F(w)exp(—iot)do
- 27 I

FT F(o) =] f(t)exp(i2aft)dt

CIFTf(t) = f; F (o) exp(=i27ft)dw

Features of Fourier transformation

= Convert time-dependent data to frequency data

= Convert position-dependent data to wavenumber data

= Origin of original data is converted to whole range of FT data

= Whole range of original data is converted to origin of FT data
Width W Gauss func is converted to width W-1 Gauss func

* |FT of FTed data recovers the original data
FourierEZ#L1=T —4%Fourienf £ 5ETDT—2IZRS



ILSQ for general function

=2 a0 s-3(n-Sare0]
RIS P NN,

da, )

Z fl(xi) fl(xi) Z fl(xi) fZ(Xi) Z fl(xi) fS(Xi) Z fl(Xi) fN (Xi) Q Z Yi fl(Xi)
PRACHIACH DI ACHRACHIEDIN ACHRACH D L0 f () | a | | D yifa(x)
D GO R) 2 f() 06 2 f06) f (%) 2 GO0 | & (=] 2 vifs(x)

2 ) R) 2 T 06 060 Dy (%) f(x) 2 f) fu) Nay ) (2 yifu(x)

Application to sin / cos expansion

f.(X)=cos2zf. x (i =odd numbers (F#))
f.(x)=sin24f.x (i = even numbers ({&%k))



ILSQ for Fourier series expansion

f1,pl, Al = 1.5, pi/4.0, 1.0
f2,p2, A2 = 3.0, pi/3.0,0.3
f3, p3, A3 = 10.0, pi/6.0, 0.5

x += random(0.03) # noise is simulated by random()

y = Al *sin(2.0*pi * f1 * x + pl)

+ A2 *sin(2.0*pi * f2 * x + p2)

+ A3 *sin(2.0*pi * f3 * x + p3)
Convolution: Gauss function with w = 0.03

2

Y

1.5

—vy(convoluted)

0.5

-0.5

-1.5

LSQ results

» - Before Convolution
" original

iy
. \>

N

After convolution
—original

—4 terms LSQ
—6 terms LSQ

1.2

1.2



Discrete FT (DFT, g&o—") T Z i)

Assume X(t) is periodic in the range [0, TW] and x(0) = x(TW)
X(fi) = T X)=5 x(t;) exp(=i2nfy - jT¥/N) T =T" /N

Usually the coefficient T,V is not included for DFT formulations
y(fi) = Xj% x(t;) exp(—i2mkj/N)  fi = k/T"

DFT can be carried out without many trigonometric function (= &pe8%k) calculations
Vi = 2hog W'Y
wy = exp(—i2m/N): Rotation factor ([B1&x X )

wy 1 = (cos(=2mk/N) + i sin(—2mk/N))(cos(—2n/N) + i sin(—2m/N))
= (cos(—an/N) Wy » — sin(—2mk/N) WN,i)

+i(cos(—2nk/N) wy ; + sin(—=2mk/N) WN,T)

= (WII\(I,TWN,T - II\(I,iWN,i) + i(WII\(I,rWN,i + Wll\i,iWN,r)



DFT: Matrix expression (1751%I8)

y(fi) = X3=0 x(¢;) exp(—i2m - k - j/N)

Vi = ;_v=—01 x]-kaj wy = exp(—i2m/N)
DFT
Yo 1 1 1 Xq
Y1 . 1 WNl WN2 WNN_l X
- w,,” :
Yna 1 WNN_l WN(N_l)(N_l) XN
Inverse DFT
Xq 1 1 1 Yo
Xl l 1 WN N WN - WN N yl
E w,, ' :
XN—l 1 WN N WN SN yN—l

Using w = wykmodN and w, N2 = —w Kk, only k =1 — N/2 terms
should be calculated



Fast FT (FFT, &&o—) %)
EB/E—, IhGohh DI AMFHRE, 7 H ARt (2003)
1. The data number must be N = 2™ (m: integer)
2. FFT is identical calculation to DFT,
but the calculation cost is proportional only to Nlog N (proportional to N? for DFT)
3. Simple circuits can implement FFT, easy for parallelization (GPU)

The DFT formulation is written as polynomial by converting wy* = z
Vi = Yo W' =X 0x;z/  wy = exp(—i2m/N): Rotation factor
Vi = XOZO + x1Z1 + xZZZ i xN_]_ZN_l
— x()ZO -+ xZZZ i XN_ZZN_Z

+Z(X1ZO + x3Z2 + -+ xN_1ZN_2)

The last line equation becomes a polynomial with respect to z, = z2
with a half number of the terms
N/2-1 N/2-1

Y = Z XpjZy) + 2 Z Xpj41227

j=0 j=0



FFT

E/R—, NGO ADICAEFHE, I HMRTE (2003)

Vin = %0(22)° +x,(z*) + - 4 xN—z(Zz)g_l t+z (x1(22)0 + 2,z 4+ XN—1(Zz)g_1)
= YinN/21 T ZVinN/2,2
N, N,
Vewjan = Xo(z9) + 1z + -+ 1y (25 + @2 (122 + 26z + o+ 2y s (2 )
= YknN/a1 T (ZZ)Yk,N/4,3
N N
YknN/22 = x(ZN0 + x5z + o+ xy 4 (2D + (22) (X3(Z4)O +x,(z) + -+ XN—Z(Z4)Z_1)
= YinN/a2 T (ZZ)Yk,N/4,4
YN = YiN/21 T ZYVkN/2,2
_ 2
YeN/21 = YkN/a1 T Z°YVeN/4,3
_ 2
YenN/22 = YieN/a2 T Z°ViNj44

_ 4

YeN/a1 = YenN/81 T Z YViN/8,5
_ 4

YenN/a2 = Yin/82 T Z Yk N/s6
_ 4

YeN/43 = YknN/85 T Z Yk N/8,7
_ 4

YeN/44 = YkN/86 T Z Vi N/838

The above is a recursion formula and can be solved from the last two-terms FT
to upper equations in the series of the number of terms 22, 23, ..., 2N

X DORIE-TWNAD T, REDIEBH2OFTHSIER 185022, 23, ..., 2NDFTNDEEEZ T HET
FTRHENTES



Data swap In the FFT procedure

N data series XoX1X2 *** XN-1 =>FT: XOX1X2 '"XN—I
Represent the index number by binary (IlEF#%z =& THhohHd)

At each stage k, the data are split to two, and the data of odd order are moved to the
second half (note the order is counted from 0)

=> Data whose k-th bit is 1 are move to the second half

=> The change of the order numbers corresponds to bit reversal

Initial data order (values in parentheses are bitwise reversed)

Xo X1 X2 X3 X4 Xs X6 X7 =

18] 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (011) 111 (111)] [R=

=

263 000 (000) 010(010) 100 {601) 110 {011)| 001 (100) 011 (110) 101 (107) 11t (111) Y

| Yea1=Yk21 T ZiYk,Z,S l l Y42 = Yk2,2 +£23’k,2,4 l HG:)

38 000 (000) 100 (001)][ 010 (010) 110 (011)| [001 (100) 101 (101) ][011 (110) 111 (111)] [g=

X0 X4 X2 X6 X1 X5 X6 X m
Yk,2,1 Vi,2,3 Yk,2,2 Yk,2,4

The order to sum up for FFT is different from the order of x;.
FFT summation is performed in the order of the bit reversal of the index



FFTREOEIEFOE#H: EvhREE

Nﬁa)'?—’)"gll XgX1X2 ** XN—1 = FT: XoX1X7 - Xpn_1
IGFF#ZE—EHTHoHT

FFTOZENThDOBRBETIFHEHOT HZ2EF(ICToT 1 BEETS
=> [EFBOENSIEEBICHIETHE VRN 1 DT —4FEF(12T 57
=> [EFBOERME Y RERIZHIET S

BOT—2DAUIE (HyanILIEFHDOE v RER)
Xo X4 X, X3 X, Xc X X
15| 000 (000) 001 (100) 010 (010) 011 (110) 100 (001) 101 (101) 110 (011) 111 (111)

2 g% [000 (000) 010 (010) 100 (001) 110 {011)|[001 (100) 011 (110) 101 (101) 111 (111)

| Yia1=Yk21TZ J’k 2,3 l l V42 = Yk2,2 +£23’k,2,4 l
3g%[ 000 (000) 100 (001)|[ 010 (010) 110 (011)| [001 (100) 101 (101) | 011 (110) 111 (111)
X0 X4 X2 X6 X1 X5 X6 X
Yk 2.1 V.23 Yk,2,2 Yk,2,4

FFTOMZRAIEEL x;, DEVIEEEDHS,
BUDIEFEHO _EHRR hyaROE¥=F) ZEVERER (hyvastO#FE)
LTY—FT 3¢ ZDIEFTFFTOMEEN S



L_ogical operations (bitwise operations)
(Eﬁ_' A E“Jl‘lig)

Logical NOT (Bitwise inversion) (#EB&E, vk RiE)
NOTO =1;NOT1 =0
python: ~x, not X ~1==0,~0==
Logical AND (GREE#)
OANDO=0;1ANDO0=0
OAND1=0;1AND1=1
python: x &y, x and y 1&1==
Logical OR (G&EE#n)
O0OR 0=0;10R0=1
OOR 1=1;10R 1=1
python: x|y, xory

Logical Exclusive OR (#fth s 5Rz2F0)
0XOR0=0;1XOR0=1
O0XOR1=1;1XOR1=0

python: x Ay, x xor y
Bit shift (n bit shift)

python: a<<n,a>>n 0b0001 << 2 == 0b0100
0b0110 >> 1 == 0b0011




Bit reversal (Ewk3l &)

Note: bit reversal (Ev k5l REE) != bitwise inversion (EwkREE) (~x, not X)

bit_reverse.py val = 11001, Z4%l(=
def bit_reverse(val):
ret =0 ret =0 # EvhREREF0THEE
while 1:
vO=val & 00001 1. vO=val&1, =>11001,& 001,=1 # FIMTDE YMEZE VO IZTRTE
ret = ret | v0 2. ret=ret|v0 =>0|1=1, #retDE—HTIZ VO ZEXTE
val =val >>1 3. wval=val>>1 =>11001,>>1= 1100,
#—HAIZEYR TR, valD2HT B EE 1471588
if val == 0: 4. val H* 0 DIFE. NI Lbith FE>TLVELD T
break IW—T%#4T
else: 5. val B 0THLMEE.  ret Z1IEYR D TRL, 2. Tret OF1HMLICERELIZ VO EEIZT 5T,
ret=ret<<l1 ret=ret<<1l =>1,<<1=10,
LICE-THEYERL
return ret 6. vO=val&1l, =>1100,&001,=0 # EIHTOE YMEZ V0 ITRE
7. ret=ret|v0 =>10,|1=10, # retD E—HTIZ vO ZELTE
8. wval=val>>1 =>1100,>>1=110,
9. ret=ret<<1 =>10,<<1=100,

LIZE->THRYRL

10. vO=val&1, =>110,&001,=0

11. ret=ret|v0O =>100,|1=100,

12. val=val>>1 =>110,>>1=11,

13. ret=ret<<1l =>100,<<1=1000,
LICR->THYEL

14. v0=val&1, =>11,&1,=1

15. ret=ret|v0O =>1000,|1=1001,

16. val=val>>1 =>11,>>1=1,

17. ret=ret<<1l =>1001,<<1=10010,
LICR->THYRL

18. vO0=val&l, =>1,&1,=1

19. ret=ret|v0 =>10010,|1=10011,

20. val=val>>1 =>1,>>1=0, => L—J#T fi#: ret=10011,



Bitwise operation can be replaced with other op

Usually bitwise operations are faster, but it is not the case for python ...
python bit_reverse _compare.py 1001100011110101101111011 1000000
measure time to reverse 1001100011110101101111011, for 1000000 times
by bitwise operation :6.265091180801392 s
without bitwise operation: 4.462110280990601 s

bit_reverse _compare.py bit_reverse _compare.py
def bit_reverse(val). def bit_reverse nobitop(val):
ret=0 ret=0
while 1: while 1:
v0 = val & 0b001 v0 =val % 2 # save the final bit to vO
ret = ret | vO ret = ret + vO # put vO to the final bit of ret
val =val >> 1 val = val // 2 # bit shift for next iteration
iIf val == 0: If val == 0:
break break
else: else:
ret=ret<<1 ret=ret * 2 # bit shift ret to left
return ret return ret




Smoothing: FT

4500
4000 Original Remove high—frequ_ency FT data: Smoothing
3500 Low-pass filter
3000 Remove low-frequency FT data: Cut drift
zzgz High-pass filter
1500 Ex. Cut FT data outside [K., 1 K1l
1000 5000
—kcutl=10
502 ‘ 4000 ~keut1=50
0 1000 2%00 3000 4000 z —x:t-z(]_aso)
300000 3000 ==t
250000 ——3 FT image
200000 — real part 2000
150000 — Imaginary part
100000 1000
50000
0 0
-50000 1
-100000 -1000
-150000
-200000



Note:

Be careful: FFT high-pass filter can remove a baseline, but that
baseline includes some signals

Usual ways:

1. Baseline function is optimized 2000 “keut1=10
simultaneously with peaks. 4000 A mres
3. Baseline function is determined 3000 J Y e,
from selected data where peaks do not 20 /
affect. wo T

0

-1000



Program: smoothing-fft.py

Usage: python smoothing-fft.py xrd.csv 0 5

(note: the x range is different from the previous slide)
=> plot smoothing-fft.csv

4000
—y
3000 — |ys(ifft)|

|

2000

1000

0



Interpolation by FT
Periodic function f(t): Period of T
N t points are given in T = NAt at uniform stepAt: ¢; = jAt (j = 0,...,N — 1)

can be expanded by exp(ianntj) = exp (iZn%tj) = exp (iZT[ NLAtjAt) = exp (iZn%j), fn=n/T

% f(t) = Zh=o an exp (i27t %])

For a case for N = 4: g; are determined so as to reproduce f(¢;) for integer j
(T 2T .37 .
(&) = A+ anga exp (i25) @z exp (1227)+ gy exp (1225)
a; are obtained by Fourier transformation

Interpolate: for arbitrary floating-point number t,. = xAt:

f (&, = xAt) = agt a4 €XP (igx) + Ay /4 €XP (i%”x) + a3y /4 €XP (i‘%”x)



fft.py FFT: python

numpy.fft.fft()

f(t) = —cos(2nt)(1+5t2), periodicin t = [0, 1)

ity -

L —Al |
T AU=A2

1.0

T
0.2

F(f) = np.fft.fit(f)

wn =~
o L
I I

Amplitude

high-f

3 A
Frequency (Hz)

F(f) = np.fft.ff(f)
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python list: a[-n] = a[N — n]

Frequency (Hz)

(N = len(a))



FFT: python numpy.fft.fft()

fft.py
f(t) = —cos(2mt)(1+5t2), periodic int = [0, 1)

F(f) = np.fft.fft(f)

Té- 2.5 j i .

< I i . | |

_a- ) Frequency (Hz) Interpdlation by FFT:
For a case for N = 4: 1. Increase number of FTed
data
2. Add zeros to additional
high-f data

Inverse FFT to get

3.
interpolated values

For a case for N = 8:
/ !/ » . / . 3 B
f(tj) =a _sexp(i2mj)+a’ _; exp (lETl'])+
+a'y exp(imj) + a'; exp (i;nj)
Interpolate by the FFT result for N = 4: e.g., to get f(t;/, = At/2):
. ) .6
f(tl/Z) = Cl0+ Cln-/4 exp (l g) + Cl2n-/4 exp (l ?n) + Clgn-/4 exp (l ?Tt)
-2,-1,0,1),a’j =0 (else)

4. Correct scale

take (=



Interpolation by FFT: Example for 1D band structure

python interpolate fft.py interpolate fft test.xlsx 1

# Step 2. Compute the FFT

y_fft = np.fft.fft(y)

# Step 3: Pad zeros to FTed data (n_interp = n_samples * interp_factor)

y_fft_padded = np.zeros(n_interp, dtype = complex)  # make an increased array for interpolated FTed data
y_fft_padded[:n_samples//2] =y fft[:n_samples//2]  # copy the first half of the original FTed data y_fft
y_fft_padded[-n_samples//2:] =y _fft[-n_samples//2:] # copy the last half of the original FTed data y_fft
y_interp = np.fft.ifft(y_fft_padded) * interp _factor  # correct scale

Interpolation of a Periodic Function using FFT
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1.5 1

1.0
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